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PREFACE
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as Project Director and Dr. Andrew Kish, Transportation Systems Center,

as technical monitor.

The author wishes to thank Dr. Allan Zarembski for performing the

numerical evaluations presented in this report. Thanks are also due to

Dr. Andrew Kish TSCjDOT and Dr. R. Michael McCafferty FRA!DOT for reading
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EXECUTIVE SUMMARY

A uniform temperature increase, T in the rails of a straight
o

welded track induces in the two rails, due to constrained thermal

expansions, an axial compression force

= EA 0: T
o

For example, for ,a track with 115 Ib/yard rails, a temperature

increase of 30
0

C (S4o
F) induces in the rails an axial compressIon force

of 96 metric tonnes.

For sufficiently large compression forces the track may buckle out.

According to observations in the field and in track buckling tests

(Fig. 1), continuously welded tracks buckle usually in the lateral

plane. The observed buckling mane of a long straight track consists

of a buckled region which exhibits large lateral deformatiohs ahd the

adjoining track regions which appear to deform only axially.

Analyses for the determination of railroad track buckling, caused

by a raise in temperature, have been conducted in the past several

decades by many investigators throughout the World. A critical survey

of these analyses, and of the related test results, were recently pre~

sented by A.D. Kerr (Reference [1]). This survey revealed that the

majority of the published analyses are not suitable for the determina-

tion of the thermal track buckling problem, because they are based on

formulations which do not describe correctly the track buckling pheno~

menon. Those few analyses which are conceptually on the right path

v



exhibit analytical shortcomings with an unknown effect on the final

results.

The purpose of this report is to present a mechanically reasonable

and mathematically consistent analysis for the thermal buckling of

tracks in the lateral plane.

The presented analyses are valid for tracks which use cut-spike

fasteners with a negligible rotational resistance; thus, for the ma,'jor-

ity of railroad tracks in the USA.

The "safe temperature increase lf above the neutral (i.e. install-

ation) temperature is defined as follows:

The track analysis yields eQuilibrium

branches of the. type shown in figure.

From this figure (and an additional

stability analysis), it follows

that for a temperature increase T
G

smaller than T
L

there exists only

one stable eQuilibrium state, namely

o
8 !

v
max

the straight one. However, for T
o

larger than T
L

, there exist three

eQuilibrium states. Thus, for T
o

larger than T
L

, also deformed (i.e.

buckled) states of eQuilibrium do

exist. Therefore the range of safe temperature increases is

o < T < T
o L

Namely, the anticipated rail temperature increase above neutral

should be smaller than the value T
L

for a track under consideration.

vi



Once T
L

is determined analytically, the installation temperature

of the rails may be determined as

Tinstal > Tmax - TL

where T is the highest anticipated rail temperature in a particularmax

geographical region.

The analytical part of this paper is devoted to the determination

of the equilibrium branches for heated tracl:s, and of the corresponding

T
L

values. Since the majority of engineers will not be familiar with

the presented analyses, the obtained results are being numerically eval-

uated for a variety of track parameters. The results of this parametric

study will be presented as graphs in a manual-type report which is cur-

rently in preparation under contract DOT-TSC-1149.

vii/vjil
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1. INTRODUCTION

Analyses for the determination of railroad track buckling, caused

by a raise in temperature, were conducted in the past several decades

by many investigators. These analyses may be grouped into two main

categories: when track buckles vertically and when track buckles in

the lateral plane. Although actual track buckling may proceed in a

more complicated manner, the choice of these two special modes of

deformation was apparently made in order to simplify the r~sulting

analyses. These specialized analyses were also suggested by observa-

tions made on buckled tracks. Namely, according to field and test

observations, cross-tie tracks when subjected to an excessive tempera-

ture increase, usually buckle in the lateral plane, as shown in Fig. 1.

On the other hand when lateral motion is prevented, by an increased

lateral rigidity and/or an increased lateral resistance, the

track will buckle out in the vertical plane.

A critical survey of the analyses of thermal track buckling in the

lateral plane, and a description and discussion of related test results,

.J!-

1·rere recently presented by 11... D. Kerr [1 J, This survey revealed that

the majority of the published results are not suitable for analyzing

thermal track buckling problems, because they are based on formulations

which do not describe correctly the physical phenomenon under considera-

tion. Those few analyses which are conceptually on the right path,

exhibit analytical shortcomings with an unknown effect on the final results.

The purpose of the present paper is to present a mechanically

reasonable and mathematically consistent analysis for the title problem.

The obtained results are then compared with the relevant results published

by other investigators.

;fNumbers in brackets are reference numbers.

I·



FIG. 1. BUCKLED TRACKS
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2. THE THERMAL TRACK BUCKLING PHENOMENON

A uniform temperature increase, T , in a straight welded track
o

induces in the two rails, due to constrained thermal expansions, an

axial compression force (Fig. 2a)

N = EAaT
t 0

In the above equation, which is valid when the rails respond elastically,

E is Young's modulus, A is the cross-sectional area of the two rails, and

a is the coefficient of linear thermal expansion. Thus, for a track with

115 Iblyard rails (E = 2.1 x 106 kg/cm2 , A = 145 cm2 , a = 1.05 x 10-5 l/cO),

a uniform temperature increase of 30°C (54°F) induces in the rails an axial

compression force of 96 tons (metric).

For sufficiently large compression forces the tracks may buckle out.

According to observations in the field and in track buckling tests [lJ, the

continuously welded tracks presently in use buckle in the horizontal plane,

as shown in Fig. 1. The observed buckling mode of a long straight track con-

sists of a buckled region (of length 2l in Fig. 2) which exhibits large lateral

deformations and the adjoining regions which appear to deform only axially.

In the buckled region, a part of the constrained thermal expansions
~

is released. This results in a reduction of the axial force to Nt' which

in the literature is assumed to be constant. In the adjoining regions,

because of ballast resistance to axial displacements of the tracks, the
N

constrained thermal expansions vary; so does the axial force Nt ~ N ~ Nt'

as shown schematically in Fig. 2(b). According to the above observa-

tions, thermal buckling of a long straight track appears to be a local

phenomenon.

3



Top view

adjoining region I.

/ buckled 5 tate

2L
buckled region

adjoining rcg~on

(a) Axial compression force before buckling

- -
-r--r-r--r--r--r-'-""-T'"""""'1r--r

N
_f ....--r--r....,...-r--r-,.---,r--r-r-~~,---r--r---r-N~I-r- .

~~~==-==--.J-&-.l-L.-.J.....+-i.~~....L...J...-L-~ __1~-lJJJI

1-:--=.d--lJ__-----=2Z
o
=---L----#:-J-,_de=---I-:l

(b)Axial compression force ofter buckling

FIG. 2. DISTRIBUTION OF AXIAL COMPRESSION FORCES BEFORE AND AFTER BUCKLING

(Note that in an actual track a is several times larger than l)
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3. ANALYTICAL PRELIMINARIES

In the following analysis, the rail-tie structure is replaced by

an equivalent beam of uniform cross-section, to be referred to as the

track-beam, which is symmetrical with respect to the vertical x-z plane.

The x-axis is placed through the centroid of the cross-section and is

chosen as the reference axis.

It is assumed that the beam is subjected to a uniform temperature

change l'

T (x,y,z) = T = canst
o

and a uniformly distributed weight q per unit length of track axis.

This weight consists of the unit weight of two rails and the averaged

weight of the cross-ties and fasteners per unit length of track.

To simplify the analysis, it is assumed that the vertical deflec-

tions of the rail-tie structure, prior and during buckling, are negli-

gible. Thus, denoting by w(x) the deflections in the vertical plane, it

follows that w( x) :: 0

This assumption was made by all investigators of lateral track buck-

ling reviewed in [1].

The lateral res I:sturtce exerted by the ballast on the rail-tie

structure (due to lateral displacements) consists of the friction

forces between the bottom surface and the two long sides of the ties

and the ballast, as well as the pressure the ballast exerts against

:,r,e front surface of tll.P. ties, as shown in Fig. 3(a). For the follow-

In a track, this change is measured
(in the literature often called the
axial forces in the rails are zero.

5

from the installation temperature,
" t 1" t ).neu ra emperature at whlch the
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ing analysis it is assumed that the resulting lateral resistance is

p(x) (per unit length of track axis). This resistance acts at a distance e
l

below the reference axis. However, because of the assumption that

prior and during buckling the track deforms only in its plane, thus

w(x) = 0, the eccentricity el has no effect on the determined post-

buckling response.

Tests, in which track sections were displaced laterally, revealed

that the corresponding resistance vs. displacement graph is non-linear

[2], as indicated in Fig. 3(a). However, as shown recently by A. D.

Kerr [3J,the simplifying assumption

p (x) = p = const. ( 3 . 3)
o

may be sufficient for the determination of the sqfe temperature &ncrease

Thi s finding will be utilized in the following analysis.

The axial resistance exerted by the ballast on the rail-tie struc-

ture (due to axial displacements) consists of the resistance between

the ballast and the bottom surface of the ties and the pressure on the

vertical tie surface exerted by the ballast in the cribs, as shown in

Fig. 3(b). In the following analysis it is assumed that the resulting

-I
I

axial resistance is r(x) (per unit length of track axis) and that it

acts at a distance e
2

below the reference axis. Because of the assump

tion that w(x) = 0, also for this case the e2-value has no effect on

the determined post-buckling response. In this connection note the

corresponding derivations presented in Ref. [4].

Tests, in which track sections were displaced axially, revealed

that the corresponding resistance vs. displacement graph is non-linear

[2], as shown in Fig. 3 (b). FollowinR; the practice of a munber of

7



track buckling investigators (whose results will be compared in

Section V with those obtained in the present paper), in the following

analysis it is assumed that the resistance in the adjoining regions is

r(x) = r = canst.a

and that it is negigibly small in the buckled zone. This second

( 3.4 )

assumption, which simplifies the solution, was made in all track buck-

ling analyses reviewed in [1]. It may be partly justified by the

observation made in the field that lateral buckling is often initiated

by a slight lift-off of the rail-tie structure (for example in front

or rear of a wh~l set) which eliminates the friction force between

the ballast and the bottom surface of the ties.

Furthermore, it is assumed that prior and during buckling the

response of the rail-tie structure is elastic.

The buckling analysis of a railroad track subjected to thermal

compression forces cons:ists of two parts: (1) the determination of

0.11 equilibrium states and (2) the inspection, which of the determined

equilibrium states are stable and which are not. From the nature of

the post-buckling equilibrium branches and their stability, estab-

lished in Refs. [5] it follows that the range of "safe" temperature

increas~to prevent track buckling may be determined solely from the

post-buckling equilibrium branches. This concept is adopted in the

following analysis.

To insure a formulation that is consistent, mechanically and math-

ematically, the equilibrium equations for the track-beam are derived

8



by utilizing the "nonlinear theory of elasticity and the principle of

virtual displacements. To avoid the difficulties encountered by other

investigators (to be discussed in Section V) when matching track regions

which are governed by different differential equations and whose matching

points are not fixed a priori along the track axis, use is made of vari-

ational calculus for variable matching points [6].

With the notation of Ref. [7] Chapter III , the principle of vir-

tual displacements may be stated as

where

u = 1:.f/" f(o* E +0* f~ +0* E: +0* E +0* E +0* E )dV2 J'\' xx xx yy yy zz zz xy xy xz xz yz yz

V

is the elastic strain energy of the track-beam, V is its volume in the

undeformed state, u is the displacement vector, o'!'. are generalized
lJ

stresses, E .• are Langrangian strains, F* is the body force of the
lJ

track-be~un, and f* is the traction force which acts on part Sl of the

track-beam surface S.

The coordinate system used and the position of the track-beam,

before and after deformation, are shown in Fig. 4. Note that (x,y,z)

are Lagrange coordinates, (u,v,w) are the components of the displace-
~

ment vector u of point (x,y,z), and ( ) are variables which refer to

the reference axis x.

9



With the usual assumptions of the bending theory of be~s (such

as the plane section hypothesis*, etc.) the expression for U reduces

to

x2

U =I ~[EA(EXX- aTo )2+ EIV,,2] dx

Xl

where A is the cross-sectional area of the track-beam, I is its moment

of inertia with respect to the vertical z-axis, aT is the thermal strain,
o

E:
xx

=u~,+1~12
2 v

and ( ) I = d( )!dx. The derivation of the above relations (which also

includes the order of magnitude estimates of the retained and neglected

•nonlinear terms) is identical to the one presented in Ref·, [4], except

that wand v are to be interchanged.

• It should be noted that the plane section hypothesis~ although

utilized by track investigators, is not satisfied for the lateral

deformation of many tracks. However, because the cut-spike rail-tie

fastener, currently used by U.S. railroads, exhibits only a very

small rotational resistance, it appears justified to assume that

for such tracks this hypothesis is valid for each rail and that the

lateral bending rigidity of the track is the sum of the bending

rigidities of the two rails with respect to their vertical axes;

thus 1=21 . A thorough re-examination of the effect of the fastener
r

rigidity on the lateral track response, will be contained in a

forthcoming report.

10



4. ANALYSES OF TRACK BUCKLING

Because of assumption (3.4), which states that the axial track

resistance is constant, it follows that in the adjoining track regions

the axial track force varies linearly, as indicated by the dashed line

in Fig. 2(b). Therefore the length of these regions, which exhibit

only axial displacemnts, is finite; namely a = INt - ~tl/ro' According

to this scheme, beyond 2(l+a) the track does not deform due to buckling,

which agrees with observations in the field.

_---J~_-fll~1:....:~ _===~~~-=--?_---~--- "
~~i--' '~und'd:~I~~ cJ stute

U I
I

--[_I

FIG. 4. NOTATION AND CONVENTION USED IN ANALYSIS
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be symmetrical or antisymmetrical.

As shown in Fig. 1, the lateral buckling modes of a track tend to

Since the lateral resistance p
o

is always opposite to the direction of v(x), it follows that the s&m-

plest analysis for each of these modes is obtained when the lateral

displacements are assumed to be of form I or II, respectively" as

shown in Fig. 5.

In an actual track, the lateral displacements are not zero beyond

l = II' To study the effect this constraint has on the analytical

results, it will be relaxed by allowing the formation of additional

half waves beyond II = l. This results in shapes III and IV shown in

Fig. 5.· The necessary analyses are more complicated, since more d:omains

governed by different differential equations have to be matched.

In the following, the post-buckling equilibrium states of the track

beam are d:etermined for the deformation patterns I to IV, shown in Fig. 5 .

The obtained: results are compared first with each other, ,in order to deter

mine the effect of the constraints on the lateral displacements made in

shapes I and II. They are then compared with the corresponding results

of A. Martinet [8], K. N. Mishchenko [9 ], and M. Numata [10].

4.1 ANALYSIS FOR SYMMETRICAL DEFORMATION SHAPE I

4.1.1 Formulation of Problem

For this analysis the track consists of five regions: the later

ally buckled zone of length 2l, two adjoining regions each of length a

for which v(x) ~ 0, and the two infinite regions in Ixl ~ lo which are

not affected by bucklin~, but which are subjected to the axial com

pression force Nt = EAaTo '

12
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Because of the assumed symmetry of the buckled zone, eq. (3.5)

may be written as follows:

l lo co

8 lJFldx + f F dx + f Fcodx + A2~a (l) + A3~~(l) I= 0a
0 l l

0

(4.1 )

where

.~~

[EA( ~ -aT ) 2+ EI;~2 ]
~ (4.2) o.

1 T)(x-l)r u + Pova
- A v

F = o a 1 a
a 2 a 0

F = 1 [EA(S -air )2+ EIV IT2 ] - 11( x-nr U -I- P Vco 2 co 0 co o co o co

and

E:
n

= U'
n

+ 1 ~ ,2-v2 n
n = 1, a, co

subject to the constraint conditions in l ~ x < l
o

v (x) :: 0 -'>- v (x) = v' (x) = = 0
a a a

~ (l ) = 0
a 0

and in l < x < co
o

v (x) - 0co
( )-1 .3 II )

1~ (x) :: 0co (Note that N = EAa'T' f C)
t 0

The subscript 1 refers to the buckled region, the subscript a to the

adjoining regions, and the subscript co to the x ~ l region. n(x-l) is
o

the unit step function attached to the axial resistance r. Note that
o

r
o

f 0 only when ufo and that Po f 0 only when v f O.

The variational equation (4.1) contains three Lagrange multipliers.

They enter because of the assumed constraint v (x) :: 0 for l < x < l .a 0

- - ----------- --- --- ------------------------
~~.

Since r o and Po are assumed not to be functions of the respective dis
placements , their direction has to be prescribed as opposite to the
corresponding anticipated displacements.

14



The multiplier A
l

is the lateral reaction pressure whic}l [aa:r occur in

l ~ x < l .
-- 0

The multiplier A
2

is the anticipated concentrated lateral

reaction force at the points x = l, which usually occurs because of

the use of the beam bending theory and the stipulation v (x) == 0.* The
a

multiplier A
3

is a concentrated reaction moment which may occur at

x = l. (If it does not occur, the analysis will yield A
3

= 0.)

Since x = l and x = l are variable matching points, eq. (4.1)
o

becomes, according to [6],

l lo 00

of Fldx + of F dx + J Foodx + [Fl - Fa]zOla
0 l lo

+ [F - F ] olo + A2o~a(l) + A ov' (l) = 0
a 00 Z 3 a

0

(4.4)

Performing the variations, then integrating by parts, and group-

ing terms containing the same variation, eq. (4.4) becomes**

l[ [I (ElVi)"- [EA( 'l-aTolVi]'+p0 Ioy 1[EA( 'I-aTo)J '+~(x-Z)r0 iO"rJ dx

2.
0

+f [l (EIv~l "- [EAC'a-aTo)v~r+p0 -AI!ova-I [EA( 'a-aTolJ '+~(x-Z)r 0 louaJdx
l

00

+ f [l (Elv:) "- [EA( '~-."To)v~]' +p 0 !'v~-1 [EAI c~ -OTo)]' +~(x-l)r 0 !,u~}x
Zo

+ { - [-(Elvi l '.EA( 'l-oTo)vi] ov1- [ElVi] ovi - [EA( 'I-oTol] ou1 } x=O +

-----------

* Note that the corresponding con~entrated axial resistance was not
included because the necessary "friction" coefficient is not known and
because its effect is not expected to be essential. In this connection note
the related results for Shape III.

** Since in (4.4) all variables refer to the reference axis, in the following
the (~) symbol is dropped to simplify the presentation.
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O+{[-(EIVII)'+EA(e: -aT )v']ev -[-(EIV")'+EA(e: -aT )v'-h 2]ev1 loll ·a a oa ,a

+ rEIV"] ev' - fElV" -A ] ev' + fEA( e: -aT )J eu - fEA( e: -aT )], eu +[Fl-F ] e l tl 1 1 r a 3 a r 1 0 1 tao a. a f x=l

+ { [-(EIV") '+EA(e: -aT )v']ev -[-(EIV") '+EA(e: -aT h']e"Va a 0 a a 00 00 0 0000

+rElV"]Ov,_fEIV"lov,+rEA(e: -aT )]OU -fEA(e: -aT )]OU +[F -F ]',07; }.l a a I' 001 00 Lao a t 00 0 00 a 00 0
- , x=lo

+ { [-(ElV") '+EA(e: -aT )VIJOV +[EIV"]OV,+rEA(e: -aT )Jou} ,= 0
00 00 00000 00 ro L' 00 0 00

x=oo

(4.5)

From the above equation it follows that the differential equations

for the track are:

In the buckled region, 0 ~x ~ l, noting that in this domain ll(x-l) = 0,

"(EIv~) - [EA(e:l-aTo)v1J = -p
o

(4.6)

and in the adjoining region, l ~ x ~ l , noting that in this domain
o

n(x-l) = 1, va(x) ~ 0 and hence also Po = 0,

A = 0
·1

[EA(e: -aT)J =-ra 0 0

where

E
n = u'

n
1 2+ - Vi
2 n

n=1,a

In region l
o

< x < 00= = ,

From eq. (4.5) it also follows that the boundary conditions at

x= 0 are

16



u
l

(0) = 0

v1(O) = 0 (4.8)

[-(EIV~) '1 = 0

Because of the constre.int conditions v (x) _ 0 and u(x) _ 0, the boundar~T
00 00

term at x = 00 in eq. (L~. 5) vanishes.

The matching conditions a.t ?C = l and x = l are obtained
o

from the remaining terms in (4.5); namely the boundary brackets at x = l

and x = l. Because of the geometric continuity conditions
o

= v (l)
a

it follows that at x = l

u (l)
a

= ov (l)
a

= ov' ( l)
a

ou (l)
a

Similarly, at x = lo'

ov (l ) = ov (l ) ; ov' (l ) = ov' (l ). ou (l ) = ou (l )a 0 00 0 a 0 00 0' a 0 00 0

Thus, the remaining terms in (4.5) may be written as

{
' [-(EIV") '+EA(e: -aT )v'+(Elvl!) '-EA(e: -aT )v'+A 2 J oVl1 1 0 1 a a 0' a

+ [EIVj'-EIV~+A 3] ovi+[EA( "l-aTo ) -EAha -aTo ) ] 0"].+ [Fl-Fa] oz L=l
+ {[_(EIV II

) '+EA(s -aT )v'+(Elv") '-EA(s -aT )v']ava a 0 a 00 00 0 00 a

+ [EIVIl-Elvll]av1+[EA(S -aT )-EA(s -aT )Jou +[F -F Jal} = 0a 00 a a 0 00 0 a a 00 0
x=lo

(4.5')
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However, in the above e~uation &v
l

( l), &v{(l) , etc. are not the varia

tions of the variable end point l, as shown for v
l

in Fig. 6. Accord-
,

ing to Fig. 6, for the general case (needed because the constraint con-

ditions were taken into consideration by means of Lagrange multipliers)

and similarly

OV (l ) = ov - v'(l )ola 0 ao a 0 0

v" U) ol
1

ov'U ) = ov'a 0 ao
v"( l )ol

a 0 0

OU (l ) = ou - u'(l )ola 0 ao a 0 0

(4.5")

With these relationships, eq. (4.5') becomes

[-(EIV~) '+EA(El-aTo)vl+(EIV~)'-EA(Ea-aTo)v~+A2JloVll

+[EIV~-EIv~+A3]l ov1l+ [EA( El -aTe )-EA( Ea -aTo)J loull

- ~ [-(EIV1") '+EA(E -aT )v'+(Elv") '-EA(E -aT )v'+A Jv'1 101 a a 0 a 2 1

+ [EIV"-EIV"+A ]V"+[EA(E -aT )-EA(E -aT )JU'-[F -F Jl olI a31 loa 0 1 la~

l

+[-(EIV") '+EA(E -aT )v'+(Elv") '-EA(E -aT )V'] OV
a a 0 a ce ce 0 ce ao

. lo

+[EIV"-EIV"] ov' +[EA(E -aT )-EA(E -aT)J oua ce l ao a 0 ce 0 l ao
o 0

- ~ [-(EIV") '+EA(E -aT )v'+(Elv") '-EA(E: -aT )v'Jv'1 a a 0 a ce ce 0 ce a

+[EIV"-EIV"lv"+[EA(E -aT )-EA(E -aT )JUr-[F -F ] ~l olo = 0a ceJ a a 0 ce 0 a a ce ~

o

In the above e~uation, all variations are independent. Thus, in

addition to the geometrical matching conditions (4.9) subject to the

constraint conditions in (4 3), which reduce to
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also the following conditions have to be satisfied at x = l

(4.9' )

Elv"(l) =
1

- [( Elv~) '] l =

U I ( l)
a

-A
3

-A
2

(4.10)

v" (l) = 0
1

and at x = l , noting (4.3'),
o

u (l ) = 0a 0

u'(l ) = 0
a 0

(transversality condition)

(transversality condition)

(4.11)

For a physical interpretation of the obtained boundary and match-

ing conditions, it should be noted that the axial force, bending moment,

and shearing force in the lateral plane of the track-beam are expressed

respectively as:

N (x) =-EA(£ - aT )
n n 0

M (x) = -Elv"
n n

N>O compression

n=l,a (4.12)

v (x) = -(Elv") + EA(£ - aT )v'n n non

Because of the first transversality condition, v~(l) = 0, it

follows from the second eQuation in (4.10) that

A = 0
3

20
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Thus, a concentrated reaction moment A
3

does not exist at point x = l.

From the third eQuation in (4.11) it may be concluded, noting that

vi(l) = 0, that at x = l there acts a concentrated reaction force of

magnitude

(4.14)

This reaction force occurs because of the use of the bending theory for

the track-beam and the constraint condition v (x) = O. It represents
a

a concentration of the contact pressure in the close vicinity of

x > L

From the above derivations it follows that the eQuilibrium for-

mulation of the track in the lateral plane consists of the nonlinear

differential eQuations in (4.6) and (4.7), the three boundary condi-

tions (4.8) at x = 0, the two conditions (4.11) at x = l and the
0'

five conditions at x = l, consisting of the three matching conditions

in (4.9') and the two conditions from (4.10)

u' (l)
a

(4.10' )

v"(l) = 0
1

(transversality condition)

Thus, 10 conditions for the determination of the 8 integration

constants and the 2 unknown lengths, land l .
o

4.1.2. Solution of Formulation for Shape I

The differential eQuations in (4.6) and (4.7) are nonlinear.

However, since the second eQuation in (4.6) when integrated yields

(4.15)

the first eQuation in (4.6) reduces, for EI = const, to

iv .....J

EIv
l

+ N v" = -p
t 1 0

o ~ x < l (4.16)

a linear ordinary differential eQuation with constant coefficients.
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This analytical feature makes it possible to solve the derived nonlinear

formulation for the lateral buckling of the railroad track exactly and

in closed form. It was utiiized in [4] for the solution of the vertical

track buckling problem.

For the track beam, the coefficient EI is constant, since in a

railroad track the parameters of the rail-tie structure (such as the

rail and tie characteristics, the gauge, the tie spacing, and the fas-

tener type) usually do not vary.

According to (4.12), the left-hand side of eq. (4.15) is the axial

force in the buckled region. It was denoted by-Nt' Thus, the axial
...

compression force in the buckled region is (+N
t

) and is constant.

The general solution of eq. (4.16) is

where

(4.n)

A =~ Nt'
EI

Po
P* = EI

(4.17' )

N

Since for the considered problem Nt > 0, it follows that A is a real

number. From the second and third conditions in (4.8) it follows that

A
2

= A
3

= O. The constants Al andA4 are obtained using the first two

conditions in (4.9'). The resulting VI is

= p*l4 [1
2( Al) 2

2( cos AX-cos Al) ]

Alsin Al
(4.18)

The length l is as yet an unknown quantity. It is obtained from

the transversality condition in (4.10). Substituting (4.18) into this

equation, it follows that it is satisfied when

tg Al = Al

22
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The roots of this equation are

Al = 0, 4.493, ... , ... (4.19' )

The first root corresponds to the trivial case. It may be shown that

the second root corresponds to the sYmmetric deflection shape I, shown

in Fig. 5. * This root will be used in the following.

It should be noted that the vl(x) expression in (4.18), with
N

Al = 4.493, contains still one unknown; namely the axial force Nt'

For its determination we use the remaining equations of the above

formulation (namely those in terms of u). They are: the second equa-

tion in (4.6) and (4.7), which are nonlinear, and the corresponding

boundary conditions in (4.8), (4.9'), (4.10) and (4.11).

Since for the track-beam EA = const and v (x) = 0, the seconda

equation in (4.7) reduces to the linear equation

EAu" =-r
a 0

Its general solution is

l ~ x < l
o

(4.20)

Using the first condition in (4.n), u (l ) = 0, we obtain
e. 0

Thus

(4.21)

Instead of the second equation in (4.6) we utilize its first inte-

gral given in (4.15); namely the nonlinear differential equation of the

first order

EA (u' + 1.. v' 2 - aT ) =-i121 0 t

*

(4.15)

Because of (4.17'), the expression 'Al = 4.493 may also be written as
Nt = 20.19 EI/l 2 . JlJote that in a number of referenccs l = t/2. IIence
r~\ = 80.7 EI/t 2 .
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Since, at this point of the analysis, vl(x) is a known function and is

given in (4.18), the above eQuation reduces to a linear differential

eQuation. Rewriting eQ. (4.15) as
N

ui(x) = (a~'o -~) -~ vi
2

(x) ( )~ .22)

and integrating it from 0 to x, noting that according to (4.8) ul(O) = 0,

we obtain

(4.23)

rJ .

The three unknowns in (4.21) and (4.23) B
l

, la' Nt are determined

in the following from the remaining two matching conditions at land

the one at la'

Substituting expressions (4.21) and (4.22) into the matching con-

dition ui(l) = u~(l) and noting that according to (4.9') vi(l) = 0, we

obtain

Thus
~

ua(x) = [:~ (x+a-l) - (aTa - ~)J (la-x) (4.25)

Substituting the u expressions from (4.23) and (4.25) into the

matching condition ul(l) = u (l), we obtain
a

N

(aTo - ~) (l+a) (4.26 )

Evaluation of the integral term, noting (4.18) and (4.19), yields

lf vi'(X)dX =~(~;l )'= 20.45 x 10-'p"l'

a

(4.27)
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With this expression eq. (4.26) becomes

r (l _l)2
o 0

2EAl
o

(4.28)

Substituting the u (x) expression given in (4.25) into the
a

transversality condition in (4.11), u'(l )
a 0

0, we obtain

(l -l)
o

(4.29)

Since EAaT o = Nt is the axial compression force in the undeformed track

beam, eq. (4.29) may also "be written as

= r (l -l)
o 0

(4.29')

Thus, the transversality condition at x = l yields the equilibrium
o

equation of the adjoining reg{on in the axial direction, as shown in

Fig. '7.

The exact solution is thus obtained. The displacements at equi-

librium are given as follows: vl(x) by (4.10), ul(x) by (4.231

N

v (x) = 0, and u (x) by (4.25). The relationship between To and Nt
a a

is given in (4.28), noting that according to (4.19') Al = 4.493 for

the sYmmetrical mode I, that l is determined from (4.29), and that
o

'";\2 = Nt/(EI).

To simplify the numerical evaluation it should be noted that in

eq. (4.26) the unknown a = (l -l) may be eliminated by utilizing eq.
o

(4.29). The resulting equation is

l

(Nt-Nt)2+2lro(Nt-Nt)-EAro~ v1
2

(x)dx = 0

o

(4.30)

where Nt = EAaT .
o

Solving this quadratic equation we obtain
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EAo.T
o

N

= N + Zr
t 0

-1 +
(-)

1 +

l-

EA f ,2
~ vI dx

o
o

(4.31)

For a given track (thus, for known values of E, A, I, a., r
o

' po)

the numerical evaluation of the obtained solution consists of the fol-
rV

lowing steps: Choose a positive value for Nt and determine the corres-

ponding value A = I1J
t
i(EI)l and "l = 4.493/ A. Next, obtain: the corres

ponding T value from (4.31), noting (4.27). The corresponding dis-
o

placements are then given by (4.18), (4.23) and (4.25).

The numerical evaluation was performed for a track with 115 Ib/yard

rails on wood~n cross-ties with cut-spike fasteners (of negligible

rotational resistance). The following parameters were used:

A = 145 cm2 (11.25 in2 ) I = 21 = 899 cm4 ( 21.6 in4 )r

2.1xI06 kg/cm2 (3 x 10 71b /in2 ) •
E = a. = 1. 05 x 10 -5 lieD

Po = 600 kg/m (402 Ib/ft) r = 1000 kg/m (670.8 Ib/ft)
0

The corresponding graphs are shown in Fig. 8 (as dashed lines), ,noting

that for shape I,v = v(O). The obtained graphs are of the same type
max

as the ones obtained for the much simpler track model analyzed in Ref. [5J

(Fig. ll).

According to Fig. 8, for the used track parameters the safe tempera-

ture increase is TL = 43.7°e. Note that for any uniform temperature

increase To > TL there correspond three states of eQuilibrium: The

(stable) straight state, the (unstable) eQuilibrium state on branch AL

and the (stable) eQuilibrium state on branch LB. Thus, when the track

buckles at a temperature increase T > T
L

it will go over to the cor-
. 0

responding laterally deformed eQuilibrium configuration on branch LB.
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In this connection note the large drop of the axial force due to buck-

ling and the corresponding values for a and Z shown in Table 1.

TABLE 1. CALCULATED TRACK DATA - SHAPE I

in metersa =
r

o
in meters

Axial force
in buckled region

Nt in tons

-.--r-------..-.-.---.-~--.-.--------. -- -----,.--- ---_
'" i

Nt-Nt lAxial force
in straight state

Nt = EAaTo ·in tons

!I Temperature
increase
T in °c

o

T = 43.7
L

139.7 90.0 6.5

97.2160.0
I 62.8 I'

- ..,;,--~ • ~ ~~ ~ ••~~, ,~~._~"_.__ ... ~,_ • __,_.~. __.w••

T = 50.0

4.2 ANALYSIS FOR ANTISYMMETRICAL DEFORMATION SHAPE II

4.2;1 Formulation of Problem

The general form of the deformation shape II is shown in Fig. 5.

Also for its analysis the track consists of five regions, as for shape I.

Because of the antisymmetry of shape II, it is sufficient to consider

only the part for x ~ O. The formulation is therefore identical to

the one for shape I, except for the boundary conditions at x = O.

Thus, the differential e~uations for the track are given, as

before, by (4.6) and (4.7). From e~. (4.5) it follows that the bounda~J

conditions at x = 0 are:

v (0) = 0
1

u (0) = 0
1

The conditions at x = l and x = l are the same as before. Namely
o

v"(l) = 0 (transversality condition)
1

vl(l) = 0

'l.(l) = ua(l) u'(l) = u'(l)
1 a

(4.9' )
and

(4.10' )
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and

u (Z ) = 0
a 0

u'(l ) = 0
a 0

(transversality condition)

(4.11)

4.2.2 Solution of Formulation for Shape II

Because the differential eQuations are the same as for shape I, it

follows that the general solutions are the same. Namely:

vl(x) = Alcos Ax + A
2
sin AX + A

3
x + A4

p* 2
-W x

( aT,

e"

) X -

X

ul(x) =
Nt

! JVI (x)dx
EA 2 1

0

v (x) - 0a

r
u (x) = - __0__ (x 2 _l 2) + B (x-l )

a 2EA 0 1 0

The integration constants A1 to A4 are determined from the

first two conditions in (4.32) and in (4.9').

They are:

(4.17)

(4.23)

(4.21)

_ p* (l-cosAl) + (l\l)2/2 - Alsinl\l
A2 - I4 AlcoSAl - sinl\l

= p* (l-cosAl) + (Al/2 cosAl - sinAl) U . A = p*
A3 ~j /\lCOSA l - sinAl '4 >:4

(4.33)

Substituting the obtained v
1

(x) into the transversa1ity condition,

vi(l) = 0, it follows that it is satisfied when

2(1 - cos I\l) = Al sin Al

29
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provided tg AZ # AZ. Thus, the roots of this equation are

AZ = 2TI, 8.987, . (4.34' )

It may be shown that the first root corresponds to the antisYrnrnetrical

deformation shape II, shown in Fig. 5.

With AZ = 2TI, the expressions for the integration constants sim-

plify to

A =
p*Z4

A2
=~1 - 16n4 16n

(4.33' )
A

3
=

p*Z3
A4 =

p*Z4
87 l6n4

and vl(x) becomes

Vi(x) = i~~~ {i-cos C~X)+ , sin (2~X) - 2,' [m'-T] }
The above expression vl(x) contains still one unknown; namely the

N

axial force Nt' For its determination we utilize the equations

for u(x) of the above formulation. Since they are the same as

those used in the analysis of shape I, the steps are also the same.

Therefore, the additional equation needed for the determination of

EAaT
o

1 +

Z

_FA- f v' 2 dxZ2 r 1
o 0

} (4.31)

where vl(x) is given by (4.35) and the corresponding integral is

Zf v12dx = 17.430 x 10-Sp*2Z7

o

Also for shape II, the length of the adjoining region is

30
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a = (EAaT
o (4.29)

The exact solution for the deformation shape II is thus obtained.

It was numerically evaluated for the same track parameters as used

for shape I. The results are shown in Fig. 8, as solid lines. vmax

was calculated by first forming dvl/dx = 0 which yielded x/Z = 0.3464

and then by substituting this value into vl(x).

The obtained graphs are very similar to the corresponding graphs

of shape I. The drop of the axial force in the buckled region and the

corresponding a and Z values, at To ~ TL,are given in Table 2.

TABLE 2. CALCULATED TRACK DATA - SHAPE II

Temperature
increase
T in °c

o

Axial force
in straight state

Nt = EAaTo in tons

,.J

Axial force Nt -Nt Z
in .Buckled region a = in meters

Nt in tons r o
in meters

134.3

- ._- ----f--------.------ ---- --- --_.- ---.--- ._--_._.-----

9·2

T = 50.0 160.0 58.0 102.0 11. 3

*4.3 ANALYSIS FOR SYMMETRICAL DEFORMATION SHAPE III

4.3.1 Formulation of Problem
,

The general form of shape III is shown in Fig. 5. For the following

analysis the track consists of seven regions, since the buckled zone now

contains three regions (instead of one).

* The research for sections 4.3 and 4.4 was supported by NSF Grant
ENG74-19030.They are included here for the sake of completeness of
presentation.
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Because of the assumed syrmnetry of the buckled track, eq.

becomes

&I II l lo 00

f Fldx + f F dx + f Fadx +f F dx +
2 00

0 II l l
0

+ A2V a (l) + A3v~(l) I= 0 (4.37 )

where F1 , Fa' F are given in (4.2),
00

subject to the constraint conditions (4.3') and (4.3").

(4.2 1 )

Proceeding as for deformation shape I, noting that ll' land

l are variable end points, the following formulation results:
o

The nonlinear differential equations:

"(Elv") [EA(£l-aTo)v{] = -p

I1 0

0 ~x ~ II (4.38)
[EA(£l-aTo )] = 0

"(Elv") [EA( £2--aTo )v2] = +p
2 0

II < x < l (4.39)
=

[EA( £2-a'l'O)] = 0

A
l

= 0

I l ~x < l (4.40)
[EA(£ -aT )]

0
= -r

a 0 0

where

£ = u l + !.v'Z n = 1, 2, a
n n 2 n
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the constraint equations

u (x) == 0
00

v (x) - 0
00

(4.41)

and the boundary and ~atching conditions

v
2

( l) = 0 v2(Z.) = 0

u
2

( Z) = u (Z) u2(Z) = u' (Z)a a

vliU) = 0
0'
<-

and

u l (Z ) = 0 u ( Z ) = 0a a a a

(4.44)

(4.45)

Thus, 17 conditions for the determination of the 14 integration con-

stants and the 3 unknown lengths Zl' Z and Za

4.3.2 Solution of Formulation for Shape III

Integrating once the second equation in (4.38) and in (4.39),

we may write

'"
EA( sl -aTa ) = const. = -Ntl 0 < x < Z

= == 1
(4.46),..,

EA(s2-o:Ta) = const. = -Nt2 II S- x < Z
=
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Noting the matching conditions for u' and Vi' in (4,.43) it follo"W;s that

(4.46')

Thus, for EI = const., the first equation in (4.38) and in (4.39), red,uce

to the linear differential equations with constant coefficient,s

EIV~V
N'

+ N vI! = - P 0 < x < IIt 1 0 = --

EIV~V
N,

+ Nt vI! = + Po II .s.- x < l
2

Their general solutions are

P* 2= A
5
cos Ax + A6sin Ax + A

7
x + AS + --- x

2;1.2

(4.47)

(4.4S)

Using the S boundary and matching conditions for v in (4.42),

(4.43) and (4.44); the constants Al to AS are obtained as"

A = 2p*l~ [l.jJ _ cos Al ]
1 (Al)4 1

sin

(4.49)

2p*Z4
AS = (AZ)4 [-l.jJ cos AZ-sin AZ

where

sin AZ + Al AZ - (AZ)2/4]
1 1

l.jJ = 1 (cos AZ
sin 'Al
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For the determination of Zl and Z we utilize the two transver

sality conditions v2 (Zl) = 0 and ,v~(Z) = 0, and obtain

A
5

coS AZ
l

+ A
6
sin AZl + A

7
Z1 + AS + p*Z4(AZ1 )2/[2(AZ)4] =

A
5
cos AZ + A

6
sin AZ - p*Z4/(AZ)4 = 0

(4.50)

where A
5

to AS are given above. The lowest roots AZl and AZ of the

two simultaneous algebraic equations in (4.50), which correspond to

the shape III shown ir. ~ib' 5, were found using a numerical trial and

error approach. They 8,re

H=7.55 (4.50')

Thus, for shape III, Z/Zl = 2.6 .

For these roots the integration constants Al to AS become

Al = 1.20 x 10-3 p*Z4 A2 = A = 03

A4 = 2.49 x 10- 3 p*Z4 A5 = 0.60 x 10- 3 p*Z4 (4.49' )

A6 0.14 x 10-3 p*Z4 A7 =-1. 36 x 10-2 p*Z3

The expressions for vl(x) and v2(x) contain still one unknown;
tV

namely the axial force Nt' This unknown is determined in the follow-

ing from the equations for u(x) of the above formulation, in a similar

manner as done for shape I.

From the equations in (4.46) it follows, noting (4.46'), that

,-.J

ul (x) (aTo
Nt) 1

Zl= - _-V I2 (X) 0 ~x <
EA 2 1 =
,.., (4.51)

u~(x) = (aTo
Nt_) _ !. v I 2 ( x)

Zl ~x < Z
EA 2 2 -
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Integrating the first equation from 0 to x we obtain, noting that ul(O) = 0

N

'\(x) -(.To -~)x (4.52)

Integrating the second equation in (4.51 ) from II to x we obtain

N x

u2(x) u2(ll) + (aTo
Nt) - l ) - ~f v,2dx (4.53)= - - (x
EA 1 2

II

The differential equation for ua ' in (4.40), is the same

as the one in (4.7) for shape I. Also the corresponding boundary and

matching conditions Qre the same, as for shape I, except that ul(x) is

replaced by the adjoining u
2

(x). Thus, the solution of the second

equation in (4.40) subjected to the conditions u (l ) = 0 and u
2
'(l) = u'(l)

a 0 a

is, as before,

U a (x) - [;~ (x + a - l) - (.To - ~)] (lo - x)

and from the matching condition u
2
(l) = ua(l) the relation

(4.25)

(4. 54 )

r a 2
o

2EA
(4.55 )

Equation (4.55) is the additional equation needed for the determination

~

of Nt' SUbstituting the ua(x) expression given above, into the condi-

tion u'(l) = 0 we obtain, as before,a
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(4.29' )

where a = (l - l). Next, we eliminate the variable a from eq. (4.55)
o

by using (4.29'). The resulting equation may be written as

(4.56)

or, in solved form,

The integral expressions which appear in (4.57) were evaluated, noting eqs.

(4.48) and (4.49') and that according to (4.50'), ZIZl = 2.6. They are

Zl
f vi2dX =
o

(4.58)
Z

fv22dX = 6.32 x10-6p *2Z7

Zl

The solution for shape III is thus obtained. It was numerically

evaluated for the track parrnneters used before. The results are shown

in Fig. 5 as dash-dot-dash lines, noting that for the present case

vmax = v 1 ( 0) .

The drop of the axial force in the buckled region and the corres-

ponding values of a, ll' and Z, at T0 ~ TL, are given in Table 3.
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TABLE 3. CALCULATED TRACK DATA - SHAPE III

TL = 41.2 131.8 88.8 43.0

l'SQ.O 56.5
..

rn = 50.0 1 0 3')_1.1-

Temperature
increase
T in °c

o

Axial force
straight state
N = MaT tons

t 0

Axial force
buclsled region

Nt tons

N

Nt-Nt
a=--

r o
meters

l:-r-;- --)
meters meters

"l--
4.3 I 11. 0

!

4.4 ANALYSIS FOR ANTISYMMETRICAL DEFORMATION SHAPE IV

4.4.1 Formulation of Problem

The general form of shape IV is shown in Fig. 5. For its analysis

the track consists of seven regions, as for shape III. Because of the

antisymmetry of shape IV, it is sufficient to consider only the part for

x ~O. Therefore, the formulation for shape IV is identical to the

one derived for shape III; except for the boundary conditions at x = o.

These three boundary conditions are those of shape II and are stated

in e q . (4. 32) .

4.4.2 Solution of Formulation for Shape IV

Because the differential equations are the same as for shape III,

it follows that the general solutions are also the same. Namely

v (x) :: 0
a

The integration constants Al to A
8

for shape I-v- are:
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A = ~- p*l45 \Al--}4 (46n)

where 8 = 2cosU
l

", 1

¢ = (AllsinAl-:-cosH1 )8+).[1 (~Ul-H- ~)

The two conditions for the determination of II and l are the same

as those for shape III and are given in (4.50). For the A con
n

stants given above, the lowest roots of these two equations, which

correspond to shape IV were found to be

(4.61 )

Thus for shape IV, lill = 1.6

For the above roots the constants Al to AS become

(1',Go')

The remaining derivations are the same as for shape III. The

results are:
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x

~f
o

(4.62)

l' a
a

'"and the equation for the determination of Nt

The integral expressions which appear in the above equations were

are,evaluated noting (4.59) and

Zl

f vi2dX =
o

(4.50'). They

Z

f v,2dx =
. 1

Zl

noting that ZIZ = 1.6.. 1

(4.64)

The solution for shape .IV is thus obtained. The results of

the numerical evaluation is shown in Fig. 5 as dash-dot-dot-dash lines.

v
max

was calculated by first forming dvl/dx = 0 which yielded x/l1= 0.40

and then by substituting this value into vl(x).

The drop of the axial force in the buckled region and the corres-

ponding values fo~ a,ll and Z, at 'ro~TL' are given in'rable 4.

TABLE 4. CALCULATED TRACK DATA - SHAPE IV

.- -.-~._~,,---._•. ,-,,--_._. -·r'- . _ ..

l

12·5

meters

L;.3.288.0

Axial force
buc~ed region ~ =

1'0 meters
Nt tons meters .

.._-_ _-- -'-'--~-" .- .__ , ..-.. j _ -
j

7.8 i
I

___.. 56.:~_. ~10~~._.L9~7_L 1; J

131.2

160.0

Temperature
increase
T in °c

o

T
L

= 41.0

~
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4.5 REMARKS ON OBTAINED RESULTS

A comparison of the post-buckling equilibrium branches, and the cor-

responding axial forces, shown in Fig. 8, reveals that the results for

shape I to IV are very close, in particular with regard to the TL-value.

A graphical comparison of the stable lateral displacements v for the

115 Ib/yard track at T = 50°C is shown in Fig. 5. In each of the four
o

graphs the vertical scales the horizontal scales are the same. The shown

wave lengths* and amplitudes are of the order observed in tests and dis-

cussed in [1]. Note, that according to the above tables the a-values are

several times larger than the corresponding l-values.

From Fig. 5 it follows that as more lateral waves are included in the

analysis (shapes III and IV), the length of track affected by buckling~

2l = 2(l+a), increases noticeably. This is not the case, however, in the
o

actual problem. The increase of 2l in Fig. 5 is caused by neglecting the
o

; a practice adopted by all investigators who determined post-

axial :resistance r in the laterally buckled region ~ thus also in region
o

l < x < l
1 = =

buckling equilibrium branches for shapes III and/or IV.

The above finding suggests that for shapes III, IV or higher, the

resistance r shouldbe included at least for x > ll' The resulting for

mulation for shape III or IV remains the same as derived above, except

for the second differential equation in (4.39) which becomes

[EA(E -aT )]' = -r
2 0

l < x < l1 = .=
(4.39' )

, It is anticipated that the effect of this correction on T
L

will be

relatively small. For practical purposes the use of the

results based on shapes Irand IIIappea~to be sufficient.

"* Note that x is a Lagrange variable and that v(x) is only the lateral
component of the displacement vector. For example, the length of the
buckled region is not 2l , but 2[l + u(l )], although for the prob
lems under eon~3ideration u( l ) < < l



5. COMPARISON WITH RESULTS OF OTHER INVESTIGATORS

A review of the analyses of thermal track buckling in the lateral

plane was recently presented by Kerr [1]. One finding of this survey

was that only a small number of the published analyses, namely those

which took into account the drop of the axial force Nt in the buckled

region, are conceptually correct. However, these few analyses, although

based on the same fundamental assumptions (such as the replacement of

the track by an elastic beam in bending, and the assumption that the

axial and lateral resistances are constants) utilized different methods of

solution with an unknown effect· on the accuracy of the final results.

In this section the well known analyses of Martinet [8], Mishchenko

[9], and Numata [10], which represent the different methods of solution,

are briefly discussed and the obtained results are compared with those

derived in the present paper.

Martinet [8] described the lateral response of the buckled track

region by the linear differential equation of classical beam theory

and used, at x =l and l, the same boundary conditions as derived in tlJe
1

present paper. Since the linear differential equation for v, for exanl;.11e

(4.16), which was obtained from the nonlinear equations in (4.6),

is identical with eq. (5.1), the resulting solutions for the expressions

v are also the same. For the determination of the unknown axial force

/V

Nt' Martinet set up a separate compatibility equation for axial dis-

placements at the juncture of the buckled and adjoining regions. For
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shapes I and II he obtained an expression which is identical with

e~. (4.31). For shape III his compatibility equation is identical

with e~. (4.57).

It is indeed noteworthy that, althogh Martinet used, a priori,

a linear differential e~uation for v and derived the compatibility

e~uation, heuristically, not making a distinction between Euler

and Lagrange coordinates etc., he obtained results for shapes I, II

and III which are the same as the corresponding results derived

in the present paper. (In this connection refer to the corresponding

~uestions raised by Kerr [llJ.) Since in the present paper the for

mulation for the entire track was obtained in a unified and consistent

manner and the obtained solutions of the resulting nonlinear formula

tions are exact, it may be concluded that the objections raised by

Mishchenko ([lOJ pp. 64-65) regarding the accuracy of Martinet's solu

tion are not valid.

Mishchenko [9J and Numata [lOJ used different variants of the

energy approach. The effect of the drop of Nt to Nt (for which Martinet

used a displacement compatibility e~uation) Mishchenko took into con

sideration in the expression of the total potential energy

n = n(f,Z)

where f is an amplitude of lateral deflections and 2l is the length of

the buckled region, and by a displacement compatibility e~uation. The

e~uilibrium relation$ Mishchenko obtained from the conditions



arr _ar - 0

iffApproximating shape I by the expression

(5.4)

where f - Vl(O), the equilibrium equations obtained by Mishchenko are

0.858 P Z = 0
o

33.56 Elf
2: 3

(Nt - i )2 ; f2 EIf2
2EA

t
- 0.692 ~2· + 25.17~ 0.429 fp = 0

o

and the derived compatibility relation may be written as

EAr.f2
o. 0-'----'-- = 0
Z

Approximating shape II by two expressions, each Valid in a dif~

ferent region, Mishchenko obtained the equilibrium equations

N

11;06
Ntf

254.4 Elf 1.012 Z = 0-- ... PoZ Z3
tV .N

(Nt _ N )2 N f2
EIf2t - 2.764 _"t_o _ + 190.8 0.506 f 0Z4 P =2EA Z2 0

and the corresponding compatibility equation

EAr f2
o ..... 0
Z

where f = (vl ) " '
max

To simplify the reading and enhance comparisons, the following equa ...
tions utilize the notations of the present paper.

44



The above equations were evaluated numerically and the results are

shown in Fig. 9 and Fig. 10.

Numata [lOJ, using a different variant of the energy method and

using different approximating functions for v, obtained for shapes I

to IV the following equations

f =

and

2l"A

P
1J Nt

= 2l i' -- =i EI
(n+1)12' 1T

'--,

8 p2]J A (EI) 5/2
o

where the coefficients n, S, and ]J are given in Table 5.
TABLE 5. VALUES OF PARAMETERS

- r

Buckled
Sshape

n ]J

I 1 1.000 8.8857

II 2 0.2425 7.9367

III 3 0.1685 1l.7867

IV 4 0.0977 16.3004

The above equations were evaluated numerically and the results are

shown in Figs. 9 through 12. For shapes I .and II the agreement between

the shown graphs is very close. However, for shapes III and IV the Numata

results deviate noticeably from the exact ones and yield TL values which

are about 10% higher.
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Note, however, that the above TL-value is based on the used parameters

and the made assumptions. So, for example, a lower lateral resistance

p caused by track maintenance activities will lower the TL-value,
o ,

whereas the effect of rail-tie fasteners which exhibit a torsional

resistance will increase the range of safe temperature increases.

Note also that the assumption that the lateral resistance

p = p = const. was made in order to simplify the analyses. In actu
o

ali ty p ,is of the shape shown in Fig. 3a. Thus, although the post-

buckling equilibrium graphs shown in Fig. 8 indicate that the straight

state is always stable (with decreasing stability for increasing T ),
o

for an actual track there always exists a temperature increase T
cr

beyond which even the perfectly straight track may buckle ([3] Fig. 5).

Also note that the assumption p(x) = p is valid only for monotonic
o

ally increasing deformations.

Another point to consider, is that actual tracks are not perfectly

straight, but have small geometric imperfections. With minor modifi-

cations the formulations presented above are suitable also for the

study of this problem. However, the resulting analyses are cumbersome

and are also complicated by the uncertainty of the multitude of imper-

fection shapes encountered in an actual track.

The results obtained in references [3] (p. 36) and [5] suggest,

however, that the effect of the relatively small lateral imperfections

encountered in an actual track will be to decrease the value of Tcr

without affecting noticeably the corresponding TL-value. This in turn

indicates the possibility that if the temperature increase in the rails

of a track could be maintained (technically and economically) such that
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T < TL , where TL is the value for the perfectly straight track dis

cussed previously, then for engineering purposes there may be no need

to determine the effect of lateral track imperfections on the safe

temperature increase.
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APPENDIX:

REPORT OF INVENTIONS

After a review of the work performed under this phase

,of the contract, it was determined that no technical innovation,

discovery, or invention has been made. The work involved

the development of an improved analysis for predicting the safe

temperature increase in the continuously welded rails of a

railroad track, in order to prevent thermal track buckling .
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6. CONCLUSIONS AND RECOMMENDATIONS

A study for the determination of the safe temperature increase

in the rails of a straight track, to prevent lateral track buckling,

was presented. The criterion used is based on the post-buckling eQui-

librium branches of the track. The range of the safe temperature

increases was defined as

T < T
o L

where TL is the smallest value of the temperature rise at which a

deformed state of eQuilibrium (thus, a buckled state) becomes possible.

It is shown that, contrary to the claims made in the literature,

this problem can be formulated completely in terms of differential

eQuations and the corresponding matching and boundary conditions.

It is also shown that the obtained non-linear formulation, because

of a special analytical feature of the obtained differential eQuations,

can be solved exactly, in closed form.

The obtained solutions for deformation shapes I to IV reveal that,

for the track parameters used, the determined TL values are very close

to each other. From the presented comparison of results for shapes

I to IV and the following discussion it may be concluded that,for the deter-

mination of TL,an analysis based on deformation shape II may be suffi

cient for engineering purposes.

According to Fig. 8, the obtained range of safe temperature increases

for a track consisting of 115 Ib/yard rails which is attached to wooden

ties by means of cut-spikes is
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This deviation appears to be caused by the a priori asslunption of

the values for (vl ) /(v
2

) and the position of (v
2

) ,which con-
max max max

stitutes an additional analytical constraint on the solution. For

example, whereas Nlunata stipulated for shape III

(vl)max
1.7 and l 2 ( 5 .1])(v

2
) = {n =
max v2 max

the corresponding values which result from the exact solution, derived

in the present paper, are

4.8 and ( 5 .12)

Thus, according to the exact solution, the lateral displacements

"damp out" more rapidly than assluned by Nlunata. This feature is even

more pronounced for shape IV, as shown in Fig. 5.

Regarding the suitability of analytical methods for solving the

thermal track buckling problem, it should be noted that the claim made

by Mishchenko ([9] p. 63) and S. P. Pershin ([12] p. 42), that the dif-

ferential eQuation approach is not suitable for a complete analysis* of

the thermal track buckling problem, is not justified. As shown in the

present paper the differential eQuation approach is capable of a com-

plete determination of the post-buckling displacements and forces of the railroad

track and thus for the determination of the range of safe temperature increases

* A track buckling analysis is referred to in the literature as complete
when the drop of Nt to N't due to buckling is taken into consideratio:,.
As pointed out in [1], those nlunerous analyses. which do not taLe into
consideration this drop should not be considered as analyses of track
buckling caused by constrained thermal expansions.
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