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FOREWORD

This document addresses a basic function of aircraft (and other vehicle) surveillance and navi-
gation systems analyses — guantifying the geometric relationship of two or more locations
relative to each other and to the earth. Here, geometry means distances and angles, including
their projections in a defined coordinate frame. Applications that fit well with these methods
include (a) planning a vehicle’s route; (b) determining the coverage region of a radar or radio
installation; and (c) calculating a vehicle’s latitude and longitude from measurements (e.g., of
slant- and spherical-ranges or range differences, azimuth and elevation angles, and altitudes).

The approach advocated is that the three-dimensional problems inherent in navigation/surveil-
lance analyses should, to the extent possible, be re-cast as a sequence of sub-problems:

= Vertical-Plane Formulation (two-dimensional (2D) problem illustrated in top right
panel on cover) — Considers the vertical plane containing two problem-specific
locations and the center of a spherical earth, and utilizes plane trigonometry as the
primary analysis method. This formulation provides closed-form solutions.

= Spherical-Surface Formulation (2D problem illustrated in bottom left panel on
cover) — Considers two or three problem-specific locations on the surface of a
spherical earth; utilizes spherical trigonometry as the primary analysis method. This
formulation provides closed-form solutions.

= Three-Dimensional Vector Formulation — Utilizes 3D Cartesian vector frame-
work; best-suited to situations involving four or more problem-specific points and
slant-range or slant-range difference measurements; provides closed-form solutions.

= Non-Linear Least-Squares (NLLS) Formulation — Employed for the most
complex situations, and does not require many of the idealizations necessary for
simpler approaches. Provides estimates of the accuracy of its solutions. Drawback is
that it requires numerical methods, consequently solution properties are not evident.

These techniques are applied, in the context of a spherical earth, to a series of increasing
complex situations, starting with two problem-specific points (e.g., a route’s origin and
destination) and extending to three or more points (e.g., an aircraft and multiple surveil-
lance/navigation stations). Closed-form solutions are presented for measurements involving
virtually every combination of ranges, pseudo ranges, azimuth/elevation angles and altitude.

The Gauss-Newton NLLS methodology is employed to address the most complex situations.
These include circumstances where there are more measurements than unknowns and/or the
measurement ‘equations’ cannot be inverted analytically” (including those for an ellipsoidal-
shaped earth) and/or are not analytic expressions (e.g., involve empirical data).

* The term ‘analytic’ is used for expressions that are described by mathematical symbols, typically from algebra,
trigonometry and calculus. ‘Inverting’ refers to solving such expressions for a set of desired unknown variables.



DOT Volpe Center

TABLE OF CONTENTS

FOREWORD ...t e et e et e e e e e et e e e et e e eaa e e eaaeeaanaaees I
1. INTRODUCGTION. ...ttt et e et et e e et e et eeaa e e eanns 1-1
1.1  Overview of Analysis Methodologies and Their Applications..........c.ccccoccevvverernennn. 1-1
1.1.1 Trigonometric and Vector Analysis Methodologies (Chapters 3 —=5)......cccccvvvviveveiiiiivenennnn, 1-1
1.1.2 Applications of Trigonometric and Vector Methods (Chapters 6 — 7) ......ccccecvvvevevvieeniennnnn, 1-2
1.1.3 Gauss-Newton NLLS Methodology and Applications (Chapter 8)..........cccccevcvvviiiiiiiennnnnnn 1-3
1.2 Summary of Trigonometric Methodology .........cccccvvieiieiiiieiice e 1-3
1.2.1  Vertical Plane FOrMUIATION..........coiiiiiiiiiicees bbb 1-3
1.2.2  Spherical Surface FOrMUIBLION .........ccoiiiiiiiiie e 1-4
1.3 Applicability and Limitations of MethodolOgies...........ccccvvriiiiiiiniiiiee e 1-5
14 DOCUMENT OULIINE ...ttt 1-6
2. MATHEMATICS AND PHYSICS BASICS. ... .o 2-1
2.1  Exact and Approximate Solutions to Common EqQUAations ............cccccevveveiieereennnn 2-1
2.1.1  Law of Sines for P1ane TrHaNGIES .......ccccveieiiiice ettt ane s 2-1
2.1.2  Law of Cosines for Plane TriangIes .........cccviiiiiiiiiece et 2-1
2.1.3 Law of Tangents for Plane Triangles. ..o 2-2
2.1.4 Quadratic AlgebraiC EQUALION .........cocoiiiiiice et 2-2
2.1.5  Computational PreCiSION.........ciiveiiiiiiie ettt aesre e aenre s 2-3
2.1.6  Inverse TrigoNOMELriC FUNCLIONS. .........oiiiieieieeieete ettt seesne e e 2-3
2.1.7 Power Series Expansions for arcsin, arcCos and arCtan............coceeeveerenienieeneneene e eeene e 2-5
2.1.8 Single-Variable Numerical Root Finding Methods............ccooviiiriniiiiceccee e 2-6
2.2 Shape Of the EArth ..o et 2-10
221 WGS-84 EIlIpSOId ParameterS.......cceeiiiieieieeiiesieeiee e steetee e sieeee st eeseesneeseeseeeneeseesseeneeseens 2-10
2.2.2  Radii of Curvature in the Meridian and the Prime Vertical...........c.ccoocoioviieiiiiiieiee 2-11
2.2.3  Methods for Addressing an Ellipsoidal Earth.............ccccceoeviiiieiiiiic e 2-12
2.2.4 Surface Area of a Spherical Earth Visible to a Satellite..........ccccvvveveie i, 2-13
3. TWO-POINT / VERTICAL-PLANE FORMULATION .....cccoiiiiiiiiicee e 3-1
3.1 Mathematical Problem and Solution Taxonomy ..........ccccceeiveieniinieeie e 3-1
3.1.1  Mathematical FOrMUIALION .........coiiiiiiiiiiieiee e 3-1
3.1.2  Taxonomy of SOIUtION APPIOACHES .......c.eciiieiieeee et eee s 3-1
3.1.3  Detailed GROMELIY.... ..ottt sttt re e s e ste e e teeseeneesreeneenaeaneas 3-2
3.2  Accounting for Known User AILITUAE .........ccocveiieii i 3-3
3.2.1 Need to Account fOr USEr AILITUAE..........couvieiiiriii e 3-3
3.2.2  Method of Accounting for Known User AItItUdE............ccoveveiieieie i 3-4
3.2.3 Conditions for Unblocked Line-0f-Sight (LOS).........ccoiiiiiiiiieiese e 3-4
3.3 Computing GeoCeNtriC ANQGIE.......ccoveiiiieiiee e 3-5
3.3.1 Satellite Altitude and Elevation Angle Known — Basic Method .............ccccoecevviiiiiiecicieinne 3-5
3.3.2 Satellite Altitude and Elevation Angle Known — Alternative Method.............cccccoeevvcieienne 3-8
3.3.3 Satellite Altitude and Slant-Range KNOWN.........cc.ooiiiiiiiiee e 3-8
3.3.4 Elevation Angle and Slant-Range Known — Basic Method.............ccoooiviiiiieiinciee 3-10
3.3.5 Elevation Angle and Slant-Range Known — Alternative Method............ccccooceviviieicincnennenn, 3-11



DOT Volpe Center

3.4  Computing EIevation ANgIe.........co i 3-12
3.4.1 Satellite Altitude and Geocentric Angle Known — Basic Method.............cccccovoviiiiiiinneeen. 3-12
3.4.2 Satellite Altitude and Geocentric Angle Known — Alternative Method...........c.cccoeveveiinnenn, 3-13
3.4.3 Satellite Altitude and Slant-Range KNOWN............ccoveiiiiiieiiseee e 3-13
3.4.4 Geocentric Angle and Slant-Range KNOWN...........ccouiiiiiiieniiiee e 3-15

3.5  Computing SIANT-RANGE .......oiiiiiiieiieeee et e 3-16
3.5.1 Satellite Altitude and Geocentric Angle KNOWN ..........cocveiiiiiieii i 3-16
3.5.2  Satellite Altitude and Elevation Angle KNOWN .........cccooviiiiiiicie e 3-17
3.5.3 Geocentric Angle and Elevation Angle KNOWN ...........cccoiiiiiiiiiiee e 3-19

3.6  Computing Satellite AILTUAE ..........ooviiieee e 3-20
3.6.1 Slant-Range and Geocentric ANgle KNOWN..........coooieiiiiiieiiieee e 3-20
3.6.2 Slant-Range and Elevation Angle KNOWN..........cccviiiiiiicie e 3-22
3.6.3 Elevation Angle and Geocentric Angle Known — Basic Method .............ccccccevveeieinciennnn, 3-23
3.6.4 Elevation Angle and Geocentric Angle Known — Alternative Method............cccccooeviiennen. 3-24

3.7  EXample APPIICATIONS........cciiieiiee ettt 3-24
3.7.1 Example 1: En Route Radar COVEAQE .......cccviieiiiiierieiie et ste e ste e sre e sre e e e 3-24
3.7.2 Example 2: Aircraft Precision Approach Procedure ...........cccooveveiviiieie i 3-28
3.7.3 Example 3: Satellite Visibility of/ffrom Earth.............ccccooooiiiiieiiie e 3-30

4. TWO-POINT / SPHERICAL-SURFACE FORMULATION ......cvviiiiieeeeeeeeeiiiiennn 4-1

4.1  Basics of Spherical TrigoONOMELIY .......cccvcieiiiiiiie e 4-1
411 BaSiC DEFINITIONS ...c.veuieiieiieiieiiiie sttt bbbttt b et 4-1
4.1.2  Application to Navigation and SUrVeillanCe............ccceeeiiiieiiniie e 4-1
4.1.3  Applicability to Two-2D Problem FOrmulation ............cccocveviiriieieiiese e 4-2
4.1.4  General Characteristics of Spherical THaNQIES ........ccoeviiiiiiiviee e 4-2
415 ReSOUrCeS 0N the WED ...t enen 4-3
4.1.6  Key FOrmuIasS/IAENTITIES .........eoeiiiieeeie ettt sttt see e e enen 4-3
4.1.7 Taxonomy of Mathematical Spherical Triangle Problems............c.ccccoeviiiveie i 4-7
4.1.8 Taxonomy of Navigation Spherical Surface Problems .............ccccovviieviiiciieccc e 4-8

4.2  The Indirect Problem of GEOESY........cooviiiiiiiiiie e 4-9
4.2.1  Computing the GEOCENTIIC ANGIE .....eiiiieieeee et enen 4-9
4.2.2  Computing the Azimuth Angles of the ConNecting ArC ..o iveve s 4-10
4.2.3  Alternate Solution Using Napier’s ANAlOgIES ........cccevviiveririiiie e se e 4-12

4.3  The Direct Problem of GEOAESY .........ccoiiiiiiiiiieicie e 4-12
4.3.1 Computing the Satellite LatitUde...........cccoieeieiiieee e 4-13
4.3.2 Computing the Satellite LONGITUE...........coiiieieiieie e 4-13
4.3.3 Computing the Path Azimuth at the Satellite .............cccoveviiiiiii i, 4-14
4.3.4  Alternate Solution Using Napier’s ANAlOGIES ........ccovviieiiriiieie e 4-14
A.3.5  REIMAIKS ..ottt ettt sttt e et s et e st e bt e Rt e et e b e et e eae et e e teereeneeetenneentenee e 4-15

44 A Modified Direct Problem: Path Azimuth at Satellite Known............c.ccoovoviinns 4-16
4.4.1 Computing the Satellite LONGITUAE.........c.civiieiieiicie e 4-16
4.4.2  Computing the Satellite LatitUde.........c.cccviveieieiice e 4-16
4.4.3 Computing the Azimuth of the Connecting Arc at the USer.........cccovvvviienieieeiene e 4-16

45 A Modified Direct Problem: Satellite Longitude Known............cccccvevevienverennene. 4-17
4.5.1 Computing the Satellite LatitUde.........c.cceiveieieiice e 4-17
4.5.2  Computing the GEOCENTIHC ANQGIE ......ocuiiie e 4-17
4.5.3 Computing the Azimuth of the Connecting Arc at the Satellite............ccooeviiiieiiic i 4-17

4.6  The Hybrid Problem of GEOAESY ........ccoeuiiiiiiiiicie s 4-18
4.6.1  Problem CharaCteriZation .............cooeiieieieeie ettt e e e ste e neesreeneeeeseens 4-18



DOT Volpe Center

4.6.2 Computing the Azimuth of the Connecting Arc at the Satellite.............ccoevviivciiiiicienee, 4-19
4.6.3 Computing the Satellite LONGITUAE.........c.oiiiieieieee e 4-19
4.6.4 Computing the GEOCENTIC ANGIE ..o 4-19
A.6.5  REMATKS ..ot bbbt e 4-20
4.7  Vertices 0f @ Great CIFCle........cooi i s 4-20
4.7.1  Clairaut’s EQUALTION ........coiiiiiiiecec ettt ettt st e te et e steane e tenne e 4-20
4.7.2  Great Circle VerteX LatitUde ........c.ooviiee et 4-21
4.7.3  Great Circle AZIMUEN ANGIES .....oiviieiiee et sre e 4-21
4.7.4  Great Circle VerteX LONQITUAE ........ccocveieiiiie ettt 4-21
4.7.5 Conditions for a Path Containing @ VEIEX........ccccveueierieierieie et 4-22
4.8 EXample APPIICALIONS. ...t 4-22
4.8.1 Example 1, Continued: En Route Radar COVErage .........cocevvivereieenene e 4-23
4.8.2 Example 2, Continued: Aircraft Precision Approach Procedure.........c.cccoevvvveveneincriennnnn, 4-25
4.8.3 Example 3, Continued: Satellite Visibility of/from Earth ...........cccccoooviviiiiiiiiiee 4-25
4.8.4 Example 4: Great Circle FlIGht ROULE ........cccoooiiiiieecee e 4-27
4.8.5 Example 5: Radar Display Coordinate Transformations...........c.ccccevevveiveneseeiese s ereneenns 4-29
4.8.6 Example 6: Single-Station VOR / DME RNAYV FiX......cccooiiiiiiiniiiiceise e 4-32
4.8.7 Example 7: Path-Length Ellipticity Error for Selected Airport Pairs...........ccoceoevevvvenennnne. 4-32
5. TWO-POINT / 3D-VECTOR FORMULATION......ccttiiiiieeeeeeeeeiicee e e e 5-1
5.1  Vector and Coordinate Frame DefinitioNns ..........ccccooeiiiiininnienene e 5-1
5.1.1 Earth-Centered Earth-Fixed (ECEF) Coordinate Frame ..........cccccovviieiinieniene e 5-1
5.1.2 Local-Level Coordinate Frame at USer’s POSITION .........cccoveviiieiriiieee e 5-3
5.1.3  User and Satellite Positions in User’s Local-Level Frame..........ccocovriveieieinininse e 5-4
5.2  The Indirect Problem of GEOUESY.......cccceiveiiiiiieie e 5-5
5.2.1 Computing the GEOCENTHC ANGIE ......cviiie e are s 5-5
5.2.2  Computing the Path AZIMUth ANGIES..........oii i 5-6
5.3  Corollaries of the Indirect Problem SolUtioN ... 5-6
5.3.1 Locations Along the Straight-Line between U and S..........cccooi i 5-6
5.3.2 Locations Along the Great Circle Arc Connecting U and S..........ccccoveveviviieieseeie e 5-7
5.3.3  Vertices 0F @ Great CiICIe ........ceoiiiiie ittt ere e ae e 5-8
5.3.4 Locus of POiNts 0N @ Great CirCle.........oov i 5-9
5.4  The Direct Problem of GEOAESY ........ccccveiiiiiieie et 5-10
5.4.1 Full Solution Using Direction COSIiNe MatriCeS.........cccevveieiiiiieieie s sie e se s 5-10
5.4.2  Position Solution USING VECIOr US ..........cocoiiiiiiiiie ettt 5-11
5.5  Satellite Elevation Angle and SIant-Range..........cccovviiiiiiinieience e 5-12
5.5.1 Solution for Elevation Angle from Altitude and Geocentric Angle..........ccoocvvoveieiiiienennnnn. 5-13
5.5.2  Solution for Slant-Range from Altitude and Geocentric Angle .........ccccvvveveiveiene i, 5-13
5.6 Intersections Involving Two Great and/or Small Circles...........cccooevivivvieenncnene. 5-13
5.6.1 Intersection OFf TWO Great CirClES ........cccooiiiiiiiiiiie s 5-13
5.6.2 Intersection Of TWO SMall CirCIES.......coveiiiiiee e 5-14
5.6.3 Intersection of a Small Circle and a Great CirCle ..........ccooveiiiieiiiiie e 5-16

6. AIRCRAFT POSITION FROM TWO RANGE AND/OR AZIMUTH

MEASUREMENTS (TRIGONOMETRIC FORMULATIONS) ....ccvviiiiiiiiiiieiieiieeiieeeeeeee 6-1
6.1  General CoNSIAEIAtiONS .........ccuiiiiiiiieiierie et 6-1
6.1.1  ProbIEmMS AGGIrESSE ......ceiuieiieiiiisie it bbb 6-1
6.1.2 Geometric Concerns (Solution EXiStence/UNIQUENESS).......cc.evveerrereeriineaeenesiee e seeeeeesieneeas 6-2
6.1.3 Resolution of Multiple SOIULIONS. ..........ccoiiiii e 6-3



DOT Volpe Center

6.1.4 Rationale for Two-Station Area Navigation (RNAV) ......ccccociveiiiiiieieceee e 6-4
B.1.5  CRAPLEr OVEIVIBW......oiiieieiieitieiieee st ste ettt et et esteste e eesbeeseeseesseeseesteeneensesseesesaeeneenaenneas 6-4
6.2 Relationship between a Point and a Great Circle Path...........cccooco e, 6-5
6.2.1  ProbIem SEAtEMENT.. ..ottt ne et n e naeeneas 6-5
6.2.2  ProbIEm SOIULION .....oviuiiicice bbb 6-5
6.3 Solution for Two AZimuth MeasUremMENTS.........ccerriireieniieseeeee s 6-6
6.3.1 Step 1: Find the Parameters of the Path Connecting the Stations.............cccccevvvieveiecicceennn 6-6
6.3.2 Step 2: Determine If the Problem Is Well-POSed...........cccoviiiiiiiiiic e 6-7
6.3.3 Step 3: Find the Aircraft Location COOIdINALES.........cccviverierieeiese et se e se st 6-7
6.3.4 Extensions, Alternatives and REMAIKS ..........cciiiiiiiiniiies e 6-8
6.4  Solution for Two Slant-Range Measurements ..........cccoceveeeriienenie e 6-9
6.4.1 Step 0: Convert Slant-Ranges to Spherical-Ranges/Geocentric Angles.........c..ccoovvvnvnennne. 6-10
6.4.2 Step 1: Solve the Navigation Spherical Triangle for the Two Stations............cccccoecvvevereeenn. 6-10
6.4.3 Step 2: Determine if the Problem is Well-POSed ...........ccoeviiviiiiiiic e 6-10
6.4.4 Step 3: Solve the Mathematical Spherical Triangle USA..........cccoooiieiiiieie e 6-10
6.4.5 Step 4: Find the Coordinates/Path Azimuths for Aircraft A.........ccooeiviiii i 6-11
B.4.6  REMAIKS ..ottt e are b nre e re e 6-11
6.5  Solution for a Slant-Range and an Azimuth Measurement.............cccocevveivesieennnns 6-12
6.5.1 Step 0: Convert Slant-Range to a Geocentric ANgIe .......ccevviieiiii i 6-12
6.5.2 Step 1: Solve the Navigation Spherical Triangle PDV ........ccccoiiiiiiiiiieeceeese e 6-12
6.5.3 Step 2: Determine if the Problem is Well-P0OSed ...........ccoevviieiiiiiie e 6-12
6.5.4 Step 3: Solve the Mathematical Spherical Triangle DVA.........ccccooiieieiiiie s 6-13
6.5.5 Step 4: Find the Coordinates/Path AZimuths fOr X .......ccccooiiiieiiiiie e 6-14
B.5.6  REMAIKS ...ttt nre e nee e 6-15
6.6  Check of Continuous Descent Approach Altitude...........ccocveieiienr e 6-15
6.6.1  APPIICALION CONIEXL.......ciiiiiiiiecie sttt e e be s te et e s reenbesbeareetenreens 6-15
6.6.2  Altitude vs. DME Information for the PilOt............cocoiiiiiiiiiie e 6-16
6.6.3  “ILS DIME’ SCENAIO. .. .ecueittiteeierieetieete st e et et e ste st e eesteeseeseesreestesteeneeseesseeseeseeeneesaesreensenseans 6-17
6.6.4  “AIrport DIME’ SCENAIIO ......ccviieiieitie et se sttt e ta et e s teenaestesreeneenre e 6-19
B.6.5  REMAIKS ...ttt bbbttt bbb e s 6-21
7. AIRCRAFT POSITION FROM PSEUDO RANGE MEASUREMENTS................. 7-1
7.1 Overview Of PSEUAO RANJES .......ccoiieiiiieiieee e sie e ste et sbe e see e 7-1
% S ¥ Tt (o (o TU g o SO S RPRSRIN 7-1
7.1.2  Hyperbolic Lines-of-Position (LOPS) and FiX GEOMELIY.........c.cccevviieiiiieieie e 7-2
7.1.3 Role of the COmMMON RANGE BIAS ......cuiiiiiiiiiiiiiisieeese sttt seeene s 7-2
7.1.4  AlGOrithm TaXONOMY ...cc.ecviiiiieiieieeite sttt ste ettt e et e s beetaesbesteesbesteaseesbestaesesteesaesrenres 7-3
7.2 Bancroft Solution for Four Pseudo Slant-Ranges...........ccccooeviveveeieiiienv e 7-4
2 R [ o1 [0 Tod 1 o PP SUSPR PSPPI 7-4
7.2.2  Problem FOrMUIALION...........ooiiii ettt sreenee e e 7-5
7.2.3  Problem SOIULION .......ccoiiee ettt r e e nne s 7-6
T.2.4  REIMAIKS ...ttt ettt bbbt b bbbt bbbt b e Rt bbbt n e 7-7
7.3 Bancroft Solution for Three True Slant-Ranges..........ccoocvviieiiin e 7-9
7.3.1  Problem FOrMUIALION ...........oiiiee ettt sreeneenaenne s 7-9
7.3.2  ProbIem SOIULION .......cc.oii ettt ettt re e aenne s 7-9
7.3.3  Ambiguity Resolution / Sensor Plane of SYMmetry.........ccccoviveiiiiiiie i 7-10
T.3.4  REIMAIKS ...ttt bbbt h bbb Rt bbb ettt bbbt 7-11



DOT Volpe Center

7.4 Bancroft Solution for Two True Slant-Ranges and Altitude............cccocceveviiienns 7-11
7.5  Bancroft Solution for Pseudo Slant-Ranges and Altitude............ccccooceiveveniiiennnne 7-12
8 T80 11 oo L1 T 1 (oo SR 7-12
7.5.2  Problem Formulation: Three Pseudo Slant-Ranges and Altitude...........ccccevevveieieivccennenn, 7-12
7.5.3  Problem Solution: Three Pseudo Slant-Ranges and Altitude.............ccoccvvveveivceie i, 7-13
7.5.4  Problem Formulation: Two Pseudo and One True Slant-Range Plus Altitude ...................... 7-14
7.5.5 Problem Solution: Two Pseudo and One True Slant-Range Plus Altitude..............cccccouene... 7-14
T.5.6  REMAIKS ....ciiiice ettt e re bt ere et nreenee it e 7-15
7.6 Bancroft Solution for Two Pairs of Pseudo Slant-Ranges and Altitude................. 7-15
K T80 A 11 (oo 13T 1 (oo SR 7-15
7.6.2  Problem FOrMUIALION...........oiiie ettt nee e ee e 7-15
7.6.3  ProbIem SOIULION .....c.oviiiii et 7-17
T.8.4  REIMAIKS ...ttt ettt bbb b st b bbbt bbbttt b bbbt 7-19
7.7 Traditional Solution for Three Pseudo Slant-Ranges in Flatland...............c........... 7-20
0 5 T 11 oo 11T 1 (oo TS 7-20
7.7.2  SOIULION GENEIAI CASE .....eeiiieiiiiteete bbbt 7-21
7.7.3  SOIULION SPECIAL CASES.....eeviiveiieiiectiesie sttt e et et s e e st e e e e steste e besbeenaesbesreeneenreens 7-22
7.7.4  Characterization of General Case SOIULIONS............cceieiieieriiieee e 7-24
7.7.5  Stations FOrm a Straight LiNE........ooeoiiiioiiee e 7-25
A T 141 14 ST PR 7-26
7.8 Traditional Solution for Three SIant-RaNgesS..........cccoviiiriiniienieiece e 7-28
7.8.1  Cartesian Coordinate SOIULION...........coi it 7-28
7.8.2  Aircraft Latitude/Longitude/AIITUTE ...........ccooiriiiiee e 7-29
7.9  Traditional Solution for Four Pseudo Slant-Ranges ...........cccocvvevveveiiieineiieieennnns 7-30
7.9.1  Problem FOrMUIATION ........coviiiiiieee e 7-30
7.9.2  SOIULION GENEIAI CASE ......cuiiieiisiestete bbb 7-31
7.9.3  SOIULION SPECIAL CASES.....eeueeteeiieiieetie ettt ettt ettt ettt et et e estesteeeeseeeneeneesreeneenee e 7-32
7.9.4  Stations in the SAME PLANE..........cooi ittt nee e 7-34
7.9.5 Stations in the Same Plane, Three FOrm a Line........cccooeiiininininieeeesese s 7-35
7.9.6  Four Stations FOrm a Straight LiNe ........cooeiiiiioii e e 7-36
T.9.7  REMAIKS ..ottt sttt et et ae et ettt eee et et nre et e e e 7-36
7.10 Traditional Solution for Three Pseudo Spherical-Ranges...........ccccoocvvvvevveiveiinennns 7-37
7.10.1 Problem FOrMUIALION ........ccooiiiiiie e 7-37
7.10.2 ProbIEM SOIULION ..ottt bbb 7-37
7.10.3 TYPES OF SOIULIONS. ....ceeieiee ettt s esee e 7-39
7.10.4 REIMAIKS. ... bbbttt n s 7-40
7.11  Traditional Solution for Two Pairs of Pseudo Spherical-Ranges.............ccccccevenen. 7-41
7.11.1 Problem FOrMUIALION ........ccooiiiiiie e 7-41
7.11.2 ProbIem SOIULION..........ooeie et 7-42
7.11.3 REMAIKS. ...ttt sttt ettt n et re et ae e e seeere e eeereeneenee e 7-44
7.12  EXample APPHICALIONS........coiiieiiee ettt sraenne s 7-44
7.12.1 Example 8: Slant-Range Measurement System in Flatland ..............ccccoov i, 7-44
7.12.2 Example 9: Three Pseudo Slant-Range Stations in Flatland.............c..ccooco e 7-47
7.12.3 Example 10: Three Pseudo Spherical-Range Stations ...........cccocooevvnieniieeiene e 7-49
7.12.4 Example 11: Two Pairs of Pseudo Spherical-Range Stations...........ccccceeevvveievesiveriennnn, 7-50
7.12.5 Example 12: Wide Area Multilateration (WAM) ..o 7-52

Vi



DOT Volpe Center

8. GAUSS-NEWTON NON-LINEAR LEAST-SQUARES (NLLS) METHOD............. 8-1
8.1  General NLLS Method..........ccooiiiiiieiieie et 8-1
8.1.1  Background / CONEXL.........oiiiiiiiiieitet ettt 8-1
8.1.2  Problem FOrMUIATION........cviiiiiiiece e 8-2
ST IR IS T [V o AN o] o o - Yo o (S SSTUSSIPS 8-3
8.1.4  Iterative SOIUTION PrOCESS .......iiieiiieieie sttt sttt e et et esteseeeneeseeeneeaenneas 8-4
B.1.5  SOIULION PrOPEITIES ......eeivieiieiieiiee ettt ettt ettt st et e e sre s e nbesne e eeseeeneeseeereentenneas 8-6
B.1.8  AGVANTAGES ....veeeteeiieie ettt bbbt bbb b a bbbttt b et 8-11
IO O I 17 To AV 7= = Vo LS 8-13
8.1.8  REIMAIKS ...ttt ettt et ettt ettt n et beenteeeeene et nreeneenne e 8-14
8.2  Equations for Systems Employing Cartesian CoordinatesS..........c.ccoocvvvvevvniveivennnns 8-16
ST R [ o1 [0 Tod o]  H PO SPSURTPP 8-16
8.2.2  Measurement EQUALIONS ..........cccoiviieiiiicic sttt ettt reenaeste et nne e 8-17
B.2.3  REBIMAIKS ...ttt et reene et ere et nre e 8-18
8.3  Equations for Systems Employing Spherical Coordinates ............ccccccovveviveiieiinenne 8-19
8.3.1  INtroduction / RALIONAIE ..........ciiiiiiieieeeee e 8-19
8.3.2  Measurement EQUALIONS ..........cccoiiiieieiecie sttt sttt re s stesneeaenne e 8-19
8.4  Solutions for Homogeneous Range-Type Measurements.........c.ccovveveeveenenieesennnens 8-22
8.4.1 Introduction / RAtIONAIE..........coiiie e 8-22
8.4.2  Dilution OF PreciSion (DOP) ........coiiieiiiieese ettt ee e 8-23
8.4.3  Range MeasuremMent SYSTEIMS ......ueiuiiiriiiieriiesieesteesee e sre et e e s e e e b e be e sbe e beesreesteesneeas 8-24
8.4.4 Pseudo Range Measurement Systems: Lee’s Method ...........ccocveveiiiiiiiiein s 8-27
8.4.5 Pseudo Range Measurement Systems: Station Difference Method...........cccccooveiiiiiiinnnnenn. 8-33
8.5  Example Applications and INterpretations .........c.ccccveveieeveeie s 8-35
8.5.1 Example 8 Continued: Slant-Range Measurement Systems in Flatland ................c..c.ccoc...... 8-35
8.5.2 Example 9 Continued: Pseudo Slant-Range Measurement Systems in Flatland................... 8-42
8.5.3 Interpretation: Pseudo vs. True Slant-Range SYStems..........ccocveiiiiieniiieie e 8-49
8.5.4 Example 10 Continued: Three Pseudo Spherical-Range Stations............cccccooveeicvirennnnenn 8-51
8.5.5 Example 11 Continued: Two Pairs of Pseudo Spherical-Range Stations...........c.c.ccccvevvennenn. 8-55
8.5.6 Example 12 Continued: Wide Area Multilateration (WAM) .......cccooiiiiininiieeiee e 8-58
8.5.7 Example 13: Five Pseudo Spherical-Range Stations...........cccocvernieiienenenie e 8-59
8.5.8 Example 14: Direction Finding From AIFCrafl ..o 8-61
9. APPENDIX: RELATED SPECIALIZED TOPICS.......oo e 9-1
9.1  Aircraft Altitude and Air Data SYSTEMS ........ccoiiiiiiieiieeee e 9-1
9.1.1  Meanings Of AIIUAE ........cuoiieeee et see st neenaeeneas 9-1
0.1.2  Aircraft Pitot-StatiC SYSIEM.....cviiiiieie et reare s 9-2
9.1.3 Barometric Altimeter Temperature SENSITIVILY .........cccooiiiieiiiiee e 9-3
9.14 Vertical Speed Indicator Temperature SENSITIVITY.........ccooeererireieieeeee e 9-3
9.2  VNAYV Constant Descent Angle TrajeCtory.......cccoveieiieereeiesieese e seese e 9-4
0.2.1  Derivation Of EQUALIONS.........c.couiiiiieie ettt sttt teenaesreare s 9-4
0.2.2  Typical Vertical Profiles..........cccooiiioiiii it are s 9-5
T B T4 14 SRRSO 9-5
9.3  Ellipsoidal Earth Model and ECEF Coordinate Frame..........c.cccceoeviveviveiesiieneennnn, 9-6
9.4  RhumMb Line NaVIQAtION ........ccuiiiiiieiecie e ste et see e 9-9
B O =¥ Tot (o | (o TU g o SO SRUSSRPN 9-9
9.4.2  Solution of the INAIreCt ProbIEM .......cc.oiiiii e 9-10
9.4.3  Solution of the DIreCt ProbIem ..........coi i 9-12
0. 4.4 REMATIKS ...ttt ettt ettt ettt ebe et eteene e teareentenee e 9-12



DOT Volpe Center

9.5 NLLS Solution with a Measurement CONSraiNt ..........oooovvveeiiiiiiiee e e 0-13
O0.5.1  Problem FOrMUIATION .......cooi ettt ettt e e et e et e e e e e e ee e eteeesesseenrreeeeeeseraans 9-13
LS TP = 0] o] (=T IR 10 11 170 o R 9-13
0.5.3  SOIULION PrOPEITIES ....ouviiieeiecte ettt ettt e et e et esta e besteeneesbesreeneenre e 9-15
10. o o ot o A O T 10-1

viii



DOT Volp

e Center

Figure 1

Figure 2

Figure 3

Figure 4

Figure 5

Figure 6

Figure 7

Figure 8

Figure 9

Figure 10
Figure 11
Figure 12
Figure 13
Figure 14
Figure 15
Figure 16
Figure 17
Figure 18
Figure 19
Figure 20
Figure 21
Figure 22
Figure 23
Figure 24
Figure 25
Figure 26
Figure 27
Figure 28
Figure 29
Figure 30
Figure 31
Figure 32
Figure 33
Figure 34
Figure 35
Figure 36
Figure 37

LIST OF FIGURES

Vertical Plane Bisecting a Spherical Earth and Containing Points U, O, Nand S..... 1-3

Spherical Surface Containing Points U and S...........cccooiiiiiiiiineie e 1-4
Principal Values of arcsin and arccos FUNCLIONS ..........cccevverviieveenesie e 2-5
Example Function for Numerical Root Finding Techniques .........cccccccvvveveiiievieennene, 2-9
Ellipsoidal Earth’s Radii of Curvature, Normalized to the Semi-Major Axis........... 2-12
Detailed Geometry for Vertical Plane Formulation .............ccccoeviveveiiein e, 3-3
Geometry for LOS Signal Path Tangent to the Earth’s Surface...........cccoocevviieiiennnns 3-5
Minimum Visible Altitude vs. Range for Three Radar Antenna Altitudes............... 3-26
Radar Minimum Visible Altitude vs. Horizontal Range.........cccccccvevevviieivececeee, 3-28
Approach Plate: RNAV (GPS) Y for MCI Runway 19L ..........cccovvveveiieiieince 3-29
Fraction of Earth Visible vs. Satellite Altitude.............ccoovvviiieiiie 3-31
Example Spherical Trangle ........cccooeiieiiicceece e e 4-1
Navigation Spherical Triangle.........cccoovoiiiieiieie e 4-2
Taxonomy of Mathematical Spherical Triangle Problems............cccccooivviiiiicieennenn 4-7
Indirect Problem Of GEOUESY ........cccveieiieiiee e 4-9
Sine, Cosine and Versine, and the Unit Circle ..o 4-9
Direct Problem 0f GEOUESY .......c.ccveiiiieiieie et 4-12
Aircraft Altitude Visibility Contours for the North Truro, MA, Radar System......4-24
WAAS Satellite Visibility Contours for 5 deg Mask Angle ..........ccccccvevvvvevieennenn 4-27
Mercator-Like View of BOS-NRT Great Circle and Rhumb Line Routes.............. 4-28
Polar View of BOS-NRT Great Circle and Rhumb Line Routes............c.ccccovennee. 4-29
Effect of Displaying a Target’s SIant-Range..........cccccevvereiiieniieneeie e eie e 4-30
Slant-Range Correction Error for Tangent Plane Terminal Radar Display............. 4-31
Histogram of Path Length Ellipticity Errors for 91 Airport Pairs..........ccccccceuvenene. 4-34
Vector Technique Coordinate Frames of Interest (¢ = Latitude) ........ccccccvevvvvennen. 5-2
Possible Geometric Relationships involving an Aircraft and Two Ground Stations 6-3
Vessel V and Intended Great Circle Path US..........ccoooiiiiiiini e 6-5
Portion of LOC IAP t0 KOWD RUNWAY 35......ccccciiiierieeieiieseeseeeeseesie e saeneeas 6-16
AIrport DME CDA SCENAMO .....cvviveeiieeieciesieeie e eesie e saesae e e saessaesneeseesneenns 6-19
Hyperbolic System Two-Dimensional GEOMELrY .........ccccevveveiiieiisie e 7-2
Solution Regions for Three Pseudo Slant-Range Stations in Flatland .................... 7-24
Types of Solutions for Three Pseudo Slant-Range Stations...........ccccccceevivervrnenne. 7-25
Classic Form for Hyperbola ............oooveviieieee e 7-27
Scenario Involving Three Pseudo Spherical-Range Stations and Aircraft.............. 7-37
Pseudo Spherical-Range Scenario: Two Station Pairs and an Aircraft.................. 7-41
Two Slant-Range Stations and Aircraft in Flatland ............cccccoooeieivicicce 7-46
Three Pseudo Slant-Range Stations in Flatland and Two Aircraft Tracks.............. 7-48

iX



DOT Volpe Center

Figure 38
Figure 39
Figure 40
Figure 41
Figure 42
Figure 43
Figure 44
Figure 45
Figure 46
Figure 47
Figure 48
Figure 49
Figure 50
Figure 51
Figure 52
Figure 53
Figure 54
Figure 55
Figure 56
Figure 57
Figure 58
Figure 59
Figure 60

Position Solutions for Triad of Stations from the Northeast U.S. Loran-C Chain..7-49

Two Pairs of Loran-C Stations and Seven Airport Locations..........cccocevvervreene. 7-51
Example 11: Sensitivity of Law-of-Sines Difference to Trial Values of px............ 7-52
Hypothetical Three-Station WAM System and Flight Track..........ccccccooiiiiinenene. 7-53
HDoP Contours for True Slant-Range Measurement Systems in Flatland ............. 8-36
Aircraft on the Perpendicular Bisector of Two Stations in Flatland ....................... 8-37
DoPs Along a Symmetry Axis for True and Pseudo Range Systems ..................... 8-44
Geometric Interpretation of Lee’s Method for Three Stations.............ccoccvevereenens 8-45
HDoPs for Three-Station Pseudo Range System on Concentric Circles................. 8-46
HDoP Contours for Three Pseudo Range Measurements in Flatland ..................... 8-47
Three-Satellite Vertical-Plane Model for GPS-User Geometry ..........ccccevvvervrnenne. 8-48
HDoP Contours for Two Four-Station Configurations ............ccoccevveniieienieneennn 8-49
Coverage Area vs. HDOP for Five System CONCEPLS .......oovvvvereereniienieniesiesieeneeas 8-50
LOPs for True Slant-Range and Pseudo Slant-Range Systems...........ccccccoceveennene. 8-50
HDoP Contours for a Triad of Stations (Loran NE Chain) .........ccccccevviiiiinnnennnne 8-52
HDoP Contours for Two Pairs of Pseudo Spherical-Range Stations...................... 8-56
HDoP Contours for Three Pairs of Pseudo Spherical-Range Stations.................... 8-57
Different Notions Of ARTTUAE ........coviiiiiie e 9-1
Basic Aircraft Pitot-StatiC SYSIEM ........coiuiiiiiieieiie e 9-2
Effect of Non-Standard MSL Temperature on Barometric Altimeter Indication .....9-3
Aircraft Elevation vs. Distance along Ground, for Three Guidance Schemes.......... 9-6
Ellipsoidal Earth Model for a Plane through the Spin AXIS .........ccooviiiinieniiene, 9-7
Comparision of Stretched and True LatitUdes..........occvveeveeieniieniie e 9-11



DOT Volpe Center

Table 1
Table 2
Table 3
Table 4
Table 5
Table 6
Table 7
Table 8
Table 9
Table 10
Table 11
Table 12
Table 13
Table 14
Table 15
Table 16
Table 17
Table 18
Table 19
Table 20
Table 21
Table 22
Table 23

LIST OF TABLES
Topic Locations by GEOMELIiC FaCLOrS.........coviiieiiiie e 1-7
Behavior of Trigonometric Functions for Small Geocentric Angles 6............c.c.......... 2-4
Comparison of Newton’s and Secant Methods for Finding the Square Root of 2........ 2-7
Taxonomy for the Vertical Plane Triangle OUS in Figure 1 ........cccovvvevviieiveinceene, 3-2
Specified and Computed Fix Altitudes for MCI Runway 19L LPV Approach.......... 3-30
Taxonomy of Spherical Surface Navigation Problems...........ccccccveveviveve i, 4-8
Computed Fix Coordinates for MCI Runway 19L LPV Approach........cc.cccccevvenene. 4-25
CONUS Aiirports Used in Ellipticity Error ANalysis........cccocvevevieeveiinneeieseeseeenns 4-33
International Airports Used in Ellipticity Error Analysis .........cccooevvvveiiveneciiesinennnns 4-33
Pseudo Range Systems: Primary Advantages and Disadvantages............ccccceevvvrvenne. 7-1
Taxonomy for Range-Type Algorithms and Example Applications ...........cc.ccoceeeneeee 7-3
Physical Significance of Vectors in Solution for Slant-Range Measurements......... 7-10
Roots for Aircraft Transmission Time, in NM, for Example 12..........ccccveveennene. 7-53
Convergence “‘during Acquisition’ (2 Ranging Stations)..........cccccevvvereieneniesennen. 8-39
Convergence ‘while Tracking’ (2 Ranging Stations)............ccoccvvvvrienienieeneeneseeene 8-39
Convergence “‘during Acquisition’ (3 Ranging Stations)..........ccoccevvererieeneenesenee. 8-41
Concentric Circles Used to Characterize HDOP ..........cccooeiiiiiniiniinieseeneeec e 8-46
Example Ellipticity Errors for Razin’s AIgorithm ..........cccccooe e 8-53
NLLS Residual Error for Spherical-Range Differences (Stations M,W,X) .............. 8-54
NLLS Residual Error for WAM Slant-Range Difference Measurements................ 8-59
NLLS Residual Error for Spherical-Range Differences (Stations M,W,X,Y,Z)....... 8-61
Aircraft-Based Direction Finding EXamPples.........ccccooveveeienieeiieie e 8-64
Effect of Uncompensated Airport Temperature on VNAYV Glide Path Angle ........... 9-4

Xi



DOT Volpe Center

1. INTRODUCTION

1.1 Overview of Analysis Methodologies and Their Applications

This document addresses a fundamental function in surveillance and navigation analysis —
quantifying the geometry of two or more locations relative to each other and to the earth. Here,
‘geometry’ refers to: (a) points (idealized locations); (b) paths between points; and (c) distances
and angles involving paths. Points represent locations of either vehicles, route origins/destin-
ations/waypoints and navigation/surveillance sensors. Paths are trajectories followed by vehicles
or sensor signals. Distances are the lengths of paths that are either straight lines or follow the
earth’s surface. Angles between paths may be measured in horizontal or vertical planes.

1.1.1 Trigonometric and Vector Analysis Methodologies (Chapters 3 — 5)

The approach that may first come to mind when addressing an analysis situation is to treat it as a
three-dimensional problem, and to employ vector analysis. Vector analysis a modern technique
(it was not well formulated until approximately 1900) and is often useful. However, a classical
approach (with roots dating to approximately 500 AD) is recommended as the first option. Thus,
to the extent possible, three-dimensional problems should be re-cast as two separate two-
dimensional problems, each of which can be addressed by a branch of trigonometry:

= Vertical Plane Formulation (Chapter 3)" — This formulation considers the vertical
plane containing two problem-specific locations and the center of the earth. Problem-
specific locations are unconstrained vertically, except that at least one altitude must
be known. Plane trigonometry is the natural analysis tool when altitudes, elevation
angles and slant-ranges are involved. Conversely, latitude and longitude coordinates
are not utilized.

= Spherical Surface Formulation (Chapter 4) — This formulation —sometimes called
great-circle navigation — considers two or more problem-specific locations on the
surface of a spherical earth. Spherical trigonometry is the natural analysis tool when
the earth’s curvature must be considered explicitly. Latitudes and longitudes, as well
as spherical-ranges (distances along the earth’s surface) and azimuth angles with
respect to north or between two paths, are inherent to this formulation. A limitation is
that altitudes cannot be accounted for.

These two-dimensional analyses can generally be performed in the above sequence, with the
result that most limitations of each analysis method are overcome. Section 1.2 provides an
overview of this process. (For historical and practical reasons, in this document when there are

* Organizational terminology: X designates a Chapter; X.Y designates a Section (of a Chapter); X.Y.Z designates a
Subsection (of a Section).
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two problem-specific locations, they are often labeled U [user]) and S [satellite] *. These are only
labels, and do not restrict application of the analysis.)

Some problems/situations are better suited to vector analysis than to trigonometric analysis, and
important methodologies are based on vector analysis. Thus, it is addressed as well:

= Vector Analysis Formulation (Chapter 5) — The 3D-vector approach is preferable
in situations that involve: (1) three or more problem-specific points that must be
considered simultaneously (rather than sequentially, which allows one vertical plane
to be considered at one time); and/or (2) only slant-range-type measurements (true
slant-ranges, slant-range differences and/or altitude).

Limitations of the vector formulation are that (1) the earth’s curvature is not handled well, and
(2) insight into a problem can be hindered by the vector notation. Ultimately, the two metho-
dologies are complementary: some situations can be addressed by both; some only by the
combined trigonometric formulations; and some only by the vector formulation.

1.1.2 Applications of Trigonometric and Vector Methods (Chapters 6 — 7)

Chapters 6 and 7 apply the analysis methodologies described in Chapter 3-5 to situations invol-
ving three or more problem-specific points (e.g., an aircraft and two, three or four sensors). The
following two significant restrictions are imposed:

(1) the number of measurements and unknown quantities are equal

(2) the earth is modeled as a sphere.

These restrictions enable closed-form solutions to be found. The primary value of a closed-form
solution is that its properties — such as existence (e.g., What ranges of measured quantities do /
do not result in a solution?) and uniqueness (e.g., Are there multiple solutions? Can the correct
solution be determined?) — can be examined. It is also beneficial to have a comprehensible set
of expressions for a solution.

Chapter 6 addresses scenarios involving sensors that measure slant- or spherical-range and
azimuth angles (with aircraft altitude always known).

Chapter 7 addresses systems that measure slant- or spherical-range differences (a capability
enabled by 20™ century technologies). Often, these problems require consideration of all
measurements simultaneously, and the vector methodology plays a more prominent role than the
trigonometry-based methodology; however, both are used.

* Historical: these notes were begun for a project involving satellites. Practical: the Microsoft Word Equation Editor
v3.1 does not have a global change capability.
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1.1.3 Gauss-Newton NLLS Methodology and Applications (Chapter 8)

Chapter 8 eliminates restrictions (1) and (2) in the previous subsection. It first describes the
Gauss-Newton Non-Linear Least-Squares (NLLS) method, which addresses situations that:

(a) may involve more measurements than unknown variables, and (b) do not necessarily have
invertible (or even analytic) measurement equations. This generality enables the calculation of
numerical solutions for situations involving non-ideal sensors, an ellipsoidal earth, and/or other
analytically intractable aspects. However, a drawback of the NLLS technique is that its solution
properties cannot be readily characterized. The NLLS methodology is applied to a series of
problems that, for various reasons, cannot be addressed by the trigonometric or vector methods.

1.2 Summary of Trigonometric Methodology

1.2.1 Vertical Plane Formulation

Figure 1 depicts a vertical-plane involving: an earth-based

user U; a satellite S above a spherical earth; the satellite
nadir (or sub-point) N; and the center of the earth O. Points
U and S (or N) are problem-specific; O is not. All four
locations are in the plane of the paper. Points O, Nand S
form a straight line. These points have no special relatio-
nship with the earth's spin axis. Since a ‘snapshot’ analysis
is involved, no assumptions are made regarding the satel-
lite’s trajectory.

In Figure 1, three linear distances are of interest:
= R, Earthradius (length of OU and ON)
= h Satellite altitude above the earth (length of NS)
= d User-satellite slant-range (length of US).

And two angles are of interest:

= a Satellite elevation angle relative to the user's
horizon (may be positive or negative)

Figure 1 Vertical Plane
Bisecting a Spherical Earth and
Containing Points U, O, Nand S

= 6 Geocentric angle between the user and satellite
nadir (is always positive).

The earth radius R, is always assumed to be known.
There are four variables associated with this formulation: h, d, « and 8. If any two are known,
the remaining two can be found. Thus, there are six possible groupings. Subsection 3.2.2 shows

how to relax the restriction of U being on the earth’s surface, to its having a known altitude.
Chapter 3 details the full set of 12 possible equations for this formulation.
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Of these four variables, the geocentric angle 8 (which is equivalent to distance along the earth’s
surface, or spherical-range) is also a variable in the spherical surface formulation. It serves as the
link for relating the two formulations — i.e., for transferring a solution to the vertical plane
formulation into the spherical surface formulation (Subsection 4.1.3 elaborates on this topic).
The other three variables (h, d and «) are related to the altitude of S above the earth’s surface
and have no role in the spherical surface formulation.

1.2.2 Spherical Surface Formulation

The spherical surface formulation is an application of spherical trigonometry. This formulation is
almost perfectly matched to marine surface navigation, and was developed by the ancients partly
for that purpose. It can be used for many aviation navigation and surveillance situations by
combining it with the vertical plane formulation.

The left-hand side of Figure 2 depicts the earth’s familiar latitude/longitude grid. The right-hand
side shows two problem-specific points U and S on the surface and the seven variables involved
in a two-location problem on a sphere:

= the latitude/longitude, respectively, of U (Ly, Ay) and of S (Lg, As)

= the geocentric angle 8 between U and S, and

= the azimuth angles vy, and ¥, /s of the great circle” arc connecting U and S.

e North North

Vs Wys (negative

as shown)

U (Ltfai[‘) é

I i__d-_-_-'.: £ S (Lg, 4g)

Figure 2 Spherical Surface Containing Points U and S

Generally, four of these variables must be known; from those, the other three can be computed.
Even this simple problem involves 35 possible groupings of known / unknown variables. By
taking advantage of symmetries, the situation can be described by 16 unique problems (Sub-
section 4.1.8) —still a significant number. Thus, in contrast with the exhaustive approach taken
for the vertical plane formulation, a more selective approach is adopted for the spherical-earth

* A great circle results when a sphere is sliced exactly in half. An arc from great circle (also called an orthodrome) is
the path having the shortest length between two points along the surface of a sphere.
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formulation: equations are presented only for the variable groupings of highest interest.

“Geodesy is the science concerned with the exact positioning of points on the surface of the
Earth” (Ref. 1). In geodesy, analyses involving two groupings of known/unknown variables

occur so frequently that they have been named:
= Direct (or first) problem” of geodesy: (a) Given the coordinates (L, A,) of U, the
geocentric angle 6 between U and S, and azimuth angle v, of a great circle path

starting at U and ending at S; (b) Find the coordinates (Lg, As) of the end point S and the
path azimuth angle at the end point ¥ s.

= Indirect (or second, or inverse) problem of geodesy: (a) Given the coordinates (Ly, Ay)
and (Lg, As) of points U and S, respectively; (b) Find the geocentric angle 6 connecting
Uand S, and the azimuth angles (from north), 5, and ¥y, s, of the path at each end.

In both Chapter 4 (spherical surface formulation) and Chapter 5 (vector formulation), solution
equations are provided for the Direct and Indirect problems of geodesy, and variations thereon
that have relevant applications. Many of the problems addressed in Chapter 6 use the Direct or
Indirect problem as a step in the solution algorithm.

1.3 Applicability and Limitations of Methodologies

With a few exceptions, the methodologies presented herein generally reflects conditions and

assumptions appropriate to aircraft navigation and surveillance, including:

= Earth Curvature Considered — With the exception of aircraft on the surface of an
airport, the curvature of the earth is a fundamental aspect of aircraft navigation and
surveillance analysis and cannot be neglected.

= Three-Dimensions Frequently Must Be Considered — Some essential operations,
such as aircraft approach, require that lateral/longitudinal position and altitude all be
considered, necessitating a three-dimensional analysis methodology.

= Horizontal Position and Altitude Are Decoupled at Long Ranges — Generally,
scenarios requiring simultaneous consideration of three dimensions involve aircraft-
sensor ranges of less than 250 miles, the maximum visible distance of aircraft at
40,000 feet of altitude.

= Altitude Measurement Are Always Available — Virtually all aircraft provide baro-
metric altitude information that can be adjusted to the elevation above sea level.

The analysis also embodies the following assumptions/limitations:

= Static Scenarios — Scenarios analyzed are ‘snapshots’ — i.e., motion of an aircraft
is not explicitly involved. Sequence of locations are considered, but the notions of
velocity or time as mechanisms for relating those locations are not utilized.

= Straight-Line / Great-Circle Vehicle Paths — When a spherical-earth model is

* Note the academic/mathematical use of the word “problem” in the narrow sense of specific groupings of known
and unknown variables. This document also uses “problem” in the broader sense of a situation to be analyzed.
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used, vehicle ‘horizontal’ (latitude/longitude) trajectories are always great circles.
That is, they lie in a vertical plane that contains the center of a spherical earth.
Vertical trajectories may be constant altitude or a geometric straight line.

= Geometrically Simple Radio Wave Propagation Paths— Radio waves follow
paths that result in the shortest transmission time between a transmitter and receiver.
When the intervening media can be treated as free space, a geometric straight-line
path model is used. When the density of the atmosphere must be considered, a 4/3'%
earth path model is used. When the conductivity of the earth must be considered,
great circle paths are assumed.

= Terrain/Obstacles Ignored — Except for the earth itself, obstacles such as hills/
mountains or man-made structures that could block the signal path between two
locations (e.g., a sensor and a vehicle) are not addressed.

One might ask: Why emphasize a spherical earth model, when an ellipsoidal model is more
accurate? The rationale is:

= Insight/Confidence — When the number of measurements is equal to the number of
unknown quantities, a spherical earth-model often has a closed-form solution that is
understandable. Conversely, an ellipsoidal model never has a closed form solution;
the analyst must initialize, utilize and trust a numerical solution. In such a situation, a
method for checking the numerical solution is necessary.

= Ellipticity Error Often Acceptable — While an ellipsoidal model more accurately
describes the earth’s shape, the earth is *99.7% round’ (the ratio of the polar to
equatorial radii). The ellipticity error resulting from employing the spherical-
approximation is acceptably small for some applications.

= [Initialize Iterative Solution Process, When Needed — The spherical-earth
approximation provides excellent initial values for iterative solution processes that are
required to eliminate the above assumptions/limitations.

Engineering analyses methods have been characterized thusly: “There are exact solutions to
approximate problems, and approximate solutions to exact problems. But there are no exact
solutions to exact problems”.” The techniques described in Chapters 3—7, based on the spherical
earth approximation, are exact solutions to approximate problems. The spherical-earth approxi-
mation is often made in authoritative documents that address similar applications (e.g., Refs. 1, 2
and 3). When an ellipsoidal-earth model is required and iterative numerical technique must be
employed (Chapter 8), the spherical-earth approximation provides excellent initial values for the

iteration process.

1.4 Document Outline

Chapter 1 (this one) describes the basic problems to be addressed, and outlines the recommended
methodology for their solution. Chapter 2 is mathematical in nature, and is included to make this

* Conveyed by Prof. Donald Catlin (Univ. of Mass. Amherst, Mathematics Dept.), who attributed it to Prof. Lotfi
Zadeh (Univ. of Calif. Berkley, Electrical Engineering Dept.).
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document more self-contained.

Chapters 3 through 8 address mathematical solution techniques that are matched to the nature of
the problem at hand — e.g., geometry and number and types of measurements. These are
synopsized in Section 1.1. Table 1 is a high-level roadmap of location of the topics addressed.

Table 1 Topic Locations by Geometric Factors

gsion Two Dimensions Three Dimensions
Shape
= Plane Trigonometry (problem limited to a | = Vector Analysis — Chapter 5
Spherical | VeTical plane) - Chapter 3 * Plane & Spherical Trigonometry
Earth = Spherical Trigonometry (problem limited combined — Chapter 6
to the Surface Of a Sphere) - Chapter 4 (2 M Non_Linear Least Squares — Chapter 8
points) and Chapter 6 (3 points)
= Vincenty's Algorithm (2 points on an = Vector Analysis — Section 9.3
Ellipsoidal | ellipsoid) — Subsection 2.2.3 = ‘Bancroft’ sections in Chapter 7
220 * Non-Linear Least Squares (>2 points on |« Non-Linear Least Squares — Chapter 8
an ellipsoid) — Chapter 8

To illustrate application of the analysis techniques described herein, example applications are
presented at the ends of several chapters that address:

= Air Traffic Control (ATC) radar coverage (Example 1)

= Precision approach procedure design (Example 2)

= Satellite visibility of/from the Earth (Example 3)

= Great-circle flight path between Boston and Tokyo (Example 4)

= ATC radar display coordinate transformations (Example 5)

= Single VOR/DME station RNAYV fix (Example 6)

= Ground path length ellipticity error for selected airport pairs (Example 7)

= Simplified navigation system that measures slant-ranges in two dimensions
(Examples 8)

= Simplified navigation system that measure slant-range difference in two dimensions
(Examples 9)

= Aircraft latitude/longitude determination from measurements of the pseudo spherical-
ranges to three stations in a single Loran chain (Example 10);

= Aircraft latitude/longitude determination from measurements of the pseudo spherical-
ranges involving four stations from two Loran chains (Example 11)

= A Wide Area Multilateration (WAM) surveillance system using measurements of
slant-range differences and altitude for an aircraft (Example 12)

= Aircraft latitude/longitude determination from measurements of the pseudo spherical-
range to five stations (Example 13)

= Aircraft latitude/longitude determination from measurements of the azimuth angles to
two ground-based transmitters (Example 14).

Relevant specialized topics are presented in an Appendix (Chapter 9).
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2. MATHEMATICS AND PHYSICS BASICS

2.1 Exact and Approximate Solutions to Common Equations

2.1.1 Law of Sines for Plane Triangles

For future reference, the law of sines applied to the plane triangle UOS in Figure 1 yields

sin(f) _ sinGzr +a) sin(Gw—a —6)

= Eql
d R, +h R,
Using the properties of trigonometric functions, Eq 1 reduces to
in(@ +6
sin(6) cos(a) _ cos(a + 6) Eq 2

d R.,+h R,
In Eq 2, the left-center equality,
(R, + h) sin(0) = d cos(a) Eq3

relates all five quantities of interest in a simple way.

The left-right equality in Eq 2 is equivalent to

R, sin(0) = d cos(a + 0) Eq4

This expression relates one side variable, d, and the two angle variables, a and 6.

Similarly, the center-right equality in Eq 1 is equivalent to

R, cos(a) = (R, + h) cos(a + 0) Eg5

This expression relates one side variable, h, and the two angle variables, a and 6.

2.1.2 Law of Cosines for Plane Triangles

For future reference, the law of cosines is applied to the plane triangle UOS in Figure 1. When
the angle at O is used as the angle of interest, the result is

d?> =R?+ (R, + h)?> — 2R, (R, + h)cos(8) Eq6

When the law of cosines is applied using the angle at U, the result is

(Re + h)? = RZ + d? — 2R, dcos(;m + a) Eq7

Each of these equations relates variables for two sides, d and h, and one angle — 6 in Eq 6, and
ainEq7.
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2.1.3 Law of Tangents for Plane Triangles

The law of tangents for a plane triangle having sides a and b (respectively) with opposite angles
Aand B is
a—b tan(3(4A—B))
a+b  tanGG(4 + B))

Eq 8

The law of tangents can be used to find angles A and B simultaneously from their opposite sides,
a and b, and the angle, C, enclosed by a and b. Thus

a
A — B = 2 arctan [a tan(%(n - C))]

+b Eq9
A+B=n—-C
It follows that
1 a— 1
A= E(7T — C) + arctan [a "y cot(EC)]
a— ) Eq 10
— 1 — —
B = E(7T C) — arctan [a > cot(EC)]

The law of tangents (like the law of sines) can be used to find one side of a triangle from a linear
equation, given another side and both opposite angles. Both denominators in Eq 8 must be posi-
tive. Thus A > B if and only if a > b. So, if the sides of a plane triangle are ordered based on
length, their opposite angles must have the same order based on magnitude, and vice versa.

2.1.4 Quadratic Algebraic Equation

In some instances, a quadratic equation similar to the following must be solved

Ax*+Bx+C=0 Eq 11
The algebraic solution is
— 2 _
- B +VB?% — 4AC Eq 12
2A

Generally, we cannot have imaginary roots, so B > 4AC when A and C have the same sign. In
many instances, the positive root is sought. In these situations:

-B++VB2—4AC B 4AC
= =>7(-1+v1-D) , D=

ID| <1

2A B?
B /1 1 1 5 7 21 33
N _Dn24__p3 4 5 6 L _"" n7 ... Eq 13
x 2A<2D+8D +16D +128D +256D +1024D +2048D * )
BD C D50
- - = —— -
*TTwma T ™
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2.1.5 Computational Precision

To retain measurement precision, geodetic navigation and surveillance calculations typically
require a minimum of ten decimal places (although they may not be needed in all applications).
The reasons are that: (1) the earth radius and related quantities are known to an accuracy of one
foot, or eight decimal places (Section 2.2); and (2) locations of interest on the earth’s surface are
often stated to hundredths of a foot, or ten decimal places (typical FAA and Coast Guard data).

If the analyst determines that calculations should be capable of replicating specified locations in
the presence of computational effects (typically when using automation equipment), floating-
point double-precision arithmetic is a minimum requirement. The IEEE 64-bit float pointing
format “gives 15-17 significant decimal digits precision” (Ref. 4). Moreover, awareness of
potential precision issues remains the analyst’s responsibility.

2.1.6 Inverse Trigonometric Functions

Intrinsic to navigation analysis is the calculation of angles using inverse trigonometric functions.
In performing such calculations, two concerns must be borne in mind: (1) numerical ill-con-
ditioning and (2) ambiguous/extraneous solutions. Numerical ill-conditioning typically occurs
when sine or cosine function values are close to +1. Ambiguous/extraneous solutions occur when
multiple angles satisfy a mathematical equation, and are a concern when the approximate value
of the correct angle is not known. The equations in the following chapters attempt to address
these concerns, but every situation cannot be anticipated.

Numerical 1lI-Conditioning — Both the sine and cosine functions have angular arguments for
which, simultaneously, the function’s (a) value is =1, and (b) derivative is zero. In such
situations, relatively large changes in the angular argument can result in small changes in the
function value, which may be subject to truncation or round off. Thus, computing an angle using
the inverse of a trigonometric function often requires care and/or increased precision.

Table 2 illustrates numerical ill-conditioning for geocentric angle 8 computed from the arc
cosine function. For illustrative purposes, five decimal digits are used for angles in radians and
their trigonometric function values (linear distances are regarded as comments). Here the
minimum detectable cosine function change corresponds a linear distance greater than 10.3 NM.
For most applications, use of double precision will alleviate problems of this nature, but use of
single precision (which typically is accurate to seven decimal places) typically will not.

2-3



DOT Volpe Center

Table 2 Behavior of Trigonometric Functions for Small Geocentric Angles 6

0 (rad) (m’) (feee‘f) cos(8) | 1-cos(8) | sin(e) f'cncfgzé)
0.00000 0.000 0 1.00000 0.00000 0.00000 —
0.00001 0.034 209 1.00000 0.00000 0.00001| 2.00 E+05
0.00003 0.103 627 1.00000 0.00000 0.00003| 6.67 E+04
0.00010 0.344 2,090 1.00000 0.00000 0.00010| 2.00 E+04
0.00030 1.031 6,270 1.00000 0.00000 0.00030| 6.67 E+03
0.00100 3.438 20,900 1.00000 0.00000 0.00100| 2.00 E+03
0.00300 10.313 62,700 1.00000 0.00000 0.00300| 6.67 E+02
0.01000 34.378 209,000 0.99995 0.00005 0.01000| 2.00 E+02
0.03000| 103.134 627,000 0.99955 0.00045 0.03000| 6.67 E+01
0.10000| 343.780 2,090,000 0.99500 0.00500 0.09983| 2.00E+01

When hand calculations were the norm, a remedy to such situations was to employ the sine or
tangent function, rather than the cosine function, when small angles are to be found. Unlike the
cosine function, the sine and tangent functions increase monotonically from a zero value for a
zero angle. In Table 2, the last column (calculated using double precision) indicates that for an
angle of 0.000,01 rad, the sine function has a five decimal place precision advantage over the
cosine function.

A method for recasting an ill-conditioned expression for cos(8), which dates to the middle of the
first millennium, is illustrated in Eq 14.

Given cos(@) = f(other variables) =1- g(other variables)

Invoke cos(@)=1- Zsinz(gj
(o) 1 %

Thus sinl Zl=—.1-f = /%
(Zj 2 \/;

So 0=2 arcsin(\/gJ

An example application of Eq 14 is finding the shortest side 8, of a right spherical triangle,
given the hypotenuse 8, and the other side 85 which have similar magnitudes. Spherical
trigonometry, addressed in Section 4.1, provides the spherical equivalent of Pythagoras' theorem,
cos(0y) = cos(8,) cos(0g). Using cos(fg) — cos(.) =2 sin[%(@c + 6p)] sin[%(ec — 05)].

an identity from plane trigonometry, it follows that

cos(GH)) Y ares sin[2(6y + 65)] sin[2(6y — 65)]
cos(0g)) aresin cos(6g)

Eq 14

0, = arccos( Eq 15
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\/sin[%(GH + 6p)] \/Sin[%(gﬂ - 93)]\

= 2 arcsin

\Jcos(0p)

Ambiguous/Extraneous Solutions — Trigonometric functions
are periodic. Consequently, inverse trigonometric functions can
result in multiple angles. (Figure 3 illustrates the principal values
for the arccos and arcsin.) Herein, the term ‘ambiguous’ refers to
situations where more than one solution to a mathematical
equation satisfies the physical problem posed, whereas “‘extran-
eous’ solutions satisfy the mathematical equation but not the
physical problem. To limit the frequency of such situations, when
selecting an equation, the analyst should consider the expected
range of values for the angle involved — e.g.,

= Elevation Angles — Elevation angles a vary
between -n/2 and w/2, so the arc sine and arc tangent
functions, which result in unique angles in [-n/2, /2] are
preferred.

/

arccos(r)

arcsin(z)

= Geocentric Angles — Geocentric angles 6 vary between 0 Figure 3 Principal Values of

and =, so the arc cosine or half-angle arc sine formulas are
preferred, since both yield unique angles in [0,x]

arcsin and arccos Functions

= Azimuth Angles — Azimuth angles i vary between — and =, so the four-quadrant (two

argument) arc tangent function is preferred.

Unfortunately, some physical situations are inherently ambiguous. When such a situation occurs
and the correct solution cannot be determined by inspection, the approach taken herein is make
the ambiguity explicit by using the principal value of the arc function involved and introducing
additional notation such as “+’. When the principal value is to be used, the ‘a’ in arc is
capitalized. Such situations occur, e.g., in Subsections 3.3.1 and 3.4.4. In the former, the quantity
‘arccos[u cos(a)]’ is to be found, where u > 0. Since the correct resulting angle may be posi-
tive or negative when a > 0, for clarity, the quantity is written as ‘+Arccos[u cos(a)]’.

2.1.7 Power Series Expansions for arcsin, arccos and arctan

In the analysis that follows, a common situation is the need to compute the inverse of a trigo-
nometric function for an argument such that the resulting angle will be closeto 0 —e.g., 6 =

arcsin(x), 8 = arccos(1 — x) or 8 = arctan(x), where x is close to 0.

First, it is known that (Ref. 5)
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in(x) = J1s,3 5,5 , 35 , 63
ATCIMX) =X T X T20* T112° T1152% " 2816”

1y Eq 16

A Taylor series expansion of arccos(1 — x) is not available, due to its lacking a derivative at
x = 0. However, a more general power series (often called a Frobenius expansion) is available;

thus, utilizing Eq 14 and Eq 16:

arccos(1 — x) = 2 arcsin (\/;)

Eq17
—2(1+1 b i ey O3 sy )
—Vex 1277 160" "896" T18432" To9o112”
Lastly, from Ref. 5:
1 1 1 1
arctan(x) = x —=x3 +=x° —=x7 + =x% — —x1 £+ ... Eq 18

3 5 7 9 11

2.1.8 Single-Variable Numerical Root Finding Methods

Introduction — When it’s necessary to find an unknown scalar quantity, the preferred situation
is to have (or develop) an equation whereby all known quantities are on one side and the
unknown quantity is isolated on the opposite side (sometimes call ‘inverting’ the original
equation). However, situations inevitably arise whereby the available expressions cannot be
manipulated to isolate the unknown quantity (sometimes called ‘intractable’). This is particularly
true when three-dimensions are involved and/or an ellipsoidal model of the earth is employed. In
such situations, recourse is often made to numerical root finding techniques.

The most widely-known scalar root-finding technique is “Newton’s” or the “Newton-Raphson”
method (Ref. 6). Newton’s method performs well for most functions, but has the disadvantage
that it requires the derivative of the expression with respect to the variable whose value is sought.
Often the derivative is difficult or impossible to find analytically. Thus, in applied work, interest
is frequently focused on derivative-free root-finding techniques. Such techniques were first
investigated by the ancients, including the Babylonians and Egyptians.

Secant Method — The secant method is among the simplest and oldest root-finding algorithms.
Assume that we seek a value of x that satisfies f(x) = 0 and that two initial or previous
estimates for x are available, x,,_; and x,,. The expression for the next estimate, x,, .4, then is

Xp — Xp-1

Xn+1 = Xn — f(xn)

_ xn—lf(xn) - xnf(xn—l)

fO) = fn1) — fO) = fltns)

Eq 19
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The secant method is a finite difference version of Newton’s method; in effect, it uses the

previous two points to estimate the function’s derivative. The points x,,_; and x,, that are used to

generate x,,,.; maybe, but are not required to be, on opposite sides of the root sought.

Example of Secant Method — An example of the secant method is determining the square root

of 2—i.e., finding the root of f(x) = x2- 2. Table 3 shows the results of applying Newton’s
method and the secant method, beginning from similar points.

Table 3 Comparison of Newton’s and Secant Methods for Finding the Square Root of 2

lteration. n _ Newton’s Methoq _ Secant Method'
’ Variable, Xn Function, f(x) Variable, Xn Function, f(x)
1 1.0000000000 -1.0000000000 1.0000000000 -1.0000000000
2 1.5000000000 0.2500000000 1.5000000000 0.2500000000
3 1.4166666667 0.0069444444 1.4000000000 -0.0400000000
4 1.4142156863 0.0000060073 1.4137931034 -0.0011890606
5 1.4142135624 0.0000000000 1.4142156863 0.0000060073
6 — — 1.4142135621 -0.0000000009
7 — — 1.4142135624 0.0000000000

Discussion — After initialization, both Newton’s and the secant method converge in one step if
the function f is linear over the interval between the initial value(s) and the root. Generally, con-
vergence is governed by the first and second derivatives of f. Functions that have a constant or
continuously increasing (or decreasing) derivative are most amenable to a numerical root finder.
For such functions, Newton’s method convergence is order 2 (i.e., the error for iteration n is
proportional to the square of the error for iteration n-1); the secant method convergence is order
1.6 (termed ‘superlinear’). If one weights function and derivative evaluations equally, the secant
method can be faster than Newton’s method.

Guaranteed Convergence Methods — While effective for favorable initial conditions, conver-
gence is not guaranteed for either Newton’s or the secant method. If not chosen close enough to
the root sought, the initial point(s) can result in a derivative (or numerical approximation thereof)
which is much smaller in absolute value and/or of opposite sign than the derivative at the solu-
tion. That, in turn, can cause the next estimate, xn+1, to be far from the root sought (divergence).

The two methods described immediately below guarantee convergence, provided that the initial
estimates x; and x, are on opposite sides of the root sought and that there is only one root
between x; and x,. These conditions are often satisfied in navigation problems. The cost of this
robustness generally is speed of convergence. Neither method converges as rapidly as Newton’s
or the secant method for well-chosen initial point(s). Two examples are provided below.

False Position (Regula Falsi) — The method of false position uses almost the same expression as
the secant method to find the next estimate, x,,, 1, for the root sought. The difference is that the
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initial two estimates, now labeled x; and x;, are required to be on opposite sides of the root
sought. Moreover, at each subsequent iteration, the two points used to compute x,,,, (i.e., x, and
x;, In Eq 20) are required to be on opposite sides of the root. The weakness of the false position
method is that convergence can be very slow when f is highly nonlinear, because the actual
function and assumed linear function behaviors are widely different.

L _mflw) —xfGw)
T T o)

= x, orx, suchthat f(x,,1)f(x,.1) <0 Eq20

Interval Bisection — Interval bisection is among the oldest root finding techniques. Like the

method of false position, the initial two estimates, x; and x;, are required to be on opposite sides
of the root sought. Then, at each iteration, x,,,; is set to the mean of x,, and x,, (Eq 21). As for
the method of false position, x;,,.  is set to either x,, or x,,, whichever is on the side opposite
Xn+1 Of the root. Except for its sign, the interval bisection method does not take account of the
value of the function f. This is a drawback when f is almost linear. However, it is an advantage
when f is highly nonlinear, since it is better to assume nothing about a function’s behavior than to
make an incorrect assumption.

Xns1 = 050, +x5) , X544 = xporx, suchthat f(x,.1)f(xneq) <O Eq 21

These two methods can be used separately or in combination, either as the first root finding
technique employed or as an alternative when the secant method fails.

Example of Guaranteed Convergence Methods (Poor Initial Values) — The function

selected is specified in Eq 22 and illustrated in Figure 4. It is representative of functions often

encountered in navigation analysis. Although highly nonlinear, it is ordinary in many aspects.

It’s monotonically increasing, as is its derivative. The initial two points are on opposite sides of

the root sought (at /4 = 0.785398...), but are intentionally selected not to be close to the root.
1

—_— =0 1 =15 Eq 22
cos?(x) 1 *1 q

f(x) =

Three guaranteed-convergence root finding algorithms are employed for Eq 22: interval
bisection, false position, and alternating between the two. The stopping criterion is | f (x;,)| <
10719, The iteration numbers n that satisfy the stopping criterion are (and an opinion): interval
bisection, n = 37 (acceptable); false position, n = 1,696 (not acceptable); and alternating, n = 20
(preferred).

The excessive number of iterations required by the false position method is due to its primary
limitation: one of the two points used to compute x,,,; (Eq 20) may remain fixed (‘pinned’) at
one of the initial values. In this case, x;, = x; = 1.5 for n = 2,3,4, ... while x,, increases
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gradually from slightly greater than zero to the root sought.
200

150

—_

o

o
T

Ordinate, f(x)
S

0.5 1 1.5
Abscissa, x

Figure 4 Example Function for Numerical Root Finding Techniques

The secant method diverges for this example. The values computed for x5 and x, are the same as
x, and x5 for the false position method. However, for the secant method, the computed value for
Xs IS 44.26..., which is well outside the initial interval. One might posit that the very slow
convergence of the false position method for this example is the “cost’ of using a linear method
that guarantees convergence in a situation where the secant method diverges.

Role of Initial VValues — The initial values are an integral part of a root-finding problem.
‘Good’ initial values result in a situation whereby the function is almost linear for the interval
containing the root sought and the initial values. Then the secant method can be used and
convergence is rapid. Conversely, for ‘poor’ initial values, the function is highly nonlinear over
that interval. Then a guaranteed-convergence algorithm is needed and convergence is slower.
Conceptually, one may regard alternating between the interval bisection and false position
methods as using the interval bisection method to improve the initial estimates for the false
position method.

Example of Guaranteed Convergence Methods (Good Initial Values) — If the example of Eq
22 is modified by choosing x; = 1 rather than 1.5 (without changing anything else), then the
problem is transformed from one that is highly nonlinear to one that is almost linear. The
iteration numbers n that satisfy the stopping criterion are: interval bisection, n = 37; false
position, n = 29; and alternating between the two, n = 16. For this modified example, the secant
method converges and satisfies the stopping criterion when n = 11.
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Summary: Guaranteed Convergence Methods — Convergence of the false position method is
highly sensitive to the initial values used, while convergence of the interval bisection method is
completely insensitive to the initial values. Alternating between the two methods is often more
efficient than using either exclusively, for both ‘good’ and ‘poor’ initial conditions. Other
techniques for combining the interval bisection and false position methods may also be used.

2.2 Shape of the Earth

2.2.1 WGS-84 Ellipsoid Parameters

While use of a spherical earth model is basic to much of the analysis herein, the most-accepted
model for the shape of the earth is an oblate spheroid (ellipse rotated about its minor axis). The
term “ellipticity error’ is used for differences between distances or angles found using a spherical
earth model and the same quantities found using an ellipsoidal model.

The World Geodetic Survey 1984 (WGS-84) model parameter are the ellipsoid’s semi-major
axis, a, and the flattening f. Their numerical values are

= q=6,378,137m (WGS-84)

Eq 23
= f=1/298.257,223,563 (WGS-84) f
Flattening of the ellipsoid is defined by Eq 24, where b is the semi-minor axis.
a—>b
= Eq 24
f=— q

In computations, the square of the eccentricity e? is frequently used in lieu of the flattening.

a? — b?

e =——=2f—f2=f2- ) Eq 25

Although the earth’s shape is not a sphere, it is nearly so. A useful ‘rule of thumb’ is that the
ellipticity error in the computed length of a path is 0.3%. The basis of this estimate is that the
earth’s flattening is approximately 0.003353, or 0.34%. Subsection 4.8.7 contains examples of
the ellipticity error in computing the ranges between selected airports.

In the U.S., the foot is the most common unit of distance. As a result of the International Yard
and Pound Agreement of July 1959, the international foot is defined to be exactly 0.3048 meter.
Thus
» a=20,925,646.3 ft (WGS-84)
= b= (1-f)a =6,356,752.3 m = 20,855,486.6 ft (WGS-84) Eq 26
= ¢2=0.006,694,379,990,14 (WGS-84)

In marine and aviation applications, the nautical mile (NM) is usually used as the unit of
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distance. The international nautical mile was defined by the First International Extraordinary
Hydrographic Conference in Monaco (1929) as exactly 1,852 meters. This definition was
adopted by the United States in 1954. The international nautical mile definition, combined with
the definition for the foot cited above, result in there being 6,076.1155 feet in one nautical mile.

2.2.2 Radii of Curvature in the Meridian and the Prime Vertical

To approximate the ellipsoidal earth at a location on its surface by a sphere, two radii of curva-
ture (RoCs) are commonly defined — the RoC in the meridian (north-south orientation), R,,,
and the RoC in the prime vertical (east-west orientation), R,,, (Ref. 7). These RoCs lie in
orthogonal planes that include the normal (perpendicular line) to the surface of the ellipse. Their
values are a function of the geodetic latitude L of the location involved — see Appendix (Section
9.3). Their analytic expressions are shown in Eq 27 and they are plotted in Figure 5.

R = a(l—e?) 3 a’b?
™ [1—e2sin2(L)]3/2  [a%cos2(L) + bZsin2(L)]3/2
) Eq 27
R - a 3 a
W [1 —e2sin2(L)]Y/2  [a2cos2(L) + b2sinZ(L)]1/2

The R, RoC in Eq 27 can vary more widely than the rule of thumb for ellipticity error. Figure 5
shows that while R,,, does change by about 0.34% between the Equator and a Pole, R,,; changes
by slightly over 1%. Excursions of the radius of curvature from a reasonable average value will
usually be greater, on a percentage basis, than the ellipticity error in a path length.

The RoC in an arbitrary vertical plane that includes the normal to the ellipse and makes azimuth
angle ¥ with north is given by (Ref. 7):
1 cos?(y) sin?(y)
+
Y Rns Rew

Eq 28

The average of Ry, over 0 < ¥ < 2m (at a given latitude) is the Gaussian radius of curvature R

a(1-/£)

Rg = VRns Rew = 1 — e?sin?(L)

Eq 29

In some applications, a global approximation to R, (independent of latitude) may be sufficient.
One such approximation is the arithmetic mean of the three semi-axes of the ellipsoid

Re,meanzé(a‘}'a‘l'b):(l_%f)a Eq 30

Thus
*  Remean = 6,371,008.8 m = 20,902,259.7 ft (WGS-84) Eq 31
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Figure 5 Ellipsoidal Earth’s Radii of Curvature, Normalized to the Semi-Major Axis

When analyzing procedures for the FAA and other U.S. Government agencies with an aviation
mission, the value of R, to be used is defined in Ref. 2:
* Rererps = 20,890,537 ft (U.S. TERPS) Eq 32

An earth-centered, earth-fixed (ECEF) Cartesian coordinate frame for an ellipsoidal model of the
earth is defined in the Appendix (Section 9.3).

2.2.3 Methods for Addressing an Ellipsoidal Earth

During approximately the past half-century, there has been a resurgence of interest in ellipsoidal
earth models. Reasons for this interest include: (1) wide availability of machine-based compu-
tational capabilities, (2) deployment of accurate long-range radionavigation systems, and

(3) development of long-range weapons systems. Much of the recent work derives from two
volumes by Helmert™ which were published in the 1880s (Ref. 8) and translated into English
(Ref. 9) in the 1960s.

Andoyer-Lambert Formula — The Andoyer-Lambert formula results from expansion of the
geodesic (shortest) arc between two points on a reference ellipsoid to first-order in the flattening
(Ref. 10). This approximation was widely used in conjunction with both the Loran-C (Ref. 11)
and Omega (Ref. 12) radionavigation systems. Accuracy for the Andoyer-Lambert formula is

* Friedrich Robert Helmert (July 31, 1843 — June 15, 1917) was born in Freiberg, Kingdom of Saxony (now
Germany). According to Wikipedia, his texts “laid the foundations of modern geodesy”.
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10 m for distances up to 6,000 miles (Ref. 11).

Sodano’s Method — In a series of papers published between 1958 and 1968, Sodano” described
approximate solutions to the Direct and Indirect problems of geodesy based on expansion of the
arc length between two points to higher orders in the eccentricity (Refs. 13, 14 and 15). Quoting
Ref. 13: “The accuracy of geodetic distances computed through the e?, e*, €% order for very long
geodesics is within a few meters, centimeters and tenth of millimeters respectively. Azimuths are
good to tenth, thousandths and hundreds thousandths of a second. Further improvement of results
occurs for shorter lines”.

Vincenty’s Method — During the early 1970s, Vincenty" revisited the issue of geodesics on an
ellipsoid. He developed and programmed a version of earlier algorithms (including Helmert’s)
for a calculator. To accommodate the available computing technology, Vincenty’s primary
concern was minimizing the program’s memory consumption. Accordingly, he developed
iterative algorithms for both the Direct and Indirect problems of geodesy (Ref. 16).

Due to its ease of coding, Vincenty’s algorithms are now the most widely used method for
computing geodesics on an ellipsoidal earth. Their accuracy is quoted as less than one milli-
meter, which has been independently validated by comparison with numerical integration of the
differential equations governing geodesic arcs on an ellipsoid (Ref. 17).

2.2.4 Surface Area of a Spherical Earth Visible to a Satellite

If the earth is modeled as a sphere with radius R,, its surface area is 4wR?. The surface area
enclosed by a circle on the surface of that sphere is

A =2m(R,)?[1 - cos(6)] Eq 33

Here 6 is the half-angle of the cone, with apex at the center of the spherical earth, whose
intersection with the surface forms the circle under discussion. In Figure 1, the cone would be
formed by rotating line OU about line ON. Thus A is the area of the earth visible to satellite S at
altitude h when the user’s elevation angle a or larger. An expression for the cone angle 8 as a
function of the satellite altitude h and user’s elevation angle « is provided subsequently (Eq 40).

* Emanuel Sodano worked at the U.S. Army Map Service and the Army Geodesy, Intelligence and Mapping
Research and Development Agency.

" Thaddeus Vincenty worked at the U.S. Defense Mapping Agency Aerospace Center, Geodetic Survey Squadron,
Warren Air Force Base, in Wyoming.
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3. TWO-POINT / VERTICAL-PLANE FORMULATION

3.1 Mathematical Problem and Solution Taxonomy

3.1.1 Mathematical Formulation

In mathematical terms, the objective of this chapter is to analyze a plane triangle similar to UOS
in Figure 1. A plane triangle is fully described by its three sides and three interior angles (or
quantities having a one-to-one relationship with these six quantities). However, since the interior
angles of a plane triangle (quantified in radians) must sum to 7, interest can be limited to two
interior angles (or their one-to-one equivalents). Thus, in Figure 1, any three of the five
quantities R,, h, d, « and 6 can be selected independently (noting that at least one quantity must
be a side), and the other two quantities will be (almost) uniquely determined. In this analysis,

= The angle having its vertex at the satellite S has a secondary role and is treated as a
dependent variable.

= The earth's radius R, is assumed to be a known parameter, rather than a variable.

Consequently, the purpose of this chapter is to provide solutions for any one of the four variables
(h, d, a, 0) as a function of any two of the remaining variables (and the known parameter R,).
When a known user altitude hy; is introduced in Section 3.2, h is a surrogate for hg - hg.
However there is no change in the number of known/unknown quantities or to the solution
methodology.

3.1.2 Taxonomy of Solution Approaches

Calculating any one variable (of four possible) as a function of any two (of three possible) other
variables results in a total of 12 equations. These equations are addressed in the following
sections of this chapter and are described Table 4. In the fourth column of the table, the classic
trigonometric terminology for ‘solving a triangle’ is utilized — e.g., SAS denotes two sides and
the included angle (Ref. 18).

Two complications can arise when “solving a triangle’. One is that — due to measurement errors
or other reasons — the values for the independent variables are not consistent with a valid tri-
angle. For example: in an ASA situation, the two known angles may sum to 7 or greater; in an
SSS situation, one side may be longer than the sum of the other two. A second complication can
occur when the three quantities available are consistent with a valid triangle; they may in fact be
consistent with two triangles (ambiguous solution). This can only occur for the SSA taxonomy
category, and only when the available angle is adjacent to the longer of the two available sides.
Sections 3.2 through 3.6 address these complications.
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Table 4 Taxonomy for the Vertical Plane Triangle OUS in Figure 1

arable: | voriable_|Subsection| IOES | o mvanteed? | Uique? | Solution Method
h&a 6 3.3.1% SSA No No Law of Sines
h&d 2] 333 SSS No Yes Law of Cosines
d&a 2] 3.3.4¢ SAS Yes Yes Law of Sines
h&@o a 3.4.1% SAS Yes Yes Law of Sines
h&d a 3.43 SSS No Yes Law of Cosines
d&6 a 3.4.4 SSA No No Law of Sines
h&6 d 3.5.1 SAS Yes Yes Law of Cosines
h&a d 3.5.2 SSA No No Law of Cosines
0&a d 3.5.3 ASA No Yes Law of Sines
d&6 h 3.6.1 SSA No No Law of Cosines
d&a h 3.6.2 SAS Yes Yes Law of Cosines
0&a h 3.6.3 ASA No Yes Law of Sines

* Side OU, length R,, is always known.
t SAS = side-angle-side; ASA = angle-side-angle; SSS = side-side-side; SSA = side-side-angle.
¥ The following subsection contains an alternative solution method for the same set of variables.

There are often alternatives to solution approaches based on the law of cosines and of sines. Four
are presented herein — three based on the law of tangents and one on the quadratic equation.

3.1.3 Detailed Geometry

Figure 6 is a more detailed depiction of the vertical-plane problem geometry shown in Figure 1.
For each of vertex of triangle OUS, a line is constructed that intersects the opposite side (or an
extension thereof) in a right angle. (Similar lines are created in some proofs of the law of sines
and law of cosines.) The intersection points are labeled A, B and C. Because triangle OUS is
oblique, intersections points B and C are outside the perimeter of OUS. Each constructed line
results in the creation of two right triangles (for example, line OC creates right triangles OCU
and OCS). Thus its length can be found from each of the two right triangles. Because the angles
at B or C are constructed as right angles, it follows that zBSU = a and 2COU = a. Figure 6
also introduces the chord UN, which relates to the half-angle ¥26. Color-coded distances (violet)
and angles (blue) associated with these lines and points are also shown.
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d sin(6+a)

R,+h

Figure 6 Detailed Geometry for Vertical Plane Formulation

3.2 Accounting for Known User Altitude

3.2.1 Need to Account for User Altitude

The equations in Section 3.3 through 3.6 — which address the vertical plane containing the
User’s location U, the Satellite’s location S and the earth’s surface center O (Figure 1) — can
be developed assuming that U is on the earth’s surface. The equations that result are sufficient
when S represents an actual, earth-orbiting satellite, as their minimum satellite altitudes are
hundreds of miles. Moreover, in situations involving satellites, if more accuracy is needed, one is
generally free to re-define the earth’s radius to include the elevation of U above, say, sea level.

However, the “vertical situation’ is very different when S represents an airplane. At most,
aircraft are only a few miles above the earth’s surface. Additionally, absent a compelling reason
to do otherwise, in aviation, the earth’s radius corresponds to sea level (this information is
provided by a baro-altimeter — see Subsection 9.1.1) and should not be redefined. Thus, for
aviation, the altitude of U, while known, must be explicitly accounted for.

Subsection 3.2.2 shows how to modify the equations in Section 2.1 to account of a non-zero,
known user elevation/altitude, and Subsection 3.2.3 shows how to select the user altitude to
ensure an unblocked line-of-sight to a satellite at a given distance or altitude (which is not
guaranteed by the equations in Section 3.3 through 3.6).



DOT Volpe Center

3.2.2 Method of Accounting for Known User Altitude

In many situations, there is no concern about the line-of-sight (LOS) between the ‘User’ U
(generally a sensor) and the “Satellite’ (actual satellite or aircraft) S being blocked by the earth’s
curvature. This is the situation depicted in Figure 1. A method for determining the minimum
elevation angle for which there is no LOS blockage is shown in Subsection 3.2.3.

When the user altitude h; is known, the equations presented in Subsections 2.1.1 and 2.1.2 can
be used with these substitutions to account for a non-zero user altitude:
= R, - R, + hy,and
e e U - - - Eq 34
» h — hg- hy (where hg is the satellite altitude)

3.2.3 Conditions for Unblocked Line-of-Sight (LOS)

The expressions developed in Sections 3.3 through 3.6 require that OUS be a valid geometric
triangle, including one of its degenerate forms. However, they do not require that the LOS
between U and S be unblocked by the earth. The possibility that a signal (or flight) path is
physically blocked must be checked separately, using the expressions in this subsection.

Conditions for which the LOS between two points is unblocked by the earth can be determined
with the aid of Figure 7, which shows the LOS connecting the User U and Satellite S having a
point of tangency T with the earth’s surface. Eq 35 applies to a situation where the user altitude
hy and satellite altitude hg are known and the geocentric angle 8 is be selected to ensure LOS
visibility. Altitudes h;; and hg can be traded off to avoid blockage. If the largest value 6 is
selected consistent with LOS visibility, the variables d, ay; and a, can be found from Eq 36.

Re . hU
0y = arccos (Re n hu) = 2 arcsin m
R, . hy Eq 35
65 = arccos <Re n hs> = 2 arcsin m
0 < 0y + O for LOS visibility, when h; and hg are fixed
For 9 = HU + 95
d = R, tan(8y) + R, tan(fs)
_ ( Re ) =2 . hU
Qy = —arccos R+ hy) —2 arcsin 2R, + 1) Eq 36
Re . hS
g = — arccos (Re n h5> = —2 arcsin m
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0 negative
as shown

Figure 7 Geometry for LOS Signal Path Tangent to the Earth’s Surface

A slightly different situation is the siting a radar at U to provide visibility of an aircraft at S.
Here hg (minimum required coverage altitude) and 8 = 6, + 65 (distance between the location
where the radar is to be installed and the outer boundary of the coverage region) are known.
Then the radar elevation hy is found using Eq 37. If the minimum altitude hy; is selected
consistent with LOS visibility, then d, ay and ag, can be found from Eq 36.

Re hS . hS
65 = arccos <Re n h5> = arccos (1 - R+ h5> = 2 arcsin m
HU = 9 - 95 Eq 37
2 sin?(26y)
h 2( — ) =——2 =R, forLOS visibilit
U cos by e cos(0)) e or visibility

In addition to the above geometric considerations, the analyst should be aware that radar signal
propagation paths, such as US in Figure 7, may be subject to bending caused by changes in
atmospheric density with altitude. A simple, commonly used method for modeling this phenom-
enon is discussed in Subsection 3.7.1.

3.3 Computing Geocentric Angle

3.3.1 Satellite Altitude and Elevation Angle Known — Basic Method

In this subsection, the independent variables are the satellite altitude hg and the elevation
angle a. The dependent variable is the geocentric angle 6. The same pair of independent
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variables is considered in Subsection 3.5.2, in conjunction with determining the slant-range d. In
terms of the classic taxonomy for triangles, this is an SSA (side-side-angle) situation.

Manipulating Eq 5 and using the substitutions of Eq 34 yields the formal solution
R, + hy
R, + hg

6 = —a + arccos ( cos(a)) Eq 38
Due to the possibility of unsolvable formulations and multiple solutions, it is desirable to
consider three cases.

Constraints on Solution Existence — There are two constraints in generating a usable solution
from Eq 38.

= First, assume that « = 0. Since 6 = 0, (R, + hg) cos(@ + @) = (R, + hy) cos(a). Thus,
hs = hy.

= Second, assume that @ < 0. Then (R, + hg) cos(|a| — 6) = (R, + hy) cos(|al). It
follows that (R, + hg) = (R, + hy) cos(a).

These constraints have geometric interpretations. The elevation angle a describes an inclined
line having one end that terminates at U, while the satellite altitude hg describes a circle
concentric with the earth’s center O. For a solution to exist, these loci must intersect. When

a <0, (R, + hy) cos(a) is the shortest distance between the center of the earth O and locus of
points with constant depression angle |a|. This occurs when the triangle OUS has a right angle
at S; then « = —6. These constraints to not prevent the line US from penetrating the earth.

In summary, for a solution to exist:

h¢ >hy; when a=>0

hs = (R, + hy) cos(a) — R, when a<0 Eq 39

Let Arccos and Arcsin denote the principal values of the arccos and arcsin functions,
respectively (Subsection 2.1.6). Then the solution in Eq 38 can be decomposed as follows.

Case: a > 0: This condition eliminates one of the ambiguous solutions that can occur in an SSA
situation. (When a > 0 necessarily hg > hy;.) When it’s satisfied, the unique solution to Eq 38 is

R, + hy
0=—a+A ( )
a rccos R, + hs cos(a)

(R, + hy)sin?(3a) + 2(hs — hy)
R, + hy

Eq 40

= —a + 2 Arcsin \/

Referring to Figure 6, the first line of Eq 40 can also be derived from the right triangle AUS,
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where the length of the adjacent side is (R, + h) sin(6) and the length of the hypotenuse is
(R, + h) sin(0) / cos(a). Since the argument of the Arccos function is smaller than cos(a), it
yields an angle that is larger than a. Thus 8 > 0.

The two lines of Eq 40 are analytically equivalent. The first is more revealing geometrically, and
likely better-conditioned numerically when « is close to Y4m, which can occur in satellite
applications. The second line is better-conditioned numerically when « is small, which occurs
often in aviation applications. This case is the most common in aviation and is the only case
relevant to satellite analysis.

Case: a < 0 & (R, + hy) cos(a) — R, < hg < hy: When both of these conditions are
satisfied, the ambiguous solution for 6 is

R,+h
6 = —a + Arccos (RZ n h: cos(a))
| |Re + hy)sin?(Ra) + L(hs — hy) Eq 4l
= —qa + 2 Arcsin
R, + hg

The + sign ambiguity in Eq 41 cannot be resolved without additional information, except for two
special cases: @ = — m and (R, + hs) = (R, + hy) cos(8). Since the argument of the Arccos
function is equal to or larger than cos(a), it yields an angle that is, at most, equal to |«a|. Thus

0 <0 < 2|al. The ‘=" applies when the geocentric angle satisfies 8 < |a| and the ‘+’ sign
applies when 6 > |a|. Therefore, approximate knowledge of & may resolve the ambiguity.

Case: @ < 0 & hy < hg: The condition hy; < hg eliminates the possibility of an ambiguous
solution in an SSA situation. When both of these conditions are satisfied, the unique solution for
6 is given by Eq 40. The difference in usage is that here @ < 0. This solution necessarily
satisfies 8 = 2|«a].

Special-case checks/examples for Eq 40 include:

= |f the elevation angle is « = 0 (i.e., triangle OUS has a right angle at U), then by
substituting this value, the first line of Eq 40 reduces to
R, + hU>
R, + hg
= If the satellite altitude and elevation angle satisfy hg = (R, + hy) cos(a@) — R,, where

necessarily a < 0 (i.e., triangle OUS has a right angle at S), then by eliminating hg the
first line of Eq 41 reduces to

6 = Arccos (

0=—«a

= |If the user and satellite altitudes are equal, h;; = hg (i.e., OUS is an isosceles triangle
with sides OU and OS equal), then by eliminating hg the first line of Eq 41 reduces to
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0=—-2a , 6=0
The first solution is consistent with OUS being an isosceles triangle. The second solution
corresponds to the pathological situation where U and S merge.

= |f the elevation angle is a = %n (i.e., S is directly above U), then by substituting this

value the first line of Eq 40 reduces to 0.
6=0

3.3.2 Satellite Altitude and Elevation Angle Known — Alternative Method

An alternative expression for the geocentric angle can be found by starting with Eq 7 (which
involves d, h and a). Then, using Eq 4 to introduce 8 and eliminate d, and using the substitu-
tions of Eq 34, results in:

Re + hS 2 i 2 .
[cos(a)] sin®(6) + [2(R, + hy) (R, + hs) tan(a)]sin(6) £q 42
+ [(hy)? — (hg)? + 2R, (hy — hg)] = 0
This is a quadratic equation in sin(8). Its solution is given by
; —B + VB2 — 4AC
0 = arcsin(x) where x =
24
_ [Reths) - Eq 43
B [cos(a)] , B =2(R. + hy)(R, + hs) tan(a)

C = (hy)* — (hs)* + 2R, (hy — hs) = (hy — hs) (2R, + hy + hg)

The correct value for x must satisfy 0 < x < 1. Thus when « > 0, use of the ‘+’ sign before the
radical appears to be correct.

Special-case checks/examples for Eq 43 include:
= |f the elevation angle is « = 0 (i.e., triangle OUS has a right angle at U), then by
substituting this value, the expression for sin(8) reduces to
sin2(6) = (hs)? = (hy)? + 2R, (hs — hy) _ (R + hs)? = (Re + hy)?
(Re + hs)? (Re + hs)?

= |f the user and satellite altitudes are equal, h;; = hg (i.e., triangle OUS is isosceles with
OU and OS equal), then by substituting these values, the expression for sin(8) reduces to

sin(8) = —2sin(a) cos(a) = —sin(2a) so 0 = —2a«a

3.3.3 Satellite Altitude and Slant-Range Known

In this subsection, the independent variables are the satellite altitude hg and the slant-range d.
The dependent variable is the geocentric angle 8. The same pair of independent variables is
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considered in Subsection 3.4.2, in conjunction with determining the elevation angle «. In terms
of the classic taxonomy for triangles, this is an SSS (side-side-side) situation.

From Eq 6, and using the substitutions of Eq 34, the geocentric angle 6 is given by
(d—hg+ hy)(d+ hg — hU)>
Z(Re + hU)(Re + hS)

1 [(d—hg+ hy)(d+ hsg — hy)
2 (Re + hy) (R, + hs)

@ = arccos <1 —

= 2 arcsin
Eq 44

1
0 ~ R—sz — (hg — hy)? for hy,hg KR,
e

(s 1(h5_h")2 for |hg—hy| < d
“r N\ 204 or Ms=

Using Figure 6, the first line of Eq 44 can also be derived by applying Pythagoras’s theorem to
right triangle UAS, having hypotenuse d and sides R,sin(0) and h + R.[1 — cos(6)]. The first
two lines of Eq 44 are analytically equivalent. The first is more revealing geometrically and is
better-conditioned numerically when the fraction involved is close to 1 (which can occur in
situations involving satellites). The second line is better-conditioned numerically when the
fraction is much smaller than 1, which is usually the case in aviation applications.

The slant-range d describes a circle about U, while the satellite altitude hg describes a circle
about the earth’s center O. If d and hg include errors, their associated loci may not intersect. In
that case, Eq 44 will not yield a solution for 8. From both geometry and analysis, it is evident
that the requirement for the existence of a solution is that d and hg satisfy d = |hg — hy|. When
a solution exists, it is unique.

Analytically, the condition d > |hg — hy;| ensures that the numerator of the fraction on the right-
hand side of Eq 44 is positive; otherwise the argument of the arccos function would not be valid.
Additionally, for the arccos argument to be valid, that fraction must be less than or equal to 2. In
order for OUS to be a proper triangle, it must be true that d < (R, + hy) + (R, + hg).
Substituting this bound into the fraction yields
(d—hg+ hy)(d + hg — hy) - (2R, + 2hy) (2R, + 2hg)
2(Re + hy)(Re +hs) = 2(Re + hy)(Re + hs)

A common aviation application of Eq 44 is — assuming that the aircraft altitude hg is known —
converting a measured slant-range d to a geocentric angle 8 (which is generally more useful in
geodetic navigation/surveillance calculations). In radar processing, this conversion is termed the
‘slant-range correction’.
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Special-case checks/examples for Eq 44 include:

= If the satellite altitude and slant-range satisfy d? = (R, + hs)? — (R, + hy)? (i.e.,
triangle OUS has a right angle at U), then by eliminating d, the first line of Eq 44
reduces to

R, + hU>
R, + hg
= If the satellite altitude and slant-range satisfy d? = (R, + hy)? — (R, + hg)? (i.e.,

triangle OUS has a right angle at S), then by eliminating d, the first line of Eq 44 reduces
to

0= arccos(

R, +h5>
R, + hy

= |If the user and satellite altitudes are equal, hg = hy (i.e., OUS is an isosceles triangle
with sides OU and OS equal), then by eliminating hg, the second line of Eq 44 reduces to

1d
@ = 2 arcsin z
R, + hy

3.3.4 Elevation Angle and Slant-Range Known — Basic Method

0 = arccos(

In this subsection, the independent variables are the elevation angle a and the slant-range d. The
dependent variable is the geocentric angle 8. The same pair of independent variables is
considered in Subsection 3.6.2, in conjunction with determining the satellite altitude hg. In terms
of the classic taxonomy for triangles, this is an SAS (side-angle-side) situation.

Eq 4 can be written
R,sin(@) = d cos(a) cos(8) — d sin(a) sin(8) Eq 45

Thus, using the substitutions of Eq 34, the result is

d cos(a)

(R, +hy) +d sin(a))
R, + hy )

d cos(a)

6= arctan(
T Eq 46
=7= arctan (tan(oc) +

The right-hand side of the first line in Eq 46 can also be derived from right triangle OBS in
Figure 6, and is more revealing geometrically. The second line is simply an alternative form, as
the arc tangent function is not ill-conditioned for any value of its argument. No combination of
values for the elevation angle a and slant-range d can be specified for which Eq 46 does not
yield a valid solution for the geocentric angle 6.

Special-case checks/examples for Eq 46 include:

= |f the elevation angle is « = 0 (i.e., triangle OUS has a right angle at U), then by
substituting this value, the first line of Eq 46 reduces to
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d
@ = arctan (Re n hU>

= If the elevation angle and slant-range satisfy d = (R, + hy)cos Gn + a) (i.e., triangle
OUS has aright angle at S and a < 0), then by eliminating d, the first line of Eq 46
reduces to
0=—-a
= If the elevation angle and slant-range satisfy d = 2(R, + hy)sin(—a),a < 0 (i.e., are

consistent with OUS being an isosceles triangle with sides OU and OS equal), then by
eliminating d, the first line of Eq 46 reduces to

0 =-2«a
= |f the elevation angle is a = %n (i.e., S is directly above U) oris a = —%n (i.e., Sis
directly beneath U), then by substituting these values, the first line of Eq 46 reduces to
6=0

= |fthe slant-range is d = 0 (i.e., S and U merge), then by substituting this value, the first
line of Eq 46 reduces to

6=0

3.3.5 Elevation Angle and Slant-Range Known — Alternative Method

The law of tangents (Eq 8) applied to triangle OUS (Figure 1), specifically to sides OU and US
and their opposite angles, and using the substitutions of Eq 34, yields

R, +hy —d
1 1 e U l _ 1
6 = ;T — ;@ —arctan (—Re y— tan (471 za)) Eq 47

Special-case checks/examples for Eq 47 are:

= |f the elevation angle is « = 0 (i.e., triangle OUS has a right angle at U), then by
substituting this value, Eq 47 reduces to
R, +hy—d
If, additionally, d = R, + hy (i.e., OUS is an isosceles right triangle), then the
immediately previous expression reduces to 8 = ;.

0 = %T[ — arctan(

= |f the elevation angle is a = %n (i.e., S is directly above U), then by substituting these
values, Eq 47 reduces to
0=0
= |f the elevation angle approaches its minimum possible value, o — —%n (ie., S
approaches a location directly below U), then Eq 47 reduces to
6-0
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3.4 Computing Elevation Angle

3.4.1 Satellite Altitude and Geocentric Angle Known — Basic Method

In this subsection, the independent variables are the satellite altitude hg and the geocentric angle
6. The dependent variable is the elevation angle a. The same pair of independent variables is
considered in Subsection 3.5.1, in conjunction with determining the slant-range d. In terms of the
classic taxonomy for triangles, this is an SAS (side-angle-side) situation.

Manipulating Eq 5 and using the substitutions of Eq 34 yields

(Re + hg) cos(0) — (Re + hy)
(R, + hg) sin(6)
R, + hy Eq 48
(R, + hg) sin(6)
(Re + hy) (hs — hy)

" TRty 0 T Ry <

tan(a) =

= cot(0) —

The expression on the first line of Eq 48 can also be derived from right triangle UBS in Figure 6.
The three lines of Eq 48 are analytically equivalent. The first is more revealing geometrically.
The second line is better suited to satellite applications where R, < hg. Then the second term on
the right-hand side can be regarded as a parallax correction. The third line is better-conditioned
numerically when h; < R, and d < R,, which is generally the case in aviation applications. No
combination of values for the satellite altitude hg and geocentric angle 6 can be specified for
which Eq 48 does not yield a valid solution for the elevation angle a.

Special-case checks/examples for Eq 48 are:

= |If the satellite altitude and geocentric angle satisfy (R, + hy) = (R, + hg) cos(8) (i.e.,
triangle OUS has a right angle at U), then by eliminating hg, the first line of Eq 48
reduces to

tan(a) =0 so a=0
= |If the satellite altitude and geocentric angle satisfy (R, + hy) cos(6) = (R, + hg) (i.e.,

triangle OUS has a right angle at S), then by eliminating hg, the first line of Eq 48
reduces to

tan(a) = —tan(@) so a=-6

= |f the user and satellite altitudes are equal, hy; = hg (i.e., OUS is an isosceles triangle
with sides OU and OS equal), then by eliminating hg, the first line of Eq 48 reduces to

tan(a) = —tan (%9) SO a= —%0 for 6 #0

= |f the elevation angle is « = 0 (i.e., triangle OUS has a right angle at U), then by
substituting this value, the first line of Eq 48 reduces to
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R+ hy
57 cos(0)

R, for 6 +#0

3.4.2 Satellite Altitude and Geocentric Angle Known — Alternative Method

The law of tangents (Eq 8) applied to triangle OUS (Figure 1), specifically to sides OU and OS
and their opposite angles, and using the substitutions of Eq 34, yields

_ 1 hs — hy
a = —=0 + arctan I Eq 49
2 (2R, + hg + hy) tan(ze)

Special-case checks/examples for Eq 49 are:

= |f the user and satellite altitudes are equal, hy; = hg (i.e., OUS is an isosceles triangle
with sides OU and OS equal), then by substituting for hg, Eq 49 reduces to

az—%e for 6#0

= |f the elevation angle is « = 0 (i.e., triangle OUS has a right angle at U), then by
substituting for a, Eq 49 reduces to

hs — h

1 S U

tan (10) =

an (30) \/2R6+h5+hu

= |f the elevation angle and geocentric angle satisfy « = —8 (which is consistent with
triangle OUS having a right angle at S), then by substituting for a, Eq 49 reduces to

hy — h

1 U S

t _9 =

an (2 ) \/ZRe + hg + hy

3.4.3 Satellite Altitude and Slant-Range Known

In this subsection, the independent variables are the satellite altitude hg and the slant-range d.
The dependent variable is the elevation angle a. The same pair of independent variables is
considered in Subsection 3.3.3, in conjunction with determining the geocentric angle 8. In terms
of the classic taxonomy for triangles, this is an SSS (side-side-side) situation.

Manipulating Eq 7 and using the substitutions of Eq 34 yields

(hs — hy)? 4+ 2(R, + hy) (hs — hy) — d?

sina) = 2(R, + hy)d £ 50
oy @t R)@ s~ hy) a
R 2(R, + hy)

Using Figure 6, the first line of Eq 50 can also be derived by applying Pythagoras’s theorem to
the right triangle OBS, with the length of the hypotenuse being (R, + h) and the lengths of the
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sides being (R, + d sin(a)) and d cos(a). The two lines of Eq 50 are analytically equivalent.
The first is more revealing geometrically and is better-conditioned numerically when the fraction
involved is close to 1 (which can occur in situations involving satellites). The second line is
better-conditioned numerically when the fraction is much smaller than 1, which is generally the
case in aviation applications.

As noted in Subsection 3.3.3, when the available values for slant-range d and satellite altitude hg
have errors, it is possible to formulate a mathematically infeasible problem. The requirement on
d and hg for mathematical feasibility is that d > |hs — hy|. When a solution exists, it is unique.

To partially validate the geometric analysis analytically, note that if d = hg — hy > 0, then the
first line of Eq 50 reduces to sin(a) = 1. Similarly, if d = hy — hg > 0, then the first line of Eq
50 reduces to sin(a) = —1. Thus the limiting values for d correspond to the limiting values for
«. Moreover, assume that hg > hy and let d = hg — hy; + €, where € can be positive or negative.
Then, to first order in ¢, the first line of Eq 50 reduces to
. 1

sin(a) =1— (hs "y + R. T hy
Thus when € > 0 (i.e., d = hg — hy) the arcsin function has a valid argument, and when € < 0
(i.e., d < hg — hy) the arcsin function does not have a valid argument. A similar analysis can be
done for the situation where hy; > hg.

)s +0(e?) + -

On the second line of Eq 50, the term in large brackets is the height of the satellite above the
tangent plane at the user’s location. It can be interpreted as the satellite altitude relative to the
user altitude, minus a term which corrects for the earth’s curvature.

Special-case checks/examples for Eq 50 are:

= If the satellite altitude and slant-range satisfy (R, + hg)? = (R, + hy)? + d? (i.e.,
triangle OUS has a right angle at U), then by eliminating d, the first line of Eq 50
reduces to

sinfa) =0 so a=0
= |f the elevation angle a = 0 (i.e., triangle OUS has a right angle at U), then by
substituting this value, the first line of Eq 50 reduces to
d* = (Re + hs)z - (Re + hu)z
= |If the user and satellite altitudes are equal, h;; = hg (i.e., OUS is an isosceles triangle
with sides OU and OS equal), then by eliminating hg, the first line of Eq 50 reduces to
1
>d
R, + hg

sin(a) = — = —sin (19) SO a= —%6

2
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3.4.4 Geocentric Angle and Slant-Range Known

In this subsection, the independent variables are the geocentric angle 6 and the slant-range d.
The dependent variable is the elevation angle a. The same pair of independent variables is
considered in Subsection 3.6.1, in conjunction with determining the satellite altitude hg. In terms
of the classic taxonomy for triangles, this is an SSA (side- side-angle) situation.

Manipulating Eq 4 and using the substitutions of Eq 34 yields the formal solution

hy
d

R
a=-0+ arccos( ‘ sin(@)) Eq 51

The permissible range for elevation angles is —>m < a < 2mr. Thus the arccos function can yield

two possible values that result in permissible values for a (i.e., ambiguous solutions can occur).
For clarity, the solution to Eq 51 is decomposed into two cases.

Case: d < (R, + hy): In Eq 51, let the principal value (Subsection 2.1.6) of the result of the
arccos function be 2 — 6'. Satisfaction of this condition on d (which virtually always applies in

aviation applications) results in 8" > 6, so the two possible values for a, « = -0 + (%n — 0’)
can both be valid. Thus, the ambiguous solutions to Eq 51 can be written

R, +h
a=-0+ Arccos( Z 7 g sin(H)) Eq 52

This ambiguity cannot be resolved with the information available.

Case: d > (R, + hy): In Eq 51, again denote the principal value of the result of the arccos
function as > — 6'. Satisfaction of this condition (which in practice only applies to satellite
applications) results in 8’ < 6, so of the two possible values for a, « = —6 + (ir — 6"), the *~’

value is not valid. Thus, the unique solution to Eq 51 can be written:

R, + hy

a = —0 + Arccos ( sin(H)) Eq 53

Geometrically, Eq 53 can also be derived from right triangle AUS in Figure 6.

Due measurement or other errors, it is possible that Eq 52 or Eq 53 will not have a solution for
the available values for d and 6. The analytic requirement for a solution to exist is that

d = (R, + hy) sin(68). The geometric interpretation of this condition is that d must be at least
equal to the minimum distance between U and the locus for constant 6.

Special-case checks/examples for Eq 52/Eq 53 are:

= If the slant-range and geocentric angle satisfy d = (R, + hy) tan(8) (which is consistent
with triangle OUS having a right angle at U), then by eliminating d, Eq 52 reduces to the
ambiguous solutions
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a=0 , a=-20
The first solution is also consistent with triangle OUS having a right angle at U.
Concerning the second solution: If the geocentric angle 6 and the computed elevation

angle @ = —26 are substituted in Eq 61, the result is d = (R, + hy)tan(0). Thus, it also
a valid solution to Eq 52.

= If the slant-range and geocentric angle satisfy d = 2 (R, + hy)sin(36) (which is

consistent with OUS being an isosceles triangle with sides OU and OS equal), then by
eliminating d, Eq 52 reduces to the ambiguous solutions

1 3
a=—0 , a=-=0
2 2

The first solution is also consistent with OUS being an isosceles triangle. Concerning the
second solution: If the geocentric angle 6 and the computed elevation angle a = —26 are
substituted in Eq 61, the resultis d = 2(R, + hy)sin(G8). Thus, it also a valid solution
to Eq 52. Because —m < a, the second solution is only valid when 6 < ir.

= |If the slant-range and geocentric angle satisfy d = (R, + hy) sin(8) (i.e., triangle OUS
has a right angle at S), then by eliminating d, Eq 52 reduces to the unique solution
a=-—0

= If the slant-range satisfies d = (R, + hy) (i.e., OUS is an isosceles triangle with sides
OU and US equal), then by eliminating d, Eq 52 reduces to the ambiguous solutions

1 1
a=—m , a=-m—20
2 2

The first solution is the pathological case where O and S merge. The second solution
describes a possible satellite scenario, and includes the limiting situations where the
satellite is directly above the user (a = 3, & = 0) and is on the user’s horizon (a = 0,
0 = im).

4

= |f the geocentric angle is 8 = 0 (i.e., S is above or below U), then by substituting this
value, Eq 52 reduces to the ambiguous solutions

1 1
a=—--mT , aA=-T
2 2

3.5 Computing Slant-Range

3.5.1 Satellite Altitude and Geocentric Angle Known

In this subsection, the independent variables are the satellite altitude hs and the geocentric angle
6. The dependent variable is the slant-range d. The same pair of independent variables is
considered in Subsection 3.4.1, in conjunction with determining the elevation angle a. In terms
of the classic taxonomy for triangles, this is an SAS (side-angle-side) situation.

Using the substitutions of Eq 34, Eq 6 can be expressed as

d = y/(hs = hy)? + 2(R, + hy) (R, + hs)[1 — cos(6)] Eq 54
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2
. hy hs hs — hy
ansn(ie) [ ) (12 (LY
e (2 )\] R, R, 2R,sin(36)

hy hs . (hs — hy)?
2R30+ R0 , 0<0«1& hyhs <R,

d ~ R.0 + 3(hy + hs)0 +

The first line of Eq 54 can also be derived by applying Pythagoras’s theorem to right triangle
AUS in Figure 6. As would be expected from this formulation, this expression is symmetric in
hy and hg. The second line is analytically equivalent to the first, but numerically better-con-
ditioned when 8 « 1 and hy, hg < R,, which is typically the case in aviation applications (at the
surface of the earth, & = 1 corresponds to spherical distance of s ~ 3,438 NM). No combination
of values for the satellite altitude hg and geocentric angle 6 can be specified for which Eq 54
does not yield a valid solution for the slant-range d.

Special-case checks/examples for Eq 54 include:
= |f the geocentric angle is 8 = 0 (i.e. U and S lie along the same radial), then the first line
of Eq 54 reduces to
d = |hs — hy]
= |If the satellite altitude and geocentric angle satisfy hg = (R, + hy) / cos(6) — R, (which

is consistent with triangle OUS having a right angle at U), then by eliminating hg, the
first line of Eq 54 reduces to

d = (R, + hy) tan(0)
= |f the satellite altitude and geocentric angle satisfy h¢ = (R, + hy) cos(6) — R, (i.e.,

triangle OUS has a right angle at S), then by eliminating hg, the first line of Eq 54
reduces to

d = (R, + hy) sin(60)

= |If the user and satellite altitudes are equal, h;; = hg (i.e., OUS is an isosceles triangle
with sides OU and OS equal), then by eliminating hg, the second line of Eq 54 reduces to

2(R, + hy) sin (%0)

3.5.2 Satellite Altitude and Elevation Angle Known

In this subsection, the independent variables are the satellite altitude hs and the elevation angle
«. The dependent variable is the slant-range d. The same pair of independent variables is
considered in Subsection 3.3.1, in conjunction with determining the geocentric angle 6. In terms
of the classic taxonomy for triangles, this is an SSA (side-side-angle) situation.

Eq 7 can be expressed, after applying the substitutions of Eq 34, as
d? + [2(R, + hy) sin(a)]d + [(h3 — h%) + 2R, (hy — hg)] =0 Eq 55

The formal solution of Eq 55 is
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d = —(R, + hy) sin(a) + /(R, + hy)? sin?(a) + (hZ — h%) + 2R, (hs — hy) Eq 56

Due to the sign ambiguity in Eq 56 and the possibility of infeasible problem formulations, it is

advantageous to address this situation in terms of cases. When interpreting the expressions

below, note that the quantity under the radical in Eq 56 can be written in two alternative forms
(R, + hy)? sin?(a) + (hy — hg)(2R, + hg + hy) = (R, + hg)? — (R, + hy)? cos?(a)

Conditions for Solution Existence — Conditions for the existence of a solution are discussed in
Subsection 3.3.1 and summarized by Eq 39, which is repeated here.

h’S > h’U When a 2 O

hs = (R, + hy) cos(a) — R, when a<0 Eq 57

Case: a > 0: The condition @ > 0 eliminates one of the ambiguous solutions that can occur in
an SSA situation. Also, when a > 0, necessarily hg > hy. In this situation, the unique solution
to Eq 56 can be written

d = —(R, + hy) sin(a) + \/(Re + hy)? sin?(a) + (h2 — h%) + 2R, (hs — hy)

x x% x3 (hs — hy)(hg + hy + 2R,)
— 3 - Ll = E 58
d = (R, + hy) sin(a) (2 3 + Te T > , X Ro + hy)? sin?(@) ,a>0 q
s =Ry o hhe <R, & a>0
~ sin(a) or M fis € @

Referring to Figure 6, the first line of Eq 58 can be interpreted as length(CS)-length (CU), where
length(CS) is found by Pythagoras’s theorem applied to right triangle OCS having OS is its
hypotenuse.

Case: ¢ < 0 & (R, + hy) cos(a) — R, < hg < hy: When both of these conditions are satis-
fied, the ambiguous solution is

d = —(R, + hy) sin(a) + \/(Re + hy)? sin2(a) + (hZ — h%) + 2R, (hs — hy) Eq 59

The + sign ambiguity in Eq 59 cannot be resolved without additional information, except
extreme case of a = —%n. The ‘-’ applies when the geocentric angle satisfies 8 < || and the
‘+’ sign applies when 8 > |«|.

Case: ¢ < 0 & hy < hg: The condition hy; < hg eliminates one of the ambiguous solutions that
can occur in an SSA situation. When these conditions are satisfied, the unique solution is

d = —(R, + hy) sin(a) + J(Re + hy)? sin?(a) + (h2 — h%) + 2R, (hs — hy) Eq 60
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This is the same expression as the first line of Eq 58; however, here a < 0.

Special-case checks/examples include:

= |f the elevation angle is « = 0 (i.e., triangle OUS has a right angle at U) and the satellite
altitude satisfies hg > hy, then by substituting for «, the first line of Eq 58 reduces to

d= \/(Re + hs)z - (Re + hU)2

= |f the elevation angle is a = 57 (i.e., S is directly above U) and the satellite altitude

satisfies hg > hy, then by substituting for a, the first line of Eq 58 reduces to
d = hs - h'U

= |f the elevation angle is a« = — %n (i.e., S is directly beneath U) and the satellite altitude
satisfies hg < hy, then by substituting for a, Eq 59 reduces to
d=hy—hg
= |If the user and satellite altitudes are equal, h;; = hg (i.e., OUS is an isosceles triangle

with sides OU and OS equal), then the elevation angle must satisfy @ < 0 and, by
eliminating hg, Eq 60 reduces to

d = 2(R. + hy) sin(|a]) = 2(R, + hy) sin (36)

= |f the satellite altitude and elevation angle satisfy hg = (R, + hy) cos(a) — R, (i.e.,
triangle OUS has a right angle at S), the elevation angle necessarily satisfies a < 0.
Then by eliminating hg, Eq 59 reduces to

d = (Re + hy) sin(lal)

= |f the elevation angle is a = %n, the user altitude is h; = 0 and the satellite altitude is

hs = 3R, (i.e., an approximation to a GPS user’s situation), then, by substituting these
values, the first line of Eq 58 reduces to d = 3.4R,

3.5.3 Geocentric Angle and Elevation Angle Known

In this subsection, the independent variables are the geocentric angle 8 and the elevation angle «.
The dependent variable is the slant-range d. The same pair of independent variables is
considered in Subsection 3.6.3, in conjunction with determining the satellite altitude hg. In terms
of the classic taxonomy for triangles, this is an ASA (angle-side-angle) situation.

Eq 5 can be written, after applying the substitutions of Eq 34, as

sin(8)

= 5@+ ) (R, + hy) Eq 61

Eq 61 is a manipulation of the two expressions for the length of AU in Figure 6. A valid solution
for d only exists if « + 6 < Sm (because the three angles of a plane triangle must sum to ).
However, due to errors, the available values for « and 8 may sum to 3 (whereby the loci of
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constant elevation angle and constant geocentric angle are parallel) or a larger number (whereby
the loci diverge). When a solution exists, it is unique.

Special-case checks/examples for Eq 61 include:

= |f the elevation angle is « = 0 (i.e., triangle OUS has a right angle at U), then by
substituting this value, Eq 61 reduces to

d = (R, + hy) tan(6)
= |f the elevation angle and geocentric angle satisfy a« = —8 (i.e., triangle OUS has a right
angle at S), then by eliminating «, Eq 61 reduces to

d = (R, + hy) sin(60)
= |f the elevation angle and geocentric angle satisfy a = —%0 (i.e.,, OUS is an isosceles
triangle with sides OU and OS equal), then by eliminating a, Eq 61 reduces to

d =2(R. + hy)sin (36)

3.6 Computing Satellite Altitude

3.6.1 Slant-Range and Geocentric Angle Known

In this subsection, the independent variables are the slant-range d and the geocentric angle 6.
The dependent variable is the satellite altitude hg. The same pair of independent variables is
considered in Subsection 3.4.4, in conjunction with determining the elevation angle a. In terms
of the classic taxonomy for triangles, this is an SSA (side-side-angle) situation.

Eq 6 can be written as a quadratic equation in R, + h. Applying the substitutions of Eq 34 yields
the formal solution

hs = (Re + hy) cos(8) — R, ++/d? — (R, + hy)?[1 — cos?(6)] Eq 62

For a valid solution to exist, the expression under the radical in Eq 62 must be non-negative;
thus, validity requires that d > (R, + hy)sin(6). Because an ambiguous solution is possible, for
clarity, the solution description is decomposed into two cases. Note that, if d = (R, + hy), then
‘-’ solution in Eq 62 reduces to R, + hg = 0.

Case: d < (R, + hy): Satisfaction of this condition on d (which virtually always applies in
aviation applications) ensures, in Eq 62, that (hg + R,) = 0 for both the ‘+’ and ‘-’ signs and
any value of 8. Thus, the ambiguous solutions to Eq 62 can be written

hs = (R, + hy) cos(6) — R, ++/d? — (R, + hy)? sin2(h)

] Eq 63
= hy — 2(Re + hy)sin®(50) £ v/d — (R, + hy)sin(8)y/d + (R, + hy)sin(6)

The two lines of Eq 63 are analytically equivalent. However, the second line is numerically
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better-conditioned when 6 is small, as is often the case in aviation applications. The choice
between the ‘+” and ‘-’ signs cannot be resolved from the information available.

Case: d > (R, + hy): Satisfaction of this condition (which in practice only applies to satellite
applications) ensures, in Eq 62, that, for the *~” sign and any value of 8, R, + hg < 0, and thus is
invalid. Therefore, the unique solution to Eq 62 can be written:

hs = (R, + hy) cos(0) — R, + /d? — (R, + hy)? sin2(0) Eq 64

Referring to Figure 6, Eq 64 can be interpreted as length(AS)-length(AN), where length(AS) is
found by Pythagoras’s theorem applied to right triangle AUS. Another interpretation is that hg is
the projection of R, + hy; onto OS, with R, then subtracted, followed by an adjustment for the
length of d in excess of the minimum distance between U and OS. The solutions in Eq 63 and
Eq 64 both require that (hg + R,) = 0, which is equivalent to requiring that OUS form at least a
degenerate form of a triangle.

Special-case checks/examples for Eq 63/Eq 64 include:

= |f the geocentric angle satisfies 8 = 0 (i.e., S is above or below U), then by substituting
this value, Eq 63 reduces to

hS:hUid

= If the slant-range and geocentric angle satisfy d = (R, + hy) sin(8) (which is consistent
with triangle OUS having a right angle at S), then by eliminating d, the first line of in the
first line of Eq 63 the expression under the radical is zero and the unique solution is
hs = (R, + hy) cos(6) — R,
This solution is consistent with triangle OUS having a right angle at S.

= If the slant-range and geocentric angle satisfy d = (R, + hy) tan(8) (which is consistent
with triangle OUS having a right angle at U), then by eliminating d, the first line of Eq
63 reduces to the ambiguous solutions

Rethy) ) o Rethy)

cos(6) cos(0)

The first solution is consistent with triangle OUS having a right angle at U. Concerning

the second solution: If the geocentric angle 8 and the computed satellite altitude hg are

substituted in Eq 54, the result is d = (R, + hy)tan(0). Thus, it is also a valid solution

to Eq 63.

= If the slant-range and geocentric angle satisfy d = 2(R, + hy) sin(36) (which is
consistent with OUS being an isosceles triangle with sides OU and OS equal), then by
eliminating d, the first line of Eq 63 reduces to the ambiguous solutions
hs=hy , hs=hy—4QR, + hy)sin?(GH)

The first solution is consistent with OUS being an isosceles triangle. Concerning the
second solution: If the geocentric angle 8 and the computed satellite altitude hg are
substituted in Eq 54, the resultis d = 2(R, + hy) sin(50). Thus, it is also a valid

hs = —R, cos(26)
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solution to Eq 63.

3.6.2 Slant-Range and Elevation Angle Known

In this subsection, the independent variables are the slant-range d and the elevation angle a. The
dependent variable is the satellite altitude hgs. The same pair of independent variables is
considered in Subsection 3.3.4, in conjunction with determining the geocentric angle 6. In terms
of the classic taxonomy for triangles, this is an SAS (side-angle-side) situation.

Rearranging Eq 7 and using the substitutions of Eq 34 yields

hs = =R, ++/(Re + hy)? + d? + 2(R, + hy)dsin(a)
x x? x3 2dsin(a) d?

hs=nh R, +h ———+—+ - f = Eq 65

s = hy + (R + U)<2 g 16 T ) o X =R TTh, TR+ hy)? |

hs = hy + dsin(a) for d < R, + hy

Referring to Figure 6, the first line in Eq 65 can be interpreted as length(OS)-length(ON), where
length(OS) is found by Pythagoras’s theorem applied to right triangle OBS. The first two lines
of Eq 65 are analytically equivalent. The first is more revealing geometrically. The second line is
better-conditioned numerically when h;; < R, and d < R, which is generally the case in
aviation applications. The quantity under the radical on first line of Eq 65 is guaranteed to be
non-negative. Thus, no combination of values for the slant-range d and elevation angle a can be
specified for which Eq 65 does not yield a valid solution for the satellite altitude h.

Special-case checks/examples for Eq 65 are:

= |f the elevation angle is @ = 0 (i.e., triangle OUS has a right angle at U), then by
substituting this value, the first line of Eq 65 reduces to

hs = —R, + (R, + hy)? + d?

= |If the slant-range and elevation angle satisfy d = (R, + hy) sin(—a) where @ < 0 (i.e.,
triangle OUS has a right angle at S), then by eliminating d, the first line of Eq 65 reduces
to

hs = —R, + (R, + hy)cos(—a)

= If the slant-range and elevation angle satisfy d = 2(R, + hy) sin(—a) where @ < 0 (i.e.,
are consistent with OUS being an isosceles triangle with sides OU and OS equal), then
the first line of Eq 65 reduces to

hs = hU
= If the elevation angle is & = m (i.e., S is directly above U), then the first line of Eq 65
reduces to
h'S = hU + d

= If the elevation angle is « = —m (i.e., S is directly beneath U), then the first line of Eq
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65 reduces to

3.6.3 Elevation Angle and Geocentric Angle Known — Basic Method

In this subsection, the independent variables are the elevation angle a and the geocentric angle 6.
The dependent variable is the satellite altitude hg. The same pair of independent variables is
considered in Subsection 3.5.3, in conjunction with determining the slant-range d. In terms of the
classic taxonomy for triangles, this is an ASA (angle-side-angle) situation.

Manipulating Eq 5 and using the substitutions of Eq 34 yields

cos(a) cos(a)
S_W(Re-l_hU)_Re_hU+<COS(a—+8)_1>(Re+hU)
sin(a + 20) sin (36
—hy+2 (a +30) (2)(Re+hu) Eq 66

cos(a + 0)
hszhu+e(a+%0)Re for @<« 1,0<«<1,hy <R,

Eq 66 can also be derived by manipulating the two expressions for the length of OC in Figure 6.
The first two lines of Eq 66 are analytically equivalent. The first is more revealing geometrically.
The second line is better-conditioned numerically when h; <« R, and both angles are small,
which is generally the case in aviation applications.

A valid solution for hg only exists if « + 6 < Zm (because the angles of a plane triangle must
sum to ). However, due errors, the available values for « and 6 may sum to >r (whereby the

loci of constant elevation angle and constant geocentric angle are parallel) or a larger number
(whereby the two loci diverge). When a solution exists, it is unique.

Special-case checks/examples for Eq 66 include:

= |f the elevation angle is « = 0 (i.e., triangle OUS has a right angle at U), then the first
line of Eq 66 reduces to

R, + hy
s = cos(9) ¢
= |f the elevation angle and geocentric angle satisfy a« = —6 (i.e., are consistent with
triangle OUS having a right angle at S), then the first line of Eq 66 reduces to
hs = (R, + hy)cos(8) — R,

= |f the elevation angle and geocentric angle satisfy a = —%6 (i.e., are consistent with

OUS being an isosceles triangle with sides OU and OS equal), then the first two lines of
Eq 66 reduce to

hsth
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3.6.4 Elevation Angle and Geocentric Angle Known — Alternative Method

The law of tangents (Eq 8) applied to triangle OUS (Figure 1), specifically to sides OU and OS
and their opposite angles, and using the substitutions of Eq 34, yields

_hy+ (2R, + hy)tan(a + %H)tan(%e) _ (2Re+ hy) + hycot(a + %0)cot(%9)
5 1- tan(a + %H)tan(%e) B cot(a + %0)cot(%9) -1 Eq 67
hsth+9(a+%0)Re for a<«<1,0<«<1,hy <R,

Special-case checks/examples for Eq 67 are:

= |f the elevation angle is « = 0 (i.e., triangle OUS has a right angle at U), then the first
line of Eq 67 reduces to
R, + hy
= —R
57 cos(0) ¢

= |f the elevation angle and geocentric angle satisfy a = —%6 (i.e., are consistent with

OUS being an isosceles triangle with sides OU and OS equal), then the first line of Eq
67 reduces to

h’S = h’U
= |f the elevation angle and geocentric angle satisfy a« = —6 (i.e., are consistent with
triangle OUS having a right angle at S), then the first line of Eq 67 reduces to
hs = (R, + hy)cos(8) — R,

3.7 Example Applications

Three example applications are presented in this section, with the intent of providing a sense of
how the mathematical equations presented earlier in this chapter relate to real problems. The
examples are intended to illustrate that it is necessary to understand the application in order to
utilize the equations properly and to interpret the results. Also, these examples suggest that,
while providing useful information, the equations in this chapter cannot answer some relevant
question. For that reason, the same examples are re-visited at the end of Chapter 4.

3.7.1 Example 1: En Route Radar Coverage

Application Context — A frequent surveillance engineering task is predicting a radar instal-
lation’s “coverage’. There are two common formulations: Calculate either the minimum visible
aircraft (a) Elevation MSL for a known ground range (geocentric angle) from the radar; or

(b) Ground range (geocentric angle) from the radar, for a known elevation MSL. For either case,
the issues to be considered, and the approach taken herein, are:

= Terrain Effects — As stated in Chapter 1, blockage of electromagnetic waves by
hills/mountains/structures is not addressed herein. These effects would be included in a
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more thorough analysis, and are particularly important in mountainous areas. However,
terrain effects are handled numerically, rather than by an analytic model, and are thus
outside the scope of this document. The earth surrounding the radar is assumed to be
smooth, although not necessarily at sea level.

= Propagation Model — As stated in Chapter 1, real sensors may not have the straight line
propagation paths. Relevant to radars: electromagnetic waves behave according to Snell’s
Law and refract towards the vertical as the atmospheric density increases with decreased
altitude. Refraction effects are most pronounced for long, predominantly horizontal paths
within the earth’s atmosphere (such as occur for an en route radar). A widely used model
that approximates the effects of refraction and is compatible with the equations developed
earlier in this chapter is the “four-thirds earth” model (Refs. 19 and 20). According to
Ref. 19: “The 4/3 Earth radius rule of thumb is an average for the Earth's atmosphere
assuming it is reasonably homogenized, absent of temperature inversion layers or unusual
meteorological conditions.” Ref. 20 is an in-depth treatment of radar signal refraction.

= Radar Antenna Height — Three values are used for the height of the radar antenna
phase center above the surrounding terrain, hy;: 50 ft, representative of the antenna height
for a radar mounted on a tower; 500 ft, representative of the antenna height for a radar on
a hill top; and 5,000 ft, representative of the antenna height for a radar on a mountain top.

Based on these considerations, the two known/independent variables are taken to be:

(1) The satellite/aircraft elevation angle a (provided it is equal to or greater than the
minimum value for the associated antenna height h); and

(2) Either

(a) The geocentric angle 8 between the radar and a target aircraft (so the unknown/
dependent variable is the aircraft altitude hg above the terrain) — governed by Eq 66; or

(b) The aircraft altitude hs (so the unknown/dependent variable is the geocentric angle 8)
— governed by Eq 40.

Associating U with the radar antenna location (because its elevation is known) and S with
aircraft locations, the resulting equations are shown in Eq 68 below. The first line is derived from
Eq 66, with substitutions to account for the four-thirds earth model. Similarly, the second line, is
derived from the second line of Eq 40. Also included is the equation for the geocentric angle 6,
between the radar and the location T where the signal path (for elevation angle «,,,;,,) is tangent
to the earth (Figure 7). In Eq 68: Arcsin and Arccos yield the smallest non-negative angle
solution for arcsin and arccos, respectively; and on the second line, the “+’ is correct except when
a < 0 and the aircraft is between the radar U and the radial passing through the point of
tangency T.

cos(a) 4
hs=hy+|———=——-1])|zR.+h , A= Uy
S U (COS(CZ + %9) >(3 e U) min
. E
4 8 _ (%Re + hU)smz(%a) + %(hs — hy) q68
0 = ——a £ = Arcsin T , 2= QApin
3 3 3Re + hg
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A ( iRe > 2A . hU

Apin = —AI'CCOS | 7/ | = — rcsin —_—

mn 2Re + hs 2(3R. + hs)
Oy = 3 Amin

The results of exercising the first line of Eq 68 are shown in Figure 8. The maximum range
depicted, 250 NM, is the specified value for current en route ATC radars (e.g., ARSR-4 and
ATCBI-6). Curves are shown that correspond to three radar elevations above mean sea level
(MSL) when a = a,,;», the theoretical minimum elevation angle for which targets are visible
(blue) and for @ = a,,,;,,+1 deg larger than the minimum elevation angle (violet). Aircraft whose
range / altitude combinations are above a given curve are visible to the radar; otherwise they are
said to be *below the radar horizon’. If the visibility of aircraft relative to terrain (rather than
mean sea level) is needed, the elevation of the terrain is subtracted from the MSL values in
Figure 8.
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Figure 8 Minimum Visible Altitude vs. Range for Three Radar Antenna Altitudes
Sensitivity to radar antenna elevation — Increasing the height of the radar’s antenna decreases
the minimum altitude at which aircraft are visible. In this example, at the maximum radar range,

raising the antenna from 50 feet to 5,000 feet decreases the visible aircraft altitude by almost
21,000 feet — i.e., the ratio is greater than 4:1. The reason can be appreciated by examining

3-26



DOT Volpe Center

Figure 7. Line US acts like a lever arm with its fulcrum at T. Raising U lowers S, and since T is
generally closer to U than S, the change in the elevation of S is greater than it is in U.

Sensitivity to antenna boresight angle — Increasing the elevation angle of a radar antenna
above the minimum required to avoid blockage of the signal by the earth has a significant
coverage penalty. At the radar’s maximum range, a 1 degree increase in elevation angle corres-
ponds to an increase in the minimum altitude at which targets are visible by approximately

Ao d = (1 deg)(n rad/180 deg)(250 NM)(6,076 f/NM) =~ 26,500 feet Eq 69

The resulting decrease in surveillance coverage is more than is gained by raising the radar
elevation to 5,000 feet. Thus, aligning (often called ‘bore sighting’) the antenna is an important
aspect of a radar installation.

Cone of Silence — “Visibility’ is necessary for an aircraft to be detected by a radar. But it is not
sufficient. Energy transmitted by the radar must reach the aircraft; then, energy scattered (pri-
mary radar) or transmitted (secondary radar) by the aircraft must return to the radar at a detec-
table level. When a radar performs well for most targets (the case here) and a target is visible, the
determining factor for detectability is the antenna pattern. ATC radar antennas are designed to
have their gain concentrated near the horizon, where most aircraft are. Conversely, ATC radar
antenna are not designed to detect aircraft almost directly above them (the ‘cone of silence’).

A ‘rule of thumb’ for detecting a target by an ATC radar is that the target range be at least twice
its height above the radar antenna — e.g., an aircraft at 10,000 ft above the antenna would not be
detected when less than 20,000 ft or 3.3 NM from the radar (Ref. 21). Figure 8 includes the pre-
dicted cone of silence for an ATC radar antenna on the surface; larger antenna elevation values
will result in slightly smaller cones of silence. Generally, the cone of silence is an issue to be
aware of, but is not a major concern.

Targets ‘Below’ the Radar — While the cone of silence is a concern for aircraft nearly above a
radar, when a radar antenna is installed significantly higher than the local terrain level, a similar
issue arises for aircraft close to but at lower altitudes than the antenna. Figure 9 depicts the
vertical plane (analogous to Figure 1) containing the radar antenna and the signal paths (for a
4/3" earth model) that are unblocked by the earth for antenna heights of 50 ft, 500 ft and

5,000 ft above the earth. (Data for these curves are the same as data for Figure 8.) The points of
tangency T with the earth’s surface for these signal paths are 8.7, 27.5 and 86.9 NM from the
radar U. Aircraft located between U and T and vertically below the paths that are tangent to the
earth’s surface are visible to the radar (i.e., the propagation paths between those aircraft and the
antenna are unblocked). Whether the radar can detect them is primarily an issue of the antenna
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vertical pattern. Some radars are designed with a ‘look down’ mode to detect such aircraft. Thus,
Figure 8 and Figure 9 may understate coverage for such targets.

Earth Model — For either the standard-size or 4/3" earth model, the minimum visible aircraft
altitudes are small at short ranges, and model differences are not important. However, the
minimum visible altitudes for the separate models, and their differences, are substantial at longer
ranges. For example, at a ground range of 250 NM, the predicted visible aircraft altitude for a
4/3"% earth model is less than that for a normal-size earth by between 13.4 kft (for a radar
antenna elevation of 50 ft) and 9.4 kft (for a radar antenna elevation of 5,000 ft).

2

Vertical Plane Height from Radar (NM)
SN

m—Earth's Surface
| = =150 foot High Antenna

= = =500 foot High Antenna
— = 5,000 foot High Antenna

0 50 100 150 200 250
Vertical Plane Range from Radar (NM)

Figure 9 Radar Minimum Visible Altitude vs. Horizontal Range

-10

3.7.2 Example 2: Aircraft Precision Approach Procedure

Design of a Precision Instrument Approach Procedure (IAP) is a straightforward application of
the analyses in this chapter. The RNAV (GPS) LPV approach to Kansas City International
Airport (MCI) runway 19L is selected as an example. The approach plate is shown as Figure 10.

The first consideration is that, since the navigation fixes on the approach plate quantify vertical
height in terms of altitude MSL, the same quantity must be used for procedure design. Second,
the user location U is chosen as the point where aircraft crosses the runway threshold. The
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elevation above MSL of U is the sum of the elevation of the runway threshold (THRE = 978 ft)
and the threshold crossing height (TCH = 59 ft); thus, hy = hy = 1,037 ft (where T denotes
threshold).
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Figure 10 Approach Plate: RNAV (GPS) Y for MCI Runway 19L

In terms of the four variables defined in Subsection 3.1.1, the elevation angle « is set equal to the
specified glide path (GP) angle — i.e., @ = 3.00 deg — and is one independent variable. The
second independent variable describes movement along the approach route. Either 6 or hg = hy
(A denoting aircraft) could be used; in this example, 6 is selected because it has fewer draw-
backs. While its published precision (0.1 NM) is less than desired, the limits of its precision are
known. Conversely, only lower bounds for h, are specified on the approach plate; the amount
that each is below the glide path angle is not known. (A reason for selecting this example is that
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there are six positions along the approach route where the minimum altitude MSL is stated.)

For this set of variables — a and 6 known, and h, unknown — Subsection 3.6.3 provides the
solution (Eq 66). Evaluating this equation, repeated here as Eq 70, using the TERPS value for R,
(Eq 32), yields Table 5.

by = =Ry +—2D _p 4 h) Eq 70
A7 ¢ Tcos(a+0) ¢ T f

Table 5 Specified and Computed Fix Altitudes for MCI Runway 19L LPV Approach

Fix Name UMREW | FELUR | REMNS | ZASBO | YOVNU | GAYLY
Dist. from Threshold, NM (Figure 10) 1.9 4.9 6.2 9.3 12.4 155
Chart Min. Altitude, ft MSL (Figure 10) 1,640 2,600 3,000 4,000 5,000 6,000
Computed GP Altitude, ft MSL (Eq 70) 1,645 2,619 3,046 4,075 5,122 6,187

The computed values in the last row of Table 5 are slightly larger than the published minimum
altitudes in Figure 10. Since published minimum altitudes are usually rounded down to the
largest multiple of one hundred feet, it is reasonable to conclude that the 1AP design process
described in the subsection closely replicates FAA process.

3.7.3 Example 3: Satellite Visibility of/from Earth

A question that is readily addressed using the equations in this chapter is: What fraction of the
earth’s surface can see (and be seen by) a satellite at altitude hg? Clearly, hg is one independent
variable in such an analysis. The other independent variable is taken to be the minimum
elevation angle a (often called the mask angle in this context) at which the satellite provides a
usable signal. The quality of signals received at low elevation angles can be degraded due to
multipath and attenuation by the atmosphere; and terrain blockage is an issue at low elevation
angles. The dependent variable is taken to be 6, the geocentric angle between the satellite nadir
N and the user U. For this set of variables, Subsection 3.3.1 provides the solution approach.

An issue is whether to use a normal-size or 4/3rds earth model. Here, normal-size is selected,
because (unlike radar signals) satellite signals are outside of the earth’s atmosphere over most of
their propagation path. The earth’s atmosphere extends to an altitude of approximately 5 NM,
while satellite altitudes are at least several hundred nautical miles. The basic equation to be
evaluated is thus taken from Eq 40. To visualize the impact of satellite altitude on visibility, a
modified version of Eq 33 is used to generate Figure 11.
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4. TWO-POINT / SPHERICAL-SURFACE FORMULATION

4.1 Basics of Spherical Trigonometry

4.1.1 Basic Definitions

Spherical trigonometry deals with relationships among the sides and angles of spherical

triangles. Spherical triangles are defined by three vertices (points
A, B and C in Figure 12) on the surface of a sphere and three arcs
of great circles (a, b and c in Figure 12), termed sides, connecting
the vertices. The angles at the vertices are A, B and C, and the
lengths of the sides are quantified by their corresponding
geocentric angles (a, b and c). In this document, the sphere always
represents the earth.

Spherical trigonometry originated over 2,000 years ago, largely Figure 12 Example
motivated by maritime navigation and understanding the relation- Spherical Triangle

ship of the earth to the *heavenly bodies’. Early contributors were

from Greece, Persia and Arabia. The subject was completed by Europeans in the 18" and 19™
centuries. Until the 1950s, spherical trigonometry was a standard part of the mathematics
curriculum in U.S. high schools (Refs. 22 and 23).

4.1.2 Application to Navigation and Surveillance

In this document, a distinction is made between ‘mathematical’ and ‘navigation’ spherical
triangles. The three vertices of a “mathematical’ spherical triangle can be arbitrarily located on
the surface of a sphere — i.e., all three points can be problem-specific. The sides and interior
angles are all positive in the range (0, w). A “mathematical’ spherical triangle does not have an
defined relationship with the sphere’s latitude/longitude grid.

In contrast, ‘navigation’ spherical triangles involve only two problem-specific locations,
typically labeled U and S in this chapter. The third vertex is chosen as the North Pole P’,
enabling U and S to be related to the latitude/longitude grid. (In many texts, ‘navigation’
triangles are called “polar’ triangles.) Six triangle parts (requiring seven navigation variables)
define a “navigation’ spherical triangle (Figure 13):

* While the North Pole is used in deriving navigation equations, the resulting expressions are valid for points in the
southern hemisphere as well.
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(a) Angular lengths of sides PU and PS —
complements of the latitudes of points U and S,
respectively;

(b) Angle at P — the difference in the longitude of the
points U and S;

(c) Angular length of side US — the geocentric angle
between points U and S; and

(d) Angles at U and S — the azimuth angles of the leg
joining U and S with respect to north.

This chapter is devoted to problems involving two-points
on the surface of a sphere. These can be solved using

navigation spherical triangles. Chapter 6 addresses U(Ly,4p)
situations involving three problem-specific points.

(negative
show:

S (LS ’ j'S)

4.1.3 Applicability to Two-2D Problem Formulation Figure 13 Navigation
Spherical Triangle

A drawback of spherical trigonometry is that it not suited to

problems involving locations above the earth’s surface — i.e., it does not ‘handle’ altitude.
However, the vertical plane defined by two vertices of a spherical triangle and the center of the
sphere conform to the assumptions employed in Chapter 3. Points directly above the two vertices
lie in that plane as well. Thus, for situations involving two problem-specific points, plane and
spherical trigonometry are complementary techniques that can be employed for their analysis.
Moreover, situations involving three problem-specific points can be analyzed in the same way,
so long as the altitude components can be handled in a pairwise manner. Often, problems
involving an aircraft and two navigation or surveillance sensors satisfy this condition.

4.1.4 General Characteristics of Spherical Triangles

The interior angles of a spherical triangle do not necessarily sum to =, and right triangles do not
play as prominent a role as they do in plane trigonometry; interest is largely focused on oblique
triangles. Although Figure 12 and Figure 13 depicts all angles and sides as acute, angles and
sides of mathematical spherical triangles lie in the range (0, ). Angles in navigation analysis
have a wider range of values: latitude varies over [-n/2, n/2], longitude varies over (-x, «],
geocentric angles vary over (0, w) and azimuths vary over (-w, ]. Thus, preferable: latitudes are
found with the arc sine or arc tangent function; longitudes with the two-argument arc tangent;
geocentric angles with the arc cosine; and azimuths with the two-argument arc tangent.
Difference between two longitudes or two azimuth angles may need to be adjusted by +2m, so
that the magnitude of the difference is less than or equal to =.

Two points on a sphere are diametrically opposite (antipodal) if the straight line connecting them
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passes through the center of the sphere. Mathematically, U and S are antipodal when Ly =- L
and A; = Ay + m. If that is the case, the geocentric angle between U and S is =, and an infinite
number of great circle paths connect U and S. Many spherical trigonometry equations, and
particularly those for azimuth angles, are indeterminate for antipodal points.

The expressions developed in this chapter are based on triangle UPS Figure 13 — specifically,
U is west of S. The positive interior angles of mathematical triangle UPS are: Ag — Ay, ¥s,y,

and 2 — vy s If, in fact, S is west of U, the expressions derived remain correct. It is apparent
(and shown in Subsection 4.6.2) that if 0 < ¥,y < 7 then — < 1,5 < 0, and vice versa.

4.1.5 Resources on the Web

The internet has many useful resources concerning spherical trigonometry. Examples, in

approximate decreasing order of their complexity, are:
= |. Todhunter, Spherical Trigonometry, 5" Edition (Ref. 24) — Written by a British
academic. Considered to be the definitive work on the subject, and readily understood
as well. Later editions were published but are not available without charge.
=  W.M. Smart and R.M. Green, Spherical Astronomy (Ref. 25) — Also written by a
British academics. Chapter 1 is devoted to spherical trigonometry. It has equations
and their derivations (including more complex and useful ones).

= Wikipedia, Spherical Trigonometry (Ref. 26) — A fine collection of equations and
background information.

= Wolfram MathWorld (Ref. 27) — Another good collection of equations

= Ed Williams’ Aviation Formulary (Ref. 28) — A website with equations similar to
those in this chapter, without derivations. Also offers an Excel spreadsheet with
formulas as macros.

= Spherical Trigonometry (Ref. 29) — An easily understood, unintimidating
introduction to the topic.

4.1.6 Key Formulas/ldentities

The key formulas/identities for oblique spherical triangles are presented below. These formulas
presume the existence of a solution — i.e., that the known angles and sides correspond to an
actual triangle. Some formulas do not have a solution if that is not the case.

In general, the labeling of the angles and sides of a spherical triangle is arbitrary. Thus, referring
to Figure 12, cyclic substitutions — i.e., A— B, a — b, etc. — can be made to derive alternate
versions of each identity. In addition to the formulas displayed below, there is a rich set of other
identities that can be found in the literature.

Law of Cosines for Sides (also simply called Law of Cosines):
cos(a) = cos(b) cos(c) + sin(b) sin(c) cos(A) Eq71
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The right-hand side contains two sides (here, b and ¢) and their included angle (A). The left-hand
side contains the third side (a), which is opposite to the included angle. This is the most used
identity (or law) of spherical trigonometry.

Primary applications: (1) finding the third side of a triangle, given two sides and their included
angle; and (2) finding any angle of a triangle (using cyclic substitution), given three sides.

The right-hand side of Eq 71 is similar to the expression for cos(b + c), except that another
factor, whose absolute value is no greater than unity, is present. It follows that the right-hand
side must have absolute value no greater than unity, regardless of the values of the three
variables.

Law of Cosines for Angles (also called Supplemental Law of Cosines):
cos(A) = — cos(B) cos(C) + sin(B) sin(C) cos(a) Eq 72

The right-hand side contains two angles (here, B and C) and their included side (a). The left-hand
side contains the third angle (A), which is opposite to the included side. The right-hand side must
have absolute value no greater than unity, regardless of the values of the three variables.

Primary applications: (1) finding the third angle of a triangle, given the other two angles and
their included side; and (2) finding any side of a triangle (by cyclic substitution) from all three
angles.

Law of Sines:
sin(a) sin(b)
sin(4) - sin(B)
Primary application: Considering two angles and their opposite sides, and given three of these
parts, find the remaining part. It is possible to select values for three of the parts such that a
solution for the fourth part does not exist.

Eq 73

When a solution does exist, the ambiguity of the arc sine function must be considered. From
Ref. 24, Article 83: “the point may be sometimes settled by observing that the greater angle of a
triangle is opposite to the greater side.” Article 86 addresses this topic further. For angle B
unknown, it states “if a lies between b and & — b, there will be one solution; if a does not lie
between b and  — b, either there are two solutions or there is no solution”. The cases of a = b
and a = m — b are addressed separately.

Analog of Law of Cosines for Sides (also called the Five-Part Rule):
sin(a) cos(B) = cos(b) sin(c) —sin(b) cos(c)cos(A)
sin(a) cos(C) = cos(c) sin(b) —sin(c)cos(b)cos(A)

Eq 74
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These equations can also be written as
sin(opposite side a) cos(adj ang X)
= cos(side x) sin(side y) — sin(side x) cos(side y) cos(included angle A)

For the formulas herein, the right-hand sides of both lines of Eq 74 have the same two sides and
included angle (and almost identical functions) as the right-hand side of the law of cosines for
sides (Eq 71). However, whereas the law of cosines for sides has the opposite side on the left-
hand side, the analogue law has the opposite side and an adjacent angle.

Primary application: This law is not often used; herein, it’s employed in situations where two
sides and the included angle are known, and it is desired to unambiguously find the two adjacent
angles directly from the known quantities — e.g., see Subsection 4.2.2.

Four-Part Cotangent Formula:

cos(a) cos(B) = sin(a) cot(c) — sin(B) cot(C) (cBal)
cos(a) cos(C) = sin(a) cot(b) — sin(C) cot(B) (BaCb)

Eq 75

These equations can also be written as
cos(inner side) cos(inner angle)
= sin(inner side) cot(outer side) — sin(inner angle) cot(outer angle)

The six elements (or parts) of a triangle may be written in cyclic order as (aCbAcB). The four-
part cotangent formula relates two sides and two angles constituting four consecutive elements.
The outer side and angle (i.e., at the ends of such a sequence) each appears once in Eq 75, as the
argument of a cotangent function, whereas the inner parts appear twice.

Primary applications: (1) Given two angles (here, B and C) and their included side (a), find the
adjacent sides (b and c). (2) Given two sides (c and a, or a and b) and their included angle (B or
C), find the adjacent angles (C and B).

For same three known quantities as the two cosine laws (Eq 71 and Eq 72), the four-part
cotangent formula provides solutions for the adjacent quantities that the cosine laws do not.
However, application (2) can also be accomplished by a combination of the law of cosines (Eq
71) and the analogue law (Eq 74).

Napier’s Analogies”:

cos[z(A B)]
cos[l(A + B)] tan[ ]
sm[ (A- B)] tan[ ]
sm[ A+ B)]

tan [%(A + B)] cos[l(a 5 [1 ] tan B(a + b)]

cos|(a—b)|

[5¢ )%

sin sin[z(a — b)| b 1
sm[l(a + b)] [ C]

Eq 76

tan[ (A- B)] tan [%(a — b)]

* In mathematics, the term ‘analogies’ was historically used for proportions.
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For each equation, either: (a) the right-hand side contains two sides and their included angle, and
the left-hand side contains the opposite two angles; or (b) the right-hand side contains two angles
and their included side, and the left-hand side contains the opposite two sides.

Primary applications (1): Given two sides (here, a and b) and their opposite angles (A and B),
find the remaining side (c) and remaining angle (C). (2) By combining two equations: (a) given
two sides and the included angle, find the opposite two angles, or (b) given two angles and the
included side, find the opposite two sides.

Considering the lower left-hand equation, tan[2(4 — B)] and sin[X(a — b)] must have the same
sign. Thus, A > B if and only if a > b. It follows that, if the sides of a spherical triangle are

ordered based on length, their opposite angles must have the same order based on magnitude,
and vice versa. The lower right-hand equation leads to the same result.

The Law of Tangents for spherical triangles is the ratio of the lower to the upper equations on
either side of Eq 76. It is not used herein.

Delambre’s Analogies:

cos[%(A + B)] sin[%C] cos[%(A — B)] sin[%C]

cos[%(a + b)] N cos[%c] sin[%(a + b)] N sin[%c] -
sin[%(A + B)] cos[%C] sin[%(A — B)] cos[%C] |
cos[%(a — b)] - cos[%c] sin[%(a - b)] - sin[%c]

For each equation: the left-hand side contains two angles and their their opposites sides, and the
right-hand side contains the remaining angle and its opposite side. Angles are always in the num-
erator, and sides in the denominator. Napier’s Analogies are ratios of Delambre’s Analogies.

Primary application: Checking a solution for a triangle (as each expression contains all six parts
of a spherical triangle).

Same Affection for Sums/Difference of Opposite Sides/Angles:

The sides and angles of a ‘mathematical’ spherical triangle all lie in (0, ). Thus %2(4 + B) and
¥ (a + b) must as well. Considering the upper left-hand equation in Eq 77, it follows that these
two sums are less-than/equal-to/greater-than ¥2m synchronously (Ref. 24). Also, %2(A — B) and
¥%(a — b) both lie in (-Y2r, Y2r). Considering the lower right-hand equation in Eq 77, it follows
that these differences are less-than/equal-to/greater-than zero simultaneously. Ref. 24 terms this
characteristic as ‘having the same affection’.
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Solving for Angles and Sides:

When solving for angles and sides using the above formulas, one must be aware of the possi-
bility of multiple angle solutions to inverse trigopnometric functions (Subsection 2.1.6). In the
realm of “‘mathematical’ spherical triangles, where angles and sides are in the range (0, «), the arc
sine function (often arising from use of the law of sines) is the primary source of concern, as two
angles in the range (0, m) can have the same sine value. (However, some physical problems have
two possible solutions — i.e., one solution is ambiguous [not extraneous] and additional infor-
mation must be used to select the correct physical solution.) In the following text, an attempt is
made to avoid these situations, or at least to point them out when they do occur.

4.1.7 Taxonomy of Mathematical Spherical Triangle Problems

A spherical triangle is fully defined by its six parts. The case of five known parts is trivial,
requiring only a single application of either cosine law or the sine law. For four known parts,
there is one non-trivial case. For three known parts there are six cases. Each of the seven cases is
illustrated in Figure 14 and enumerated below (Ref. 26), along with a solution approach. For
some cases, others solutions exist.

@?Q

(bcB)

a
aNaN eIt
(aBC) (aAB) (ABC)

Figure 14 Taxonomy of Mathematical Spherical Triangle Problems

Mathematical spherical triangle taxonomy:
(1) Three sides known; SSS (side-side-side) case — Eq 71, three times

(2) Two sides and the included angle known; SAS (side-angle-side) case — Eq 71 for a,
Eq 73 and/or Eq 74 forBand C

(3) Two sides and a non-included angle known; SSA (side-side-angle) case — Eq 73 for
C, then follow case 7

(4) Two angles and the included side known; ASA (angle-side-angle) case — Eq 72 for
A thenEq730orEq75bandc
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(5) Two angles and a non-included side known; AAS (angle-angle-side) case — Eq 73
for b, then follow case 7

(6) Three angles known; AAA (angle-angle-angle) case — Eq 72, three times

(7) Two sides and their opposite angles known; AASS (angle-angle-side-side) case — Eq
76 for A and a.

4.1.8 Taxonomy of Navigation Spherical Surface Problems

The spherical surface formulation introduced in Section 1.2.2 involves seven variables. For a full
solution to a situation, four variables must be known; from these, the remaining three can be
found. Thus, 35 mathematical problems and 105 solution equations can be posed. However, the
spherical surface situation is symmetric in U and S; interchanging U and S only changes the
notation, but does not change the underlying problem. Of the 35 possible problems, three are
self-symmetric and 16 have symmetric versions — see Table 6.

Table 6 Taxonomy of Spherical Surface Navigation Problems

Prob Known Quantities Problem Structure

4 T . 3] .| Comment
Lu | Au |wsu | Ls | As | wus | @ | SP ‘ SS ‘ No A ‘ Case

1 X X X X X 2 Section 4.2
2 X X X X X 3 Section 4.6
3 X X X X X 3 Similar to #2
4 X X X X X 1
5 X X X X X 4 Section 4.5
6 X X X X X 5
7 X X X X X 3
8 X X X X X 5
9 X X X X X 2 Section 4.3
10 X X X X X 3 Section 4.4
11 X X X X X X 7 Over-specified
12 X X X X X X 1, 2, + | Over-specified
13 X X X X X 5 Similar to #8
14 X X X X X 2 Similar to #9
15 X X X X X 3
16 X X X X X X 2, 4, + | Over-specified
17 X X X X X 6
18 X X X X X 5
19 X X X X X 4 Subsection 4.2.3

1 Symmetric Problem exists

2 This problem is Self-Symmetric

8 Insufficient information to determine longitude
4 Spherical Triangle Case (Subsection 4.1.7)
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As noted in Table 6 (column labeled ‘No A1°), 3 of 19 problems summarized (and 5 of the full 35)
do not involve either longitude being known. Thus the solution can only yield a longitude
difference rather than an actual longitude. Table 6 also references the corresponding spherical
triangle case (Subsection 4.1.7) and the cases that are addressed in the remainder of this chapter.
All seven spherical triangle cases presented in Subsection 4.1.7 occur in Table 6

4.2 The Indirect Problem of Geodesy

North

The Indirect problem of geodesy (introduced in Sub- North

section 1.2.2) is illustrated in Figure 15 (also see Figure
13). The known elements (and their values) of triangle
PUS are sides PU (Yo — Ly) and PS (Y2m — Lg) and the
included angle at P (A — Ay). In terms of the taxonomy U (L, Ap)
of spherical triangles of Subsection 4.1.7, this problem
falls under Case (2) — a SAS (side-angle-side) situation. S (Lg, ig)

Figure 15 Indirect Problem

4.2.1 Computing the Geocentric Angle of Geodesy

Finding the geocentric angle between two locations on the

spherical earth is fundamental navigation task. Referring to Figure 13, the angular distance
between U and S is readily derived from the law of cosines for sides (Eq 71), with the length 6
of the great circle are connecting U and S as the unknown quantity

cos(6) = cos(Ly) cos(Lg) cos(Ay — Ag) + sin(Ly) sin(Lg) Eq 78

The right-hand side of Eq 78 evaluates to a value in [-1, 1]; thus 8 can be found uniquely in [0,
nt]. As ‘sanity’ checks, this expression reduces to 6 = |Lg — Ly| when A = Ay, and to 6 =
IAS _Aul When LS = LU = O

Forms of Eq 78 (e.g., involving logarithms) were utilized for centuries using paper-and-pencil

and rudimentary tables. However, great circle routes only

became practical with the introduction of steam power. During 4
this era, since Eq 78 is ill-conditioned for small values of 6,
alternatives were sought. Thus, a modification was formulated
utilizing the versine (Latin: sinus versus, or flipped sine) — see S D
Figure 16 (Ref. 30).
vers(8) = 1 — cos(0) = 2 sin? (%9) Eq 79
. . : . : B
In early terminology, the ordinary sine function was called sinus i i i
. . ) ) Figure 16 Sine, Cosine and
rectus, or vertical sine. Tables for the versine or haversine (half Versine. and the Unit Circle
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of versine) date to the third century BC.

Using the haversine function, the geocentric angle 6 between known locations U and S can be
found from the historically significant ‘haversine formula’ (Ref. 31)

hav(6) = hav(Lg — Ly) + cos(Lg) cos(Ls) hav(As — Ay) Eq 80

Without explicitly utilizing the versine or haversine functions (which are less needed today, due
to the availability of computers), an analytically equivalent version of the haversine formula is

sin GH) = Jsinz (%(LS — LU)> + cos(Lg) cos(Ly) sin? (%(/15 — AU)) Eq 81

The right-hand side of Eq 81 evaluates to a value in [0, 1], so 8 can then be found uniquely in
[0, =]. Latitude and longitude differences only involve the sine function. This expression reduces
to 6 = |Lg — Ly| when A = A, and to sin(%@) = cos(Ly) |sin (%(/15 - AU))| when Lg = L.

A drawback of Eq 81 (although of far less concern than the problem it solves) is that it’s ill-
conditioned for geocentric angles near . One solution is to use the original equation (Eq 78) in
these situations. Another is to use the following:

cos (%0) = \/cosz (%(LS — LU)) — cos(Lg) cos(Ly) sin? (;(AS — AU)) Eq 82

The previous two equations can be combined to create a form that is monotonically increasing
for 0 < 8 < mand thus not ill-conditioned for any value of & when finding an inverse

. (19) _ \/sinz (%(LS - LU)) + cos(Lg) cos(Ly) sin? (%(AS - AU)) cq 83

: \/cosz (%(LS — LU)) — cos(Lg) cos(Ly) sin? (%(AS — AU))

Remarks: (a) All of the equations for 6 in this subsection are unchanged if U and S are inter-
changed. (b) When the three points P, U and S are aligned (so the triangle PUS is degenerate),
the equations remain valid. (c) An expression for tan(8), vice that for tan(%20) in Eq 83, can also
be derived; see the following two subsections and Section 5.2 (Eq 143).

4.2.2 Computing the Azimuth Angles of the Connecting Arc

Having solved for the geocentric angle, the remaining goal of the Indirect problem of geodesy is
finding the azimuth angles at U and S of the great circle arc connecting these two points. This
determination is slightly complicated by the fact that azimuth angles can vary over the range
[-7t, ], so that a two-argument arc tangent function should be used.
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First, the spherical trigonometry law of sines (Eq 73), applied to the angles at P and at U, yields

sin(s,y) = COS(LS);:ES)S — ) Eq 84

Second, the analogue to the law of cosines for sides (Eq 74) yields

sin(Lg) cos(Ly) — cos(Lg) sin(Ly) cos(As — Ay)

cos(z/;s/u) = Sin(0) Eq 85

Combining Eq 84 and Eq 85 yields

cos(Lg) sin(Ag — Ay)

Eq 86
sin(Ls) cos(Ly) — cos(Lg) sin(Ly) cos(As — Ay) f

tan(tps/u) =

While Eq 84 and Eq 85 depend upon the geocentric angle 8 (which is not a ‘given’ for the
Indirect problem), the solution (Eq 86) for ¥, only depends upon the latitudes and longitudes
of the great circle arc end points, which are “givens’. Thus, the solution for 1, does not chain

from the solution for 6.

The spherical trigonometry methodology employed is symmetric with respect to U and S, so

cos(Ly) sin(Ay — Ag)
sin(Ly) cos(Lg) — cos(Ly) sin(Lg) cos(Ay — Ag)

Eq 87

tan(z/)U/S) =

As mentioned previously, in navigation analyses it is useful to employ azimuth angles in the
range [-x, mt], where negative values denote angles west of north. In some texts, the azimuth
angle at S is taken to be the angle the path would take if it were to continue — i.e., implicitly or
explicitly, point U is taken as the origin and S as the destination of a trajectory. However, herein,
the two points are on an equal basis and the azimuth angle at the second point is that for the great
circle path toward the first point. Eq 86 and Eq 87 reflect this point of view.

Remarks:

= When the three points P, U and S are aligned (so the triangle PUS is degenerate), the
equations in this subsection remain valid.

= |f Eq 84 and Eq 85 are squared and added, the result is .

sin(0) = /[cos(Lg) sin(Ag — Ay)]? + [cos(Ly) sin(Ls) — sin(Ly) cos(Ls) cos(As — A,)]? EQ 88

This expression for the geocentric angle does not have the historical significance of Eq 78
or Eq 80 in Subsection 4.2.1, but is now used in software routines, often in conjunction
with Eq 78 to form tan(6). It is derived using vector analysis in Section 5.2 (Eq 142).
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4.2.3 Alternate Solution Using Napier's Analogies

Referring to Figure 13 (with P=C, S=B and U=A), Napier’s Analogies yields
cos[%(LU — LS)]
sin[%(LU + LS)]
sin[%(LU - LS)]
cos[%(LU + LS)]

tan E(l/)g/u — l/JU/g)] = cot [%(/15 - Au)]

Eq 89

tan [%(IPS/U + ¢U/S)] = cot [%(/15 - AU)]

Because the left-hand side of Eq 89 uses half-angle formulas, the sum and difference of 1,5 and
P,y can be found uniquely in the range (—m, ). Since ¥, ,s and ¥, have opposite signs, the
result of the arc tangent function will be correct for the sum but the difference may require
adjustment by 2.

Special cases: When Lg = Ly, the second line of Eq 89 yields ¢,y = —y/s and the first line
yields tan[ys/y| = cot[%(As — Ay)] /sin[Ly]. When Lg = —Ly, the first line of Eq 89 yields
Ys/u — Yy s = m and the second line yields tan[ys,;| = —tan[%(4s — A)]/ sin[Ly].

The remaining two Napier’s Analogies yield the following espressions for the geocentric angle,
which requiring chaining.

1,1 cos[z(¥syu = Yuys)]
1] =
an [2 ] cos[3(¥s/u + Yuys)]
sin[3(vs/u = Yuys)]
sin[3(ws/u + Yuys)]

cot [%(LU + LS)]
Eq 90

tan [%9] = tan E(LU — LS)]

Eq 89 and Eq 90, in reverse order, can also be used to solve what may be termed the complement
of the Indirect problem of geodesy (Table 6, Row 19): Given the geocentric angle 8 between
points U and S and the path azimuth angles 1,5 and ¥, at both points, what are the latitudes
and the longitude differences for the points?

North
4.3 The Direct Problem of Geodesy y North

The Direct problem of geodesy, introduced in Subsection
1.2.2, is illustrated in Figure 17 (also see Figure 13). The
known elements (values) of triangle PUS are side PU (V4r -
Ly) and side US (8), and their included angle at U (ys,y). ULy, 4ip)
In the taxonomy of Subsection 4.1.7, this problem falls
under case (2) — a SAS (side-angle-side) situation.

Y )
W 7|(negative

S (Ls?,4s?)

Figure 17 Direct Problem

The coordinates L; and A, and the azimuth angle vy of Geodesy
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define a great circle. The Direct problem is the determination of the coordinates of S which is a
given distance 8 from U.along that great circle Related problems are addressed in Sections 4.4,
4.5 and 4.6.

4.3.1 Computing the Satellite Latitude

Applying the spherical law of cosines for sides, where the unknown is the side PS, yields

sin(Lg) = sin(Ly) cos(@) + cos(Ly) sin(@) cos(lps/u) Eq 91l

Latitude angles are restricted to the range [-n/2, n/2], so the principal value of the arc sine
function always yields the correct solution to Eq 91. As checks: when ¥g,, = 0, Ls = Ly + 6;

when yg,y; = m, Lg = Ly — 6; and when g ,;, = %m, Ls = arcsin[sin(Ly) cos(8)].
Alternatives to Eq 91 for finding L are presented in Subsections 4.3.2 and 4.3.3.

4.3.2 Computing the Satellite Longitude

Finding the satellite longitude A is more complex, as longitude angles are in the range [-x, «].
First, apply the spherical law of sines to the angels at P and U

sin(lg — Ay) = Sin(lﬁf)/s ‘E)L:;n(e) Eq 92
Then apply the analogue to the law of cosines for sides
c0s(ls — Ay) = cos(Ly) cos(0) — Cs(l)rslgg)) sin(6) cos(Ys,y) Eq 93
Thus the satellite longitude can be found from
tan(4s = Ay) = cos(Ly) cos(;;n—(lggéj)ns(ii)(e) cos(Ps/u) Eq 94

The right-hand side of the above equation only depends upon “given’ quantities for the Direct
problem, and not on the solution for Ls. By employing a two-argument arc tangent function, the
solution will yield a value of A — A in the range [-=, «]. If this is added to a value of A, (also in
the range [-=, nt]), the result will be in the range [-27, 2nt]. Adjustments of 27 must then be made
to obtain a value of Ag in the range (-x, «].

Two checks on Eq 94, assuming that L, = 0 are: (1) if 5,y = 0, then Ag = 4y; (2) if s,y =

Remarks:
= |f Eq 92 and Eq 93 are squared and added, the result is .
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cos(Lg) = \/[sin(t/;s/u) sin(t9)]2 + [cos(LU) cos(8) — sin(Ly) sin(8) COS(I/)S/U)]Z Eq 95

This expression for the satellite latitude is not well known, but may have a numerical
advantage over Eq 91 when Lg is near a pole.

4.3.3 Computing the Path Azimuth at the Satellite

After Lg and Ag have been found, the Direct problem solution can be completed by finding the
azimuth of the great circle arc at the satellite’s location, ¥ s, using Eq 87. An alternative

approach that does not chain solutions is to first apply the law of sines,

i L
sin(y ) = — LD ) Eq %

A minus sign is present in Eq 96 because, for triangle PUS, the interior angle at S is 2 — ¥ s.
Subsection 4.6.2 elaborates on this topic.

Then apply the analogue to the law of cosines for sides
sin(Ly) sin(@) — cos(Ly) cos(0) cos(z,bs/U)

Cos(wU/S) = cos(Ly) e
Thus
j —cos(Ly) sin(s,y)
tan(l,bu/s) ~ sin(Ly) sin(8) — cos(Ly) cos(6) cos(Ps/v) o
Remarks:

= Once Lg and A have been found, y,,,c may also be computed using Eq 87.

= |f Eq 96 and Eq 97 are squared and added, an alternative expression to Eq 95 results:

cos(Ls) = \/[cos(LU) SiIl(l/)S/U)]z + [sin(LU) sin(8) — cos(Ly) cos(0) COS(I/)S/U)]Z Eq 99

4.3.4 Alternate Solution Using Napier's Analogies

Referring to Figure 13 (with P=B, S=A and U=C), the two expressions on left-hand of Eq 76
(Napier’s Analogies) yield

cos[z(3m — Ly — 6)]
cos[z(3m — Ly + 6)]
sin[;(3r — Ly — 6)]
sin[2(37 — Ly + 0)]

tan [%(AS — Ay — ¢U/s)] = cot [%#’S/U]

Eq 100

tan E(AU — s — sz/S)] = cot [%lpS/U]
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Because both 1,5 and As — 4y lie in (—m, ], both angles can be found uniquely by using other
than the principal value of the arc tangent function. Using these results, either of the two right-
hand expressions in Eq 76 yield the satellite latitude Lg

a3 5)] = Sy en et 0)

an} (- )] = = = o1, - o)

Eq 101

Eq 100 and Eq 101 (in reverse order) can also be used to solve what may be termed the
complement of the Direct problem of geodesy (Table 6, Row 5); also see Section 4.5.

= Given the latitude of point S, the longitude difference A¢ — A between points U and S
the azimuth angle ¥ /s from S to U

= What is the latitude L; of point U, the geocentric angle 8 between U to S and the
azimuth angle v,y from U to S?

4.3.5 Remarks

Two applications of the equations in this section to ‘real world’ problems are

» Finding intermediate points on the trajectory from U to S (using Eq 91 and Eq 94) by
replacing 6 by u6, where 0 < u < 1. A similar functionality that applies to the
vector approach is described in Subsection 5.3.2.

= Determining the latitude and longitude of aircraft S using range/bearing measure-
ments from a VOR/DME ground station U at a known location (Subsection 4.8.6).

For future reference, using Eq 91-Eq 93, Eq 95 and Eq 98, if 8 = Y4m, then

sin(ls) = cos(Ly) cos(bsy)  cos(ls) = [sin?(syu) + sin (L) cos? (o)
sin(Ag — Ay) = % cos(ls — Ay) = — sin(ngsc(c;SS()ll’s/U)
: _sin(¥sy) cos(Ay) — sin(Ly) cos(Psy) sin(dy)
) = Eq 102
\/sinz (¥syy) + sin?(Ly) cos?(Ps/y) q
cos(As) = — sin(s,y) sin(Ay) + sin(Ly) cos(Ps,y) cos(Ay)

52 s0) + sin(Lu) cos? (syo)

tan(l/JU/s) = — cot(Ly) sin(Ps,y)
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4.4 A Modified Direct Problem: Path Azimuth at Satellite Known

In this modification to the Direct problem of geodesy (Section 4.3), the azimuth angle 1, /5 of
the path at the satellite S toward the user U is known, while the azimuth angle v, of the path
at U toward S is unknown (the opposite of the assumptions for these quantities in unmodified
problem). In the taxonomy of spherical triangles in Subsection 4.1.7, this problem falls under

case (3) — a SSA (side-side-angle) situation. In terms of the navigation triangle UPS, the known
elements (values) are sides UP (Y2 — Ly) and US (0) and angle USP (2 — vy s).

4.4.1 Computing the Satellite Longitude

The approach begins by applying the law of sines to triangle UPS

sin(0) sin(Yy/s)

Sin()ls - /‘lu) - - COS(LU)

Eqg 103

A minus sign is present on the right-hand side of Eq 103 because the interior angle of triangle
PUS at S is 2 — 1y s (Figure 13). In computing As from Eq 103, two solutions are possible.
One solution satisfies |1 — Ay| < /2, and the other satisfies 7 /2 < |Ag — Ay| < m. Except
near the poles, the incorrect solution will typically require that the distance between U and S be
much further than the correct solution, and often is not consistent with the sensors’ ranges; thus,
the correct solution can usually be deduced. It may be necessary to adjust Ag to lie in (-, =].

4.4.2 Computing the Satellite Latitude

The satellite latitude Lg is found from Napier’s Analogies (Eq 76), using the solutions for A
obtained from Eq 103

1(n [l(l/) +As— 2 )] 1(n
tan[5 (5~ Ls)| = zzzé(lpzz _ Az n AZ)] tan 5 (5~ Lo +6)]

(5] - Ty o b6 o)

Eq 104

2

The two expressions in Eq 104 are mathematically equivalent, but one may be preferred
numerically in some situations.

4.4.3 Computing the Azimuth of the Connecting Arc at the User

There are multiple ways to find the azimuth angle ;. Napier’s Analogies (Eq 76) is used
because it raises the possibility of using the four-quadrant arc tangent function.
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_ cos[%(@ -2+ Ly)]

tan [%Lbsw] = Cos[%(@ e )] tan [%(AS — Ay + ¢U/S)]

sin[2(6 —Z+ Ly)]
tan [%lpS/U] = Siné(e n % “1))] tan [%(AS — Ay — ¢U/S)]

Eqg 105

4.5 A Modified Direct Problem: Satellite Longitude Known

For this modification to the Direct problem of geodesy (Section 4.3), the longitude of satellite S,
Ag, is known, and the geocentric angle, 6, between the user U and satellite S is unknown. These
are the reverse of the assumptions for these quantities in the Direct problem. In taxonomy of
spherical triangles in Subsection 4.1.7, this problem falls under case (4) — an ASA (angle-side-
angle) situation. The known elements (values) are angles UPS (A5 — 4y) and SUP (¥s,y) and
their included side UP (Y4x - Lyy). Subsection 4.3.4 addesses this problem using Napier’s
Analogies; a different approach is used here.

In the development below, it is assumed that A # A, because when A = A there is either no
solution (5 # 0 and Y,y # ) or an infinite number of solutions. With this assumption, the

problem is well-posed, since every non-meridian great circle crosses every line of longitude
exactly once.

4.5.1 Computing the Satellite Latitude

The latitude Lg is found from the four-part cotangent formula (Eq 75)

sin(Ly) cos(As — Ay) + sin(As — Ay) cot(Psy)
cos(Ly)

tan(Lg) = Eqg 106

When using the arc tangent function, Lg can be unambiguously found in (-r/2, n/2).

4.5.2 Computing the Geocentric Angle

The geocentric angle 6 is found from the four-part cotangent formula (Eq 75)

sin(Ly) cos(l,bs/u) + sin(l,bs/u) cot(Ag — Ay)

Eq 107
cos(Ly)

cot(@) =

When using the arc cotangent function, 8 can be unambiguously found in (0, x).

4 5.3 Computing the Azimuth of the Connecting Arc at the Satellite

The azimuth angle ¥y s is found without chaining from the law of cosines for angles (Eq 72)
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COS(I/)U/S) = sin(z/;s/u) sin(Ag — Ay) sin(Ly) — cos(z/;s/u) cos(Ads — Ay) Eqg 108

Using the arc cosine function, 1,5 can be found uniquely in either [0, x] or [-x, 0], whichever of

the two ranges does not contain i, (see Eq 110 and associated discussion). Using chaining,

Pys can also be found unambiguously from the four-quadrant arc tangent function.
cos(Ly) sin(As — Ay)

sin(6) [sin(ws/u) sin(As — Ay) sin(Ly) — cos(l,bs/u) cos(As — Ay)]

tan(yys) = Eq 109

4.6 The Hybrid Problem of Geodesy

4.6.1 Problem Characterization

For this modification to the Direct problem of geodesy (Section 4.3), the latitude Lg of satellite S
is known, and the geocentric angle 6 between the user U and satellite S is unknown. These are
the reverse of the assumptions for these quantities in the Direct problem. In the taxonomy of
mathematical spherical triangle problems (Subsection 4.1.7), this situation falls under case (3) —
a SSA (side-side-angle) situation. Referring to Figure 13,the known elements (values) are sides
PU (Y2 — Ly) and PS (Y2 — L) and angle PUS (s ,y). The user’s longitude 4, is not used

in solving the mathematical triangle, but is used in situating that triangle on the earth’s surface.

This problem, which has been termed the Hybrid problem of geodesy, may not have a solution.
The reason is that, except a meridian, every great circle has a maximum latitude L,,, and
minimum latitude — L. If the [Liyay| associated with a specified L, and 1,y is less than the

specified |Lg|, then a solution does not exist.

Conversely, if the |Ly.x| associated with a specified L, and s, is larger than the specified |Lg|,

then two solutions exist. Solutions pairs are symmetric in longitude about A4, the longitude
corresponding to L. FOr convenience, assume that L;; > 0:

= When 0 < gy < %n: If Ly < Lg < Ly, there is a solution pair with both satisfying
0 < As — Ay < m; if Ly = Lg, there is one solution satisfying 0 < g — Ay < m (U is the
other “solution’ in the pair); if —L; < Lg < Ly, there is a solution pair with one
satisfying 0 < Ag — Ay < m and one satisfying —m < Ag — Ay < 0; if =Ly < Lg <
—Ly, there is a solution pair with both satisfying —m < As — A1y < 0.

= When %n <WPgsy <m If Ly < Lg < Lyay there is a solution pair with both satisfying
-1 < Ag — Ay < 0;if Ly = Lg, there is one solution satisfying —m < Ag — Ay < 0 (U is
the other “solution’ in the pair); if —L; < Lg < Ly, there is a solution pair with one
satisfying 0 < A — Ay < m and one satisfying —m < Ag — Ay < 0; If —Lya < Lg < =Ly,
there is a solution pair with both satisfying 0 < A¢ — 1y < .
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4.6.2 Computing the Azimuth of the Connecting Arc at the Satellite

The solution approach begins by applying the law of sines to find ¥, /5

cos(Ly) sin(¥s,y)
cos(Lg)

Sin(l,bU/S) = — Eq llO

As in Eq 103, a minus sign is present on the right-hand side of Eq 110. Thus, Eq 110 requires
that if 0 < ¢,y < mthen — < Py,5 < 0, and vice versa.

The absolute value computed for the right-hand side of Eq 110 can be: (a) greater than unity (in
which case there is no solution, as |Lg| > Lpyay); (b) equal to unity (in which case there is one
solution, as |Lg| = Limay); and (c) less than unity (in which case there usually two solutions, as
|Ls| < Limax)- If (c) is true, label the two possible solutions 5, and ¥y s, and proceed. If (b)
is true, proceed assuming ¥y /51 = Pyys,2 (@lso, refer to Section 4.7).

4.6.3 Computing the Satellite Longitude

For the two solutions for i, ; found in Eq 110, the corresponding longitudes 4 ; are found
using Napier’s Analogies (Eq 76) applied to triangle PUS.

1 cos|Z(Ly — Lg) 1
tan [5(/15,1' — Au)] =— [Z(LZ " Lj)]] cot [E(ll)s/u — 1/;U/5'i)]

2
sin %(LU — LS)]
cos[%(LU + Lg)]

Eq 111

tan [%(As,l- — AU)] = cot B(lps/u + I/JU/S,i)]

Because a half-angle formula is used on the left-hand side of Eq 111, given a value for ¢ ;,
each solution for Ag; can be unambiguously found in the range (4y, Ay £ m). Selecting between
the two expressions in Eq 111 can be based on numerical behavior. Limiting cases are:
= North-South Path — For both expressions, the cotangent function fails on a perfect
north-south route (ys,, = 0 or ¥,y = m). By inspection, in this situation As = 4y;
handling it as a special-case is one way to address it.

= ‘East-West’ Path — When Lg = Ly, then ¥, ,s = —5/y and the second expression in
Eqg 111 reduces to the indeterminate form Oxcc. However, the first expression yields the
correction solution: tan[2(As — A;)] = cot[ys,y]/sin[Ly]. (The last expression reduces
to the indeterminate form Oxoo at the equator, as there is not a unique solution then.)

4.6.4 Computing the Geocentric Angle

The geocentric angle 6 is found from “the other half” of Napier’s Analogies (Eq 76), again using
the solutions for g, found using Eq 110.
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o1 cos[x (s —Yussi)]

tan [59‘] ~ cos[2(Wsu + Yuysi)] “ [E(LU ' LS)] Eq 112
1,1 sin[3(syu — Yuysi)] Lo

tan [501-] = Sn[2 (W0 + Yoss0)] tan [E(LU Ls)]

The choice between the two expressions in Eq 112 can be based on the numerical behavior and
avoidance of singularities. Limiting cases are:

North-South Path —If ¥5,, = 0 then ¥, ;s = m, and vice versa. In both cases, the
fraction in the first expression reduces to the indeterminate form 0/0. However, for either
direction of travel, the second expression yields the correction solution, 8 = |L; — Ls|.
‘East-West’ Path — When Lg = Ly, then ¥ ,5 = —5,y and the second expression
reduces to the indeterminate form 0/0. However, the first expression yields the correction
solution (Subsection 4.2.3), tan[26;] = cos[is,y] cot[Ly]. (This expression reduces to
the indeterminate form Oxoo at the equator, because there is not a unique solution in that
situation.)

4.6.5 Remarks

Unlike the solution for the Direct problem of geodesy (Section 4.3), the solution
sequence here involves chaining (which is typical of SSA problems). Thus, 1, must be
found, even if it is not needed.

One way this problem could arise in aviation is using a sextant to measure latitude
(‘shoot’ the North Star) and using a VOR to measure ¢ ;.

While the topic of lines (or surfaces) of position is deferred to Chapter 6, it’s clear that
for this set of known quantities, the geometry favors (approximately) north-south routes.
On (approximately) east-west routes, the latitude and bearing information are close to
being redundant while there is little information about change in east-west location.
With minimal modifications, the analysis of this section applies to the problem where
Yy/s is known, rather than s ,,. The only explicit change in the above equations is that
Eq 110 is modified to place 15/, on the left-hand side.

4.7 Vertices of a Great Circle

4.7.1 Clairaut's Equation

A special case of Clairaut’s equation” applies to great circles (i.e., encircling the earth), and can
be simply derived by applying the law of sines to ‘mathematical’ triangle UPS. The result is:

cos(Ly) sin(z/;s/u) = —cos(Lg) sin(t/)U/S) Eq 113

The minus sign occurs in Eq 114 because the interior angle at S is 2 — ¥y and

* Alexis Claude de Clairaut (or Clairault) (1713 —1765) was a prominent French mathematician, astronomer and
geophysicist.
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sin(2m — Yy ,s) = —sin(yy,s). So at all points on a great circle, when moving in one direction:

cos(L)sin(yp) =C , C aconstant Eq 114

Clearly, |C| < 1; C is positive for eastward routes and negative for westward routes. Satisfying
Eq 114 is a necessary, but not sufficient, condition for the path to be a great circle —e.g., a
counterexample is a constant-latitude route.

4.7.2 Great Circle Vertex Latitude

A common application of Eq 114 is finding the northern-most and southern-most latitudes of a
full great circle — termed “vertices’ in Ref. 1. At a vertex, sin(y)) = %1, so if the latitude Ly
and azimuth 1, of one point on a great circle are known:

cos(Lmax) = cos(Ly) |sin(1/J5/U)| = |C]| Eq 115

The great circle lies in a plane containing the center of the earth O. L, is the angle between the
great circle plane and the equatorial plane (and |C| is the cosine of that angle). The latitude of the
Southern Hemisphere vertex is —Lyax-

If two points U (Ly, Ay) and S (Lg, Ag) on a great circle are known, the Indirect problem of
geodesy can be used to find s,y; then Eq 115 can be used to find Ly,y. An alternative is to use

the Indirect problem to find the geocentric angle 8,5 between U and S; then 5, can be found
in terms of 8, using Eq 84 and the result substituted into Eq 115:

cos(Ly) cos(Lg) sin(Ag — Ay)
sin(fys)

cos(Lmax) = Eq 116

With Ly, the geocentric angle 6, between U and the vertex V can be found from the law of
cosines applied to triangle UPV with a right-angle at V' (where L;; may be positive or negative)
sin(Ly)

— v Eq 117
sin(Lmax)

cos(Oyy) =

4.7.3 Great Circle Azimuth Angles

At the two points displaced in longitude by +n/2 from a vertex, the great circle crosses the
equator. There sin(y)) = C, so Y| = %n + L. FOr an eastward route, v satisfies

1 1 1 1
ST~ Lnax < Y < 5T+ Liax; for a westward route, — o= Lpay < Y < =T+ Linax-

4.7.4 Great Circle Vertex Longitude

The longitude A4 corresponding to Ly, can be found unambiguously using equations from
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Section 4.6. At vertex V, the path azimuth y is £n/2. If V is thought of as S, the sign of what
would be ¥y s is the opposite of the sign of 1,,. Thus from Eq 111:

COS[Z(LU max)]
sm[ (Ly + Lmax)]

sin (LU max)]
cos[l(LU + Lmax)]

tan [%(Amax - AU)] [% (lPS/U + Sgn(lpS/U)%ﬂ)]

Eq 118

tan [ (Amax — AU)] [% (lPS/U - Sgn(lpS/U)%ﬂ)]

The longitude of the Southern Hemisphere vertex is A, £ . An expression for A, that does
not involve chaining from the solution for L,y is derived by vector analysis in Chapter 5 (Eq
156).

Using geocentric angle 8, an alternative but ambiguous expression for A, can found using

the law of sines
sin(6yy)

Sil’l(/lmax - /1U) = m

Eq 119

4.7.5 Conditions for a Path Containing a Vertex

As stated in Section 4.6, not all great circle paths connecting points U and S pass through the
verteX at (Lmax, Amax) OF its Southern Hemisphere counterpart. To pass through a vertex, the route
between U and S must have enough of a change in longitude to bend towards, and away from, a
pole. The path between U and S will pass through (Lay, Amax) if the absolute values of the
azimuth angles at U and S are both less than 90 deg:

1 1
|¢S/U| <,m and |¢’U/s| <gT Eq 120
In this situation, the great circle route connecting U and S will pass closer to the North Pole than
either end point, U or S.

The great circle route connecting U and S will pass closer to the South Pole than either U or S if
the absolute values of both azimuth angles are obtuse

|l/)S/U| > %” and |l/)U/s| > %ﬂ Eq 121

4.8 Example Applications

The example applications presented at the end of Chapter 3 are extended in the first three (of the
seven) subsections below. These demonstrate the capabilities of spherical trigonometry to pro-
vide more complete solutions to problems. Then, four examples are added — flight route
planning, display of radar measurements, determining an aircraft’s coordinates from a single
VVOR/DME station and the error in modeling the ellipsoidal earth as a sphere.
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4.8.1 Example 1, Continued: En Route Radar Coverage

Predictions of radar visibility of aircraft as a function of the aircraft’s range and altitude, intro-
duced in Subsection 3.7.1, are useful. However, for a specific radar installation, a more valuable
analysis product is a depiction of the radar’s altitude coverage overlaid on a map. As an example,
the ARSR-4/ATCBI-6 installation at North Truro, MA (FAA symbol: QEA) is selected. Assoc-
iating U with the radar location, its coordinates are L;; = 42.034531 deg and A, = -70.054272
deg, and its antenna elevation is hy = 224 ft MSL. Assumming that the terrain elevation in the
coverage area is 0 ft MSL, which is correct for the nearby ocean and optimistic (i.e., terrain
blocking is not considered) for the nearby land.

Associating S with the aircraft location,the sequence of calculations is:
= Using Eq 68 (third line), the radar’s minimum usable elevation angle is found to be
Amin = —0.230 deg
= Aircraft altitudes hg of 3,000 ft, 10,000 ft and 25,000 ft MSL are selected for the
contours to be depicted.

= Using Eq 68 (second line), the geocentric angles 6 corresponding to the selected
altitudes are found. The associated ground ranges R, 8 are 85.7 NM, 141.2 NM and
212.6 NM, respectively.

= Using Eq 68 (first line), the minimum visible aircraft altitude at the radar’s maximum
ground range of 250 NM is found to be hg = 35,590 ft.

= Aset of equally spaced azimuth angles ¥, are selected for the radials from the
radar U to each point S on a coverage contour

= For the geocentric angle 8 corresponding to each contour, and for each azimuth angle
Ps,u, the latitude/longitude (Lg, As) of the corresponding point S on the contour are
found from Eq 91 and Eq 94.

The result of performing the above steps for the North Truro radar system is shown in Figure 18.
(An alternative method for finding coverage contours is described in Subsection 4.8.3. The
method described immediately above can be adapted to situations where terrain blocking must be
considered, while the method of Subsection 4.8.3 cannot, but is more efficient.)

Significance of contours: (a) Inside a contour, aircraft having altitudes equal to or greater than
the contour value are visible to the radar; and (b) Outside the contour, aircraft having altitudes
less than the contour value are not visible to the radar. The contours in Figure 18 appear as
circles, but that is not true in every case. When terrain is not accounted for, the contours appear
smooth, but their shape depends upon the map projection employed. When a terrain blocking is
accounted for, the contours are irregular/jagged.
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Figure 18 Aircraft Altitude Visibility Contours for the North Truro, MA, Radar System

Consistency Check — The primary purposes of QEA are (1) surveillance of higher altitude
airspace, for use by ARTCC controllers; and (2) surveillance of much of the New England off
shore airspace, for use by the Department of Defense (DoD). A third purpose is backup
surveillance of the Boston TRACON airspace; horizontally, this airspace is a circle centered on
Logan Airport with a radius of 60 NM. Boston TRACON controllers have stated that they
consider QEA coverage to extend upward from an altitude of 3,000 ft MSL. Figure 18 is
consistent with that statement.

Cone of Silence — As discussed in Subsection 3.7.1, ATC radars usually have a cone of silence
directly above the antenna; aircraft within this (relatively small) cone may not be detectable.
Following the usual practice, contours for QEA’s cone of silence are not shown in Figure 18.

The U.S. has an extensive ATC radar infrastructure. Generally, one radar station’s cone of
silence will be within the coverage area of one or more other radars. In the case of QEA, the
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Boston ARTCC also receives feeds from: the Nantucket, MA, terminal radar (46.5 NM from
QEA, at essentially sea level), which covers QEA’s cone of silence down to approximately

500 ft MSL,; and the Cummington, MA, en route radar (132.1 NM from QEA, at an elevation of
2,000 ft MSL) which covers QEA’s cone of silence down to approximately 5,000 ft MSL.

4.8.2 Example 2, Continued: Aircraft Precision Approach Procedure

Subsection 3.7.2 illustrates computation of the flight profile (altitude vs. distance from threshold)
for an aircraft precision approach procedure. However, for the procedure to be used
operationally, the coordinates of the fixes are needed by ATC personnel. Computing them is a
straightforward application of spherical geometry.

The sequence of calculations is as follows:

= Using the FAA’s National Flight Data Center (NFDC, Ref. 32) or the AirNav
(Ref. 33) websites, the latitudes and longitudes of the ends of KMCI runway 19L / 1R
are obtained.

= Associating U with the 1R end and S with the 19L end of the runway, the azimuth of
the approach course in the direction away the 19R end is computed, using Eq 86, to
be ys,y; = 12.89 deg

= Associating U with the 19R end of the runway and S with the fix locations, the
coordinates of the fixes are found using Eq 91 and Eq 94.

The results of carrying out steps 1-3 are shown in Table 7.

Table 7 Computed Fix Coordinates for MCI Runway 19L LPV Approach

Fix Name UMREW | FELUR REMNS ZASBO YOVNU GAYLY
Range from Threshold, NM 1.9 4.9 6.2 9.3 12.4 155
Latitude, deg 39.337737| 39.386470| 39.407586| 39.457940| 39.508292| 39.558642
Longitude, deg -94.692345|-94.677907(-94.671645|-94.656696|-94.641725| -94.626732

4.8.3 Example 3, Continued: Satellite Visibility of/from Earth

Extending the analysis in Subsection 3.7.3 to calculating the latitude/longitude coordinates of the
perimeter of the footprint of a geostationary satellite is an example of the application of the
topics in this chapter. Geostationary satellites are approximated as having circular orbits and
being positioned above the earth’s equator. Their altitudes are selected so that their orbital speed
matches the earth’s rotation rate. Thus, from the earth, they appear to be stationary.

The Wide Area Augmentation System (WAAS) satellites (which augment the Global Positioning
System (GPS)) are chosen for this example. The FAA currently operates three geostationary
WAAS satellites (Ref. 34) in order to satisfy the requirements of demanding civil aviation
operations — e.g., precision approaches similar to ILS Category I.
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This analysis is done in two distinct steps. The first step (discussed in Subsection 3.7.3) is to find
the geocentric angle 8 from the nadir N (of satellite S) to user U on the perimeter of the foot-
print. The parameters used in this calculation are:

= Satellite altitude hg = 35,786,000 m = 19,323 NM

* Maskanglea = 5deg

= Radius of the earth R, = 6,378,137 m = 3,444 NM (Eq 23)

Substituting these values into Eq 40 yields 6 = 76.3 deg. Thus the a user U on the earth’s surface
can be up to 76.3 deg (in terms of the geocentric angle) away from the satellite nadir N and
WAAS satellite will be visible. Since geostationary satellites are directly above the equator, the
maximum user latitudes with visibility are £76.3 deg if the user is at the same longitude as the
satellite. Similarly, if the user is on the equator, the longitude extremes at which the satellite is
visible are £76.3 deg from the satellite longitude.

The second step of the analysis is obtaining the latitude/longitude coordinates (L, Ay) of an
arbitrary point U on the perimeter of the visible region. This step can be done in at least two
ways. One way, described in Subsection 4.8.1, utilizes Eq 91 and Eq 94 (with subscript U
replaced by N, and subscript S replaced by U).

An alternative method for finding the coordinates of coverage perimeter locations employs a
modified version of Eq 81. Taking the coordinates of the satellite nadir to be (Ly, Ay), Where
Ly = 0, for a given (or assumed) user latitude L, the corresponding user longitude A, given by

sin?(36) — sin? (%(LU))
cos(Ly)

Ay = Ay £ 2 arcsin \] Eq 122

Using Eq 122 and a set values is assumed for L;; in the interval [-8, 8], the corresponding two
sets of values for A, are computed (which are symmetrically located about Ay).

The WAAS satellite labels and longitudes are: AMR, -98 deg; CRE, -107.3 deg; and

CRW, -133 deg. After the calculations of Eq 122 are carried out, the results are depicted in
Figure 19. For context, the locations of a few airports are also shown in Figure 19. Ref. 34 has a
page, “WAAS GEO Footprint”, which contains a figure that is similar to Figure 19.
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Figure 19 WAAS Satellite Visibility Contours for 5 deg Mask Angle

4.8.4 Example 4: Great Circle Flight Route

For many reasons — e.g., siting of ground-based communications, navigation and surveillance
equipment; estimation of fuel consumption; positioning of search and rescue assets; and analysis
of flight routes — there is a need to calculate path distances between any two locations on the
earth. Such calculations are a straightforward application of the equations presented earlier in
this chapter. The basic approach is: (a) solve the Indirect problem of geodesy (Section 4.2), so
that geocentric angle (i.e., path length) and the azimuth angles of the path end points are known;
then (b) divide the path into equal-length segments and solve the Direct problem of geodesy
(Section 4.3) for each segment, starting at one end of the path and progressing to the other.

The result of carrying out these steps for the route between the Boston Logan (BOS) and Tokyo
Narita (NRT) airports is shown in Figure 20. This figure employs Cartesian coordinates to
display longitude on the abscissa (which is effectively a Mercator scaling) versus latitude on the
ordinate utilizing equal map distances for equal angles (which is not Mercator scaling). In
addition to showing the great circle flight path for a spherical earth model (green curve), Figure
20 also shows the shortest path for an ellipsoidal earth model using Vincenty’s algorithm
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(Subsection 2.2.3). On this graphic, the separation between the curves is not perceptible. The
largest separation occurs at the highest latitude, where the ellipsoidal-earth path latitude is
0.06 deg greater than the great circle/spherical earth path.
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Figure 20 Mercator-Like View of BOS-NRT Great Circle and Rhumb Line Routes

For the great circle/spherical earth route; the azimuth angle at BOS is 334.8 (-25.2) deg, the
azimuth angle at NRT is 22.8 deg, and the geocentric angle is 8 = 1.689 rad, or 53.8% of = rad
(= rad being the longest possible great circle route). The computed distance (using the earth
radius defined in Eq 31) is 5,810.4 NM, while the distance computed using Vincenty’s algorithm
is 5,823.5 NM. The ellipticity error for the spherical-earth path length is 0.2%.

The trajectory’s northern-most latitude is N71.7 deg (Eq 116), which occurs at a longitude of
W143.42 deg. Equations from Section 4.6 predict that the trajectory crosses the Arctic Circle
(N67 deg latitude) at longitudes of W104.7 deg and E177.9 deg. The trajectory is within the
Arctic Circle for 29.2% of its length, although in Figure 20 it appears to be a larger fraction
because the convergence of longitude lines at the Pole is not depicted.

Figure 20 also shows the course from BOS to NRT for the rhumb line (constant azimuth angle)
method historically used for marine navigation (Section 9.3). The azimuth angle for a rhumb line
from BOS to NRT is 266.7 (-93.3) deg. The rhumb line path is 19% or 1,106.7 NM longer than
the great circle route calculated using Vincenty’s algorithm.

Figure 21 depicts a polar view of the great circle and rhumb line routes. For this perspective,
(@) the great circle route is almost a straight line while the rhumb line route is circular, and
(b) the difference in the lengths of the paths is obvious.
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Figure 21 Polar View of BOS-NRT Great Circle and Rhumb Line Routes

Contrasting Figure 20 and Figure 21 illustrates value of matching the charting technique to the
method for defining a route. Figure 20 is similar to a Mercator projection”, with both having the
property that rhumb lines are straight; and Figure 21 similar to a gnomonic projection, which
has the property that great circles are depicted as straight lines. Mercator projections were
preferred for maritime navigation before the equivalent of autopilots were available, while
gnomonic projections are preferred for aircraft navigation.

The BOS-NRT city pair has all three factors that favor great circle navigation over rhumb line
navigation: widely separated origin and destination, approximately co-latitude origin and
destination, and the end points are at mid-latitudes. A contrasting route is Boston (BOS) -
Buenos Aires (EZE). It has a roughly similar length, but is oriented north-south. For BOS-EZE
the rhumb line path is 0.007% (0.3 NM) longer than the great circle path.

4.8.5 Example 5: Radar Display Coordinate Transformations

In this subsection, an ATC radar is associated with the user U and an aircraft under surveillance
with the satellite S. The radar’s installation information will include:

* For a true Mercator projection, the displayed linear distance between equal latitude angular increments as well as
between equal longitude angular increments increases towards the poles.

' For a true gnomonic projection, the displayed linear distance between equal latitude increments increases toward
the equator.
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Ly — Radar latitude
Ay — Radar longitude
hy, — Radar antenna elevation above sea level

For each scan (antenna revolution), a secondary surveillance radar provides three quantities
concerning an aircraft:
Ys,y — Alrcraft azimuth relative to North (determined from the antenna direction)
d — Slant-range between the aircraft and the radar (determined from interrogation-reply time)
hg — Aircraft barometric elevation above sea level (reported by the aircraft transponder).

Some long-range radars may correct for propagation phenomena (e.g., refraction), but those
capabilities are not addressed here.

The first goal in ATC radar display is to accurately
depict the horizontal separation between aircraft pairs.
When two aircraft are only separated vertically (i.e., are
at the same latitude and longitude) then their screen
icons should overlay each other — or at least be close in
comparison to the minimum allowable separation. Figure
22 illustrates the effect of directly displaying the slant-
range of two aircraft that are only separated vertically
(although it exaggerates the effect). Without altitude or
elevation angle information, this may be the best that can
be done. Partly for this reason, aircraft operating in busy Figure 22 Effect of Displaying a

airspace are required to have a Mode C capable Target’s Slant-Range
transponder.

Generally, the display processing methodology depends upon the radar’s maximum range. Two
situations are addressed.

Tangent Plane Display — This method displays targets on a plane that is tangent to the earth at
the radar’s latitude/longitude and sea level. Locations on the plane can be computed in Cartesian
(east/north) or polar (range/azimuth) coordinates. The steps in the calculation are:

= The aircraft elevation angle, «, is found using Eq 50, repeated here:
(hs — hy)? + 2(R, + hy) (hs — hy) — d? Eq 123
2(R, + hy)d

= The aircraft range along the tangent plane, Rngrp , is found (sometimes called the
slant-range correction)

sin(a) =

Rngrp = dcos(a) Eq 124
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= |f needed, TPRng can be resolved into east and north components
Eastrp = Rngrp sin(¥s,y)

Eq 125
Northrp = Rngrp cos(¥s/y)

This method accounts for the difference between slant-range and ground range, but does not
account for the curvature of the earth. Figure 23 shows the slant-range correction error (differ-
ence in computed Rngrp values for two aircraft at the same latitude/longitude but different
altitudes) for ranges/altitudes characteristic of a terminal area radar.
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Figure 23 Slant-Range Correction Error for Tangent Plane Terminal Radar Display

The maximum slant-range correction error is approximately 260 ft. This may be contrasted with
the difference in the slant-ranges, 644 ft, and the nominal terminal area separation standard of 3
NM. Thus the display processing removes more than half of the error that would occur with
display of measured ranges, but there remains a residual error of 1.5% of the separation standard.

Latitude/Longitude Display — Because errors for a tangent plane display increase with the
ranges and altitude differences of aircraft targets, en route radars use a more accurate method that
fully accounts for the earth’s curvature.

= The aircraft’s geocentric angle relative to the radar is found using Eq 44
= The aircraft’s latitude/longitude are found from Eq 91 and Eq 94

= The aircraft’s latitude and longitude are converted to the coordinates of a map
projection (e.g., Lambert conformal conic) for display to a controller.
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En route radar coverage area will include multiple airports, including possibly several major
ones. It’s advantageous to display targets relative to the airport locations.

4.8.6 Example 6: Single-Station VOR / DME RNAV Fix

A single VOR/DME station S provides an aircraft A with its azimuth angle 14,5 (VOR function)
and slant-range distance dg, (DME function) relative to the station. For area navigation
(RNAYV), it may be necessary to use those measurements to determine the aircraft’s latitude and
longitude A (L4, A4). The aircraft’s altitude h, is assumed known, as are the station coordinates
(Lg, As) and DME antenna altitude h.

The first step is to convert the measured slant-range dg, to the geocentric angle 65, (sometimes
called the slant-range correction). This is accomplished by utilizing Eq 44, except that subscript
U is replaced by S, and subscript S is replaced by A. The Direct problem of geodesy is then
applicable (Section 4.3). The aircraft’s latitude and longitude are found from Eq 91 and Eq 94,
with the same subscript substitutions applied. Finally, if desired, the azimuth angle of the station
relative to the aircraft may found from Eq 98 (again, with the same subscript substitutions).

Remarks:

= While the terminology and notation are different, the processing steps in this
subsection are identical to those used for an en route radar latitude/longitude display
in Subsection 4.8.5.

= While the slant-range correction of is usually considered a necessary step in en route
radar processing, it is often not performed in navigation applications. The distances
involved are generally shorter, and the measurements are generally less accurate
(particularly the VOR measurement of 1, 5). Thus, for RNAV, the approximation
Os4 = dsa /R, (in lieu of Eq 44) may be sufficient.

= |f the station only provides a range (DME) measurement, but the azimuth angle from
the aircraft to the station, 1,4, can be measured, then the expressions in Section 4.4

can be used to find the aircraft latitude/longitude and the aircraft azimuth from the
station.

4.8.7 Example 7: Path-Length Ellipticity Error for Selected Airport Pairs

To provide an indication of the accuracy of the spherical earth approximation, a set of fourteen
airports were selected. These airports are intended to be representative of current aviation
activity. However, in terms of frequency of operations, they over-emphasize longer routes (and
some are too long for commercial transport aircraft at this time). The result is a total of 91
possible paths between airport pairs. For each pair, estimates of the length of the paths are
computed for:

4-32



DOT Volpe Center

a) WGS-84 ellipsoidal earth model utilizing Vincenty’s algorithm cited in Subsection 2.2.3
(which is treated as a ‘black box’), and

b) Spherical approximation of the earth utilizing the radius in Eq 31 and the expressions in
Eq 143, Eq 144 and Eq 145.

The fourteen airports are partitioned into two groups of seven each — CONUS (Table 8) and
International (Table 9). The CONUS group spans the CONUS land area and includes paths of
various lengths and orientations. The International group, which includes airports in Alaska and
Hawaii, has airport pairs with greater separation and paths that cross the equator. The longest
path is HNL-JNB (10,365 NM), which is not feasible with current commercial aircraft. As a
point of interest, the longest scheduled commercial flight route was 8,285 NM, between Newark
and Singapore; it is no longer in operation, reportedly for business reasons.

Table 8 CONUS Airports Used in Ellipticity Error Analysis

Airport Name (IATA Code) Lat. (deg) Lon. (deg) Major City Served
Gen. Edward L. Logan International (BOS) 42.3629722 -71.0064167 | Boston, MA
Ronald Reagan Washington National (DCA) 38.8522 -77.0378 Washington, DC
O'Hare International (ORD) 41.9786 -87.9047 Chicago, IL
Miami International (MIA) 25.7933 -80.2906 Miami, FL
San Diego International (SAN) 32.7336 -117.1897 San Diego, CA
Dallas/Fort Worth International (DFW) 32.8969 -97.0381 Dallas/Fort Worth, TX
Seattle-Tacoma International (SEA) 47.4489 -122.3094 Seattle, WA

Table 9 International Airports Used in Ellipticity Error Analysis

Airport Name (IATA Code) Lat. (deg) Lon. (deg) Major City Served
Wiley Post—Will Rogers Memorial (BRW) 71.2848889 | -156.7685833 | Barrow, Alaska
Honolulu International (HNL) 21.318681 -157.9224287 | Honolulu, Hawaii
London Heathrow (LHR) 51.4775 -0.4614 London, England
Narita International (NRT) 35.7647 140.3864 Tokyo, Japan
Ministro Pistarini International (EZE) -34.8222 -58.5358 Buenos Aires, Argentina
Oliver Reginald Tambo International (JNB) -26.1392 28.246 Johannesburg, South Africa
Sydney (SYD) -33.946111 151.177222 Sydney, Australia

Figure 24 is a histogram of the path length differences for the 91 paths analyzed using the
methods labeled a) and b) above (a positive error corresponds to the spherical earth path being
longer than the ellipsoidal earth path).
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Figure 24 Histogram of Path Length Ellipticity Errors for 91 Airport Pairs

For all 91 paths: the average of the absolute value of the relative path length ellipticity
errors is 0.17%; the maximum is 0.43% (NRT-SYD); the minimum is 0.005% (DCA-
SYD). Over 90% (83 of 91) of the paths have path length ellipticity errors whose absolute
values less than the ‘rule of thumb’ of 0.3%. At the path end points, the average absolute
azimuth error is 0.10 deg, and the maximum is 1.87 deg (HNL-JNB).

For the 21 paths within CONUS: the average of the absolute value of the relative path
length ellipticity errors is 0.18%; the maximum is 0.27% (BOS-SEA); the minimum is
0.02% (ORD-DFW). At the path end points, the average absolute azimuth error is
0.07 deg, and the maximum is 0.12 deg (ORD-DFW).
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5. TWO-POINT / 3D-VECTOR FORMULATION

Many of the expressions derived in Chapter 4 using spherical trigonometry can also be
developed using vectors and matrices. In utilizing this approach, one: (a) forms the relevant
vectors/matrices, generally by assigning values to individual elements (which often involves
computing trigonometric functions); (b) manipulates the vectors/matrices as entities, typically
utilizing vector/matrix addition and multiplication, vector dot and cross products, etc., but not
involving calculation of trigonometric functions; and (c) computes the desired scalar quantites,
often utilizing inverse trigonometric functions. The purposes of this chapter are to demonstrate
this approach in detail and to show that the results are identical to those found using spherical
trigonometry.

Section 5.1 provides definitions of the vectors and coordinate frames needed to analyze the
geometry of two points (user U and satellite S) relative to a spherical earth. Section 5.2 addresses
the Indirect problem of geodesy, and provides vector versions of the key equations derived in
Section 4.2 using spherical trigonometry. Section 5.3 returns to the Indirect problem, and
demonstrates that for some combinations of known and unknown variables, vector analysis
provides an alternative method of deriving other solutions found in Chapter 4. Section 5.4
addresses the Direct problem of geodesy, and shows that the equations in Section 4.3 can be
found by vector/matrix analysis as well. Section addresses the intersection of two small circles
on the earth’s surface, a classic celestial navigation problem and an application of the Indirect
and Direct problems of geodesy. Lastly, Section 5.5 demonstrates that vector analysis provides
an alternative method of deriving certain expressions found in Chapter 3.

An advantage of the vector/matrix technique is ease of coding. Once the vector/matrix elements
have been assigned, the calculations can largely utilize general- and special-purpose software

packages. Matlab’s Mapping Toolbox is an example; Ref. 35 has another. A disadvantage of the
vector/matrix technique is that it can obscure geometric aspects of the problem being addressed.

5.1 Vector and Coordinate Frame Definitions

5.1.1 Earth-Centered Earth-Fixed (ECEF) Coordinate Frame

The coordinates of two locations of interest on the earth’s surface are:
= User position: latitude L, longitude A, and altitude h
= Satellite position: latitude Lg, longitude A¢ and altitude hg

Define the earth-centered earth-fixed (ECEF) coordinate frame e by (see Figure 25, where the
figure’s ¢ denotes latitude):
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= x-axis: lies in the plane of the equator and points toward Greenwich meridian
= y-axis: completes the right-hand orthogonal system
= z-axis: lies along the earth's spin axis.

The location of the user and satellite in the e-frame are, respectively

Toux 10ux] cos(Ly) cos(Ay)
r5y = [Louy | = 16y (Re + hy) = [10uy | (Re + hy) = | cos(Ly) sin(Ay) | (R, + hy)
ESU,Z _(e)U,Z_ Sin(LU)
0s,x 10sx] cos(Lg) cos(As)

[Ss = Egs,y = 185 (Re + hs) = _(e)s,y (Re + hs) = COS(LS) Sin(ls) (Re + hs)

0sz 1%s.z] sin(Ly)

Eqg 126

Here 1§, and 1§ are unit vectors associated with rgy and rgg, respectively. Note that the e-

frame, as are all frames used herein, is right-handed — e.g., 15y, * 15y, = lou .-

Figure 25 Vector Technique Coordinate Frames of Interest (¢ = Latitude)

Given rgy, the user’s latitude, longitude and altitude can be found (respectively) from

ry g
20U,z . 20U,z
L, = arctan = arcsin | ————

2 2 R,+h
(ESU,x) + (E(e)U,y) ) Y

Ay = arctan({ou,y ) EoU,x)

= J(c80)” + ()" + (th0,)° ~ Re

Similarly, given rgs, the satellite’s latitude, longitude and altitude can be found from

5-2
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g g
~0S,z . ~0S,z
Lg = arctan = arcsin

R, +h
\/(Egs,x)z + (E(e)S,y)Z/ ) ’

As = arctan(gos,y ,£os,x)

2 2 2
s = J(tBs)” + (tBsy)” + (£55.)" ~ Re

Eq 128

5.1.2 Local-Level Coordinate Frame at User’'s Position

Define a local-level coordinate frame u that is parallel to a plane tangent to the earth at the user's
position having coordinate axes:

= e-axis point east

= n-axis points north

= y-axis points up (away from earth's center).

The direction cosine matrix (DCM) which rotates the e-frame into the u-frame (e.g., Eq 134) is

Ce =T To(—Ly) Ts(Ay) Eq 129
Here Ti(¢) denotes the rotation matrix about axis i by angle £ and and T denotes an axis-
permutation matrix

1 0 0
T, = [0 cos(&) sin(é)]

cos(¥) 0 —sin(é)]
0 —sin(¢) cos(d)

Tz(é)z[ o 1 0
sin(¢) 0 cos(d)

Eq 130
cos($) sin(é) 0 0 1 0
T30 = [—sin(f) cos(&) O] T=10 0 1]
0 0 1 1 0 0
Thus C}' is given by
—sin(4y) cos(Ay) 0
Cy = |—sin(Ly) cos(1y) —sin(Ly)sin(Ay) cos(Ly) Eq 131
cos(Ly) cos(Ay)  cos(Ly)sin(Ay)  sin(Ly)
Clearly, Ly and 4, can be found from C¢ as well as from r§y, — e.g., by
L aretan [C233) et (~CELD)
y = arctan Ci(2.3) y = arctan ci(1.2) Eq 132
As is the case for any DCM, Cq is orthonormal; thus
Ci=(CHt=(C)" Eq 133
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5.1.3 User and Satellite Positions in User’s Local-Level Frame

Using the DCM C¢, the positions of the user and satellite in the u-frame are, respectively

E(%U,e ESU,x 0
oy = |Toun | = CE x5y = C& [Louy | = [0] (Re + hy) Eq 134
1

u e
Touu Tou,z

and

u e
EOS,e EOS,x

u — (UL _ cul€
Tosn —Ce I'os = Ce |Losy

Ios
Egs,u ESS,Z
cos(Lg) sin(Ag — Ay)
= | —cos(Lg) sin(Ly) cos(Ag — Ay) + sin(Lg) cos(Ly) | (R, + hsg)
cos(Lg) cos(Ly) cos(Ag — Ay) + sin(Lg) sin(Ly)

Eq 135

Thus, using Eq 134 and Eq 135, the vector from U to S is 1jjg = rjs — Iy, IS

Ijs = I
(Re + hg) cos(Lg) sin(As — Ay) Eq 136
(R, + hg)[—cos(Lg) sin(Ly) cos(Ag — Ay) + sin(Lg) cos(Ly)]
(R, + hg)[cos(Lg) cos(Ly) cos(Ag — Ay) + sin(Lg) sin(Ly)] — (R, + hy)

u _ [u u u T
s “Toy = [EUS,e EUS,n EUS,u]

The horizontal and vertical components of rjg can be expressed as

2 2 _
Egs,horiz = \/(Ell}S,e) + (Ell}S,n) = (Re + hS) Sln(e)
EIL}S,Vert = Ell}S,u = (Re + hS) COS(Q) - (Re + hU)

Eq 137

Here, 6 is the geocentric angle between vectors roy and ros. The far right-hand sides of both
lines of Eq 137 can be found from Figure 1 by inspection. Expressions for cos(8) and sin(6) in
terms of (Ly, Ay) and (Lg, As) are given below, in Eq 141 and Eq 142, respectively. Agreement
of those expressions with the elements of ryjg in Eq 136 can be readily verified.

Two angles associated with ryg are of interest

* g,y — The azimuth angle of the horizontal component of ryjs, measured clockwise
from north

= - The elevation angle of rjjg, measured from the horizontal plane

Vsv = arCtan(Eﬁs,e IEIl}S,n) Eq 138
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u
Tus,u \

a = arctan Eq 139
2 2
\/(Elljs,e) + (Ell}s,n) /
The two-argument arc tangent function is used in Eq 138.
The Euclidean length d of ryj is also of interest, and is given by
2 2 2
d = sl = (o)’ + esn)” + (eisad) Eq 140

5.2 The Indirect Problem of Geodesy

5.2.1 Computing the Geocentric Angle

The vectors 1§y and rgs meet at the earth’s center, in geocentric angle 8. The dot product of
these vectors, normalized by the product of their lengths, yields

e e e e e e
I'oux Losx T Tou,y Los,y T LouzLosz

80,0 + (80, ) + (e80,)" [ (E55,0)" + (555,)" + (556,)" Ea 141

= cos(Lg) cos(Ly) cos(Ag — Ay) + sin(Lg) sin(Ly)

cos(8) = 1gy * 155 =

Eq 141 demonstrates that if one forms either vector expression indicated on the first line, the
result will be the same as if one performed the scalar operations indicated on the second line,
which is identical to the equation for cos(6) found by spherical trigonometry (Eq 78).

The cross product of vectors 1§, and 15 (see Eq 153 for the components of 1§ x 1gs) yields
another expression for the geocentric angle:

sin(8) = || 15y x 15s||
= \/[cos(LS) sin(Ag — Ay)]? + [cos(Ly) sin(Lg) — sin(Ly) cos(Lg) cos(Ag — Ay)]?

Eq 142

This expression for sin(8) on the second line is identical to Eq 88, which is derived by spherical
trigonometry. If used to find 8 in the range [0, =], Eq 142, yields ambiguous solutions. Also,
precision issues may occur near 8 = Y,m. As ‘sanity’ checks: when A; = A, Eq 142 reduces to
sin(0) = |sin(Lg — Ly)|; when Lg = L; = 0, Eq 142 reduces to sin(8) = |sin(dg¢ — Ay)|.

Utilizing Eq 141 and Eq 142, a third expression (Eq 143) for the geocentric angle 8 in terms of U
and S follows. Generalization of the expression on the second line to an ellipsoidal-shaped earth
has been termed the Vincenty formula.
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_ “lgu x l?)s” _ ”ESU x Egs”
tan(®) = 15y * 105 B Ioy * Ios

Eq 143

B \/[cos(LS) sin(Ag — Ay)]? + [cos(Ly) sin(Lg) — sin(Ly) cos(Ls) cos(Ag — Ay)]?
B cos(Lg) cos(Ly) cos(Ag — Ay) + sin(Lg) sin(Ly)

In using Eq 143, the two-argument arc tangent function should be employed, to avoid issues
when 6 is near Y.m. The result will be unambiguous for 0 < 6 < m.

5.2.2 Computing the Path Azimuth Angles
By substituting two elements of rjs from Eq 136 into Eq 138, s, is found to be equal to

v = arctan(tfise  Iisn)

cos(Lg) sin(As — Ay) ) Eq 144

cos(Ly) sin(Lg) — sin(Ly) cos(Lg) cos(Ag — Ay)

= arctan <

Eq 144 demonstrates that if 15/, is computed using the arc tangent function with elements of ryg
as arguments, the result will be identical to that found by spherical trigonometry (Eq 86).

The labeling of the points U and S in Eq 144 can be reversed, yielding

pyss = arctan(ry e , 13y n)
cos(Ly) sin(Ay — Ag) Eq 145
cos(Lg) sin(Ly) — sin(Lg) cos(Ly) cos(Ay — Ag)

= arctan (

While the arguments on right-hand sides of Eq 144 and Eq 145 are shown as ratios, the azimuth
angles should be computed using the two-argument arc tangent function.

In Eq 145, vector rgy is found from

r$y = oy — Ios = Ce (E((;U - ESS) Eq 146
Here r§y and r§g are given by Eq 126; interpreting Eq 131, C3 is given by
—sin(Ag) cos(Ag) 0
C: = |—sin(Lg) cos(Ag) —sin(Lg) sin(As) cos(Lg) Eq 147

cos(Lg) cos(Ag)  cos(Lg) sin(Adg)  sin(Lg)

5.3 Corollaries of the Indirect Problem Solution

5.3.1 Locations Along the Straight-Line between U and S

Route planning generally requires selecting a set of intermediate points along a planned route
from U to S. One option is to select a set of equally-spaced points along the straight-line
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connecting U and S. (If hy; = hg = 0, then the straight line path is a chord corresponding to
great circle arc.) A way to do this is to choose points along the vector rys, then find their
associated latitudes, longitudes and altitudes. Accordingly, let 4,0 < u < 1, be the fractional
distance of point X from U to S along the vector r{s. Thus,

rox = Iy + uxfs = 5y + u(x5s — r5y) = (1 — gy + urss Eq 148

Then, as in Eq 127 and Eq 128
E(e)X,Z

2 2
(E(e)X,x) + (ng,y)

—_— e e
Ay = arctan(gox,y ,on,x)

2 2 2
hy = \/ (ng,x) + (ng,y) + (ng,z) — R,

Ly = arctan

Eq 149

Equally-spaced points along the straight line rjg will not correspond to equally-spaced points
along the great circle arc connecting U and S.

5.3.2 Locations Along the Great Circle Arc Connecting U and S

It is sometimes desirable to find the coordinates of an arbitrary point along the arc of the great
circle between U and S. One situation is planning a long-distance flight, where (a) the straight
line between U and S is almost entirely beneath the earth’s surface, and (b) the aircraft altitude is
never more than about 0.2% of the earth’s radius.

Toward that end, let u, 0 < u < 1, be the fractional distance of point X from U to S along the
great circle arc of length 6 between the subpoints of U and S. The unit vector 15 can be

expressed as

 _sl(=00] . sinGuo) | =4 150
=0X 7" sin()  =°V 7 sin(@) Los !

Vector 1gx lies in the plane defined by 1§, and 1§¢ and satisfies the following necessary and
sufficient conditions for its claimed attributes

o sin[(1 —u)08] sin(u6)

€ e = —
Lox*Lou sin(@) Sin(8) cos(0) = cos(uB)
e 1o _ sin[(1 — u) 0] sin(u@) B
1ox*1ps = WCOS(Q) + Sin(0) cos[(1 —p)6] Eq 151
e i1e sin[(1—w)o] _, e sin(ud) _, e = 1
SOX*20X T T gy 20X°20U T gy 20X " 208

S5-7
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The components of 1§y are given by

lgx,x 1 Sin[(l - ﬂ)@] lgU,x + Sin(ﬂe)lgs,x
15x = ng.y == ©) sin[(1 — ) 0] _?)U,y + Sin(ﬂe)lgs,y Eq 152

e

Sin . .
=0X,z Sln[(l - ‘Ll) 9] l?)U,z + Sln(:ue)lgs,z

Expressions similar to those in Eq 149 can be used to find the coordinates Ly and Ay. These
equations (Eq 152 and Eq 149) provide essentially the same functionality for the vector
technique that can be achieved with spherical trigonometry using Eq 91 and Eq 94.

5.3.3 Vertices of a Great Circle

The vertices (northern- and southern-most latitudes) of a great circle are readily found by vector
analysis. The cross product of unit vectors 1§, and 1§ (Eq 126) is normal to the plane of the
great circle containing U and S. In this subsection, it is assumed that U is west of S, so that
1oy x 1gs points toward the northern hemisphere.

18, x 1§ e e _ qe e
(160 —OS)x 1ouylosz — louzlosy
e e __ e e _ e e __1e e
1oy X 1ps = (lOU x lOS)y = |1ouzlosx — louxlosz
e e e e __qe e
(lou x los)z 1ouxlosy — Louylosx Eq 153

cos(Ly) sin(Lg) sin(Ay) — sin(Ly) cos(Lg) sin(Ag)
= |sin(Ly) cos(Lg) cos(Ag) — cos(Ly) sin(Lg) cos(Ay)
cos(Ly) cos(Ls) sin(Ag — Ay)

When 1§, x 1§ is normalized to unit length, its z-component is equal to the cosine of the
latitude of the highest (and lowest) point on the great circle that includes the route in question
(projection of a unit vector onto the earth’s spin axis). Thus, using Eq 142

(16y x l‘f)s)z _cos(Ly) cos(Lg) [sin(As — Ay)|

|16y * 15|l - sin(Bys)

B cos(Ly) cos(Lg) |sin(As — Ay)|

- \/[cos(LS) sin(As — Ay)]? + [cos(Ly) sin(Lg) — sin(Ly) cos(Lg) cos(Ag — Ay)]?

coS(Lmax) =
Eq 154

Clearly, Lyin = —Lmax- EQ 154 is identical to Eq 116, demonstrating that manipulating the
components of 1§, and 15 yields the same result that Clairaut’s equation does. An alternative

expression for Lyay IS
(L8y x 15s),

(16y * 155), + (15 x 155),

COt(Lmax) =

Eq 155

The longitude where the highest/lowest latitudes are achieved can be found from the x- and y-
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components of vector 1§, x 1¢¢ (from Eq 153) using the two-argument arc tangent function.

_(lf)u x lgs)y
—(18y x 155),

cos(Ly) sin(Lg) cos(Ay) — sin(Ly) cos(Lg) cos(Ag)
sin(Ly) cos(Lg) sin(Ag) — cos(Ly) sin(Lg) sin(/lU)>

Amax = arctan<
Eq 156

= arctan <

Criteria for when a route will include a vertex are given in Section 4.7,

Rather than requiring two points, the coordinates of the vertices of a great circle can be
expressed in terms of the latitude L, and longitude A, of a single point and the path azimuth
Y5,y at that point. Substituting from Eq 102 into Eq 154 and Eq 156 yields

c0s(Lmay) = cos(Ly) |sin(s,y)|
sin(Ly) [sin(4y) tan(ys/y) + sin(Ly) cos(Ay) | + cos?(Ly) cos(dy) EQq157
sin(Ly) [cos(AU) tan(Ys,y) — sin(Ly) sin(/lU)] — cos?(Ly) sin(4y)

tan(Anax) =

The first line of Eq 157 is the same as Eq 115. Since point U is arbitrary, it is effectively
Clairaut’s equation. When v, is close to %4, it is advantageous to multiply the numerator

and denominator of the second line by cos(vs,y), to eliminate use of tan (s, ).

5.3.4 Locus of Points on a Great Circle

From Eq 126, any point X on the earth’s surface has the e-frame coordinates r§y given by

Lox,x 10xx cos(Ly) cos(Ay)
rix = |Toxy | = 1§x Re = |1oxy | Re = | cos(Ly) sin(Ay) | R, Eq 158
ESX,Z _8X,z Sin(LX)

Here Ly and Ay are the latitude and longitude of X, respectively. In order for X to be on the great
circle containing U and S, the vector r§y must be orthogonal to the vector 1§, x 155 — that is,
the dot product of these two vectors must be zero. One can then solve for Ly in terms of Ay and
the coordinates of U and S. The result is

Eq 159

(18y x lgs)x cos(Ay) + (L§y x 1gs)y Sin(AX)>

Ly = —arctan
* ( (15y x 15s),

Solving for Ay in terms of Ly and the coordinates of U and S is more complicated. While every
great circle crosses every line of longitude exactly once, a great circle may cross a line of latitude
zero, one or two times. Section 4.6 addresses this issue using spherical trigonometry.
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5.4 The Direct Problem of Geodesy

The Direct problem of geodesy (addressed using spherical trigonometry in Section 4.3) is
concerned with two points, U and S, on the earth’s surface. The known quantities are: the
latitude/longitude of U, (L, Ay); the geocentric angle, 6, between U and S; and the azimuth of S
relative to U, 15,y. The quantities to be found are: the latitude/longitude of S, (Lg, 45); and the
azimuth of U relative to S, ¥ 5. Two solution methods are presented — a method utilizing
Direction Cosine Matrices (DCMs) which yields all three unknown quantities and a method
based on the vector from U to S which only yields the coordinates (Lg, As).

5.4.1 Full Solution Using Direction Cosine Matrices

Subsection 5.1.2 derives the DCM C¢ which rotates the ECEF e-frame to a north-pointing u-
frame that is parallel to a plane tangent to the earth at the user’s location (‘local-level’). Since
interest is focused on a great circle path from U having azimuth angle iy, it is useful to rotate

the u-frame counter clockwise about its vertical axis by ¥%2m — g ,,. The resulting u’-frame,

which is an example of a ‘wander azimuth’ frame, has axes: e’ (rotated from east, so that its
azimuth angle is /), n’ (rotated from north by the same amount as the e axis), and u (points

up). Using Eq 129, the DCM C;" is given by
C8 = Ta(¥am — s/y) Cf = Ta(¥am — ) T To(—Ly) Ta(Ay) Eq 160
Upon carrying out the indicated multiplications, the elements of C}_." are given by
Cé”(l,l) = —sin(1y) sin(l,bs/U) — sin(Ly) cos(Ay) cos(l,bs/u)
C;"(l,Z) = cos(4y) sin(t/;s/u) — sin(Ly) sin(1y) cos(z/;s/u)
C¥'(1,3) = cos(Ly) cos(Psu)
C;"(Z,l) = sin(1y) cos(s,y) — sin(Ly) cos(Ay) sin(Ws,y)
C;"(Z,Z) = cos(Ay) cos(t/;s/u) — sin(Ly) sin(4y) sin(z/;s/u) Eq 161
CY'(2.3) = cos(Ly) sin(¥su)
C;" (3,1) = cos(Ly) cos(Ay)
C¥'(3,2) = cos(Ly) sin(Ay)
C¥' (33) = sin(Ly)

It follows from Eq 161 that

: c¥ (3,2) c¥ (2,3)
Ly = arcsin (C{ (3,3) Ay = arctan | ————= Y5,y = arctan| ———— | Eq 162
v (Ga2) A (c;‘ v cray)

The DCM C§' that rotates the e-frame to a plane that is parallel to a plane tangent to the earth at
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S with its first axis aligned with the direction of rotation is given by

CE' = T,(0) CY = T2(8) Ta (% — Ys;0) T Ta(—Ly) Ta(Ay) Eq 163

The DCM CZ' can also be written in a form similar to Eq 160:

CS' = To(¥am — Py s — 1) T To(—Ls) To(As) Eq 164

Equating these two forms for Cgl, carrying out the multiplications indicated in Eq 163 and using
the equivalent of Eq 162 results in:

Lg = arcsin (C§’(3,3)) = arcsin (sin(LU) cos(8) + cos(Ly) sin(8) cos(z/;s/u))

(c:’(3,2)>

Ag = arctan -

C: (3,1

cos(Ly) sin(Ay)cos(0) + [cos(AU) sin(z/;s/u) — sin(Ly) sin(4y) cos(l,bs/U)] sin(8)\ Eq 165
cos(Ly) cos(Ay)cos(0) — [sin(/lu) sin(t/;s/u) + sin(Ly) cos(Ay) cos(t/;s/u)] sin(9)>
—CZ’(2,3) B ( —cos(Ly) sin(z/;s/u) >

———— | = arctan

—C$(1,3) sin(Ly) sin(@) — cos(Ly) cos(6) cos(l,bs/U)

= arctan (

Yyss = arctan(

When using Eq 165 to compute numerical values for Lg, Ag and ¥ /5, the elements of CSI are
taken from Eq 163. A two-argument arc tangent function is used for finding As and ¥ 5.

The expressions for Lg and 1 /5 that are right-most on the first and third lines of Eq 165 are
identical to those derived using spherical trigonometry (Eq 91 and Eq 98, respectively). The
expression for Ag that is right-most on the second line is different from that derived using sphere-
ical trigonometry (Eq 94); however, the expressions can be shown to be equivalent using
trigonometric identities.

5.4.2 Position Solution Using Vector US

A simpler but less rigourous approach to finding Lg and Ag is to form r§g and utilize its
components. Given Ly, 4y, 8 and iy, one can form right triangle OUS with right angle at U,

sides OU (length R,) and US (length d), and hypotenuse OS (length R, + hg). Thus

d = R, tan(0)
R, Eq 166
Re +hs = cos(8)

Then ryg is given by
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LUse tan(0) sin(Ys,y)
rfis = [LUsn| = [tan(6) cos(is/u) | Re Eq 167
EII}S,u 0
Utilizing Eq 126 and Eq 131 yields
I5s = oy + Ifs = I5y + Carfis = 15y + (C)rffs = [6sx  Losy Loszl”

cos(Ly) cos(Ay) — sin(Ay) tan(0) sin(Ps,y) — sin(Ly) cos(Ay) tan() cos(WPs,y)

Eq 168
= [cos(Ly) sin(Ay) + cos(Ay) tan(6) sin(Ps,y) — sin(Ly) sin(4y) tan(6) cos(Ps,y) | R, a
sin(Ly) + cos(Ly) tan(8) cos(Ps,y)
The magnitude of rgg is R, /cos(6). Thus, from Eq 128 and Eq 168, Ls and A are given by
Lg = arcsin ESL = arcsin(sin(LU) cos(0) + cos(Ly) sin(0) cos(Pg U))
R,/cos(8) /
As = arctan(r§s, , Iosx) Eq 169

. (cos(LU) sin(y) cos(8) + [cos(Ay) sin(Ys,y) — sin(Ly) sin(4y) cos(l,bS/U)] sin(9)>
= arctan

cos(Ly) cos(Ay) cos(6) — [sin(/lU) sin(s/y) + sin(Ly) cos(4y) cos(t/;s/u)] sin(@)

The geometric rationale for Eq 169 requires that 8 < Y m. However, the expressions are in fact
identical to those in Eq 165 and are valid for 6 < m. Development of an expression for i s that
does not involve chaining from the solutions for Lg and A (as, e.g., Eq 145 does) does not appear
to be possible using this approach.

5.5 Satellite Elevation Angle and Slant-Range

Sections 5.2 through 5.4 address the Direct and Indirect problems of geodesy, and show that, for
two points on the surface of a spherical earth, the vector method can be used to perform
essentially the same calculations as spherical trigonometry. However, Sections 5.2 through 5.4
do not address the quantities hy, hg, d or « — all of which are related to the height of the
aircraft/satellite above the earth’s surface. The two subsections immediately below show that if
hy, hs and 8 are known, then d and a can be found by the vector method. The expressions that
are derived are identical to those found in Chapter 3 using the coordinate-free method.

Assuming h to be known, the four other possible equations associated with an aircraft or
satellite above the earth when the geocentric angle 6 is known — finding hg or d from « and 6,
and finding hg or a from d and & — are not pursued. For these variable combinations, the
solutions for the unknown variables involve manipulation of the scalar components of ryjs. That
being the case, one may as well utilize the scalar equations in Chapter 3.
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5.5.1 Solution for Elevation Angle from Altitude and Geocentric Angle

As shown in Eq 139 the satellite elevation angle can be found from the components of ryj. Using
Eq 137, Eq 139 can be expanded as

(Re + hg) cos(0) — (R, + hy) R, + hy

(R, + hs) sin(0) oUO) = RF ko) sin(@) Eq 170

tan(a) =

The expressions in Eq 170 is identical to those in Eq 48, demonstrating that manipulating the
components of ryjs can yield the same value for « as the scalar methodology used in Chapter 3.

5.5.2 Solution for Slant-Range from Altitude and Geocentric Angle

The user-satellite slant-range can be found by substituting both lines of Eq 137 into Eq 140,
yielding:

2
h h hs — h
d=2Resin(19) (1+—U)(1+—5)+ SV ) g=#0 Eq 171
2 R, R, 2R,sin(36)

Eq 171 is identical to the second line of Eq 54. This demonstrates that applying Pythagoras’s
theorem to the components of ryjs (Eq 140) yields the same value for d as the scalar

methodology used in Chapter 3.

5.6 Intersections Involving Two Great and/or Small Circles

This section addresses the intersection of two circles on a sphere: two great circles (Subsection
5.6.1), two small circles (Subsection 5.6.2) and a small circle with a great circle (Subsection
5.6.3). Small circles on the surface of a sphere are simply circles that are not great circles. Since
there are three locations involved — the centers of the circles and intersection sought — the topic
of this section contradicts the portion of the chapter title referring to ‘two points’. This section
draws upon material addressing both the Indirect (Section 5.3) and the Direct (Section 5.4)
problems of geodesy.

5.6.1 Intersection of Two Great Circles

As noted in Subsection 5.3.3, a great circle can be characterized by a unit vector which is normal
to the plane containing the great circle. When two points, U (Ly, Ay) and S (Lg, Ag), on great
circle are known, the unit vector is given by (from Eq 153 and Eq 142)

cos(Ly) sin(Lg) sin(Ay) — sin(Ly) cos(Lg) sin(Ag)

sin(Ly) cos(Lg) cos(Ag) — cos(Ly) sin(Lg) cos(4y) Eq 172

16c = 3
sm(9U5) COS(LU) COS(LS) Sin(ls - AU)

Alternatively, when one point U (L, ;) and the great circle’s azimuth angle ¥, at U are
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known, the normal can be found by assuming that 8, = %m and utilizing Eq 102
1gc
cos?(Ly) sin(1y) cos(z/;s/u) —sin(Ly) [sin(t/;s/u) cos(Ay) — sin(Ly) cos(Ps/y) sin(AU)]
—cos?(Ly) cos(Ay) cos(z/;s/u) —sin(Ly) [sin(t/;s/u) sin(4y) + sin(Ly) cos(Ps,y) cos(AU)]
cos(Ly) Sin(lps/u)

Eq173

If two great circles are of interest, let the single known point on each have latitude L;, longitude
A;, and azimuth ;, where i = 1,2. Thus, the unit normal vectors are given by

cos?(L;) sin(4;) cos(y;) — sin(L;) [sin(y;) cos(4;) — sin(L;) cos(y;) sin(4;)]
17 = |- cos?(L;) cos(A;) cos(yp;) — sin(L;) [sin(y;) sin(A;) + sin(L;) cos(y;) cos(4;)]| Eq 174
cos(L;) sin(y;)

The cross product 15 x 1 lies in the planes of both great circles. Thus the cross product and its
negation point toward the intersections of the two great circles at (Lint+, Adint+) and (Lint., Aint.)-

(1§ x 15)_
J@fx5ﬁ+(ﬁxlwi

ﬂgxgg>

+ (15 x 15)

Lint+ = X arctan

Eq 175

At = arctan<

In Eq 175, the plus or minus sign must be used consistently. The first line can be evaluated using
the one-argument arc tangent function, while the two-argument arc tangent function should be
used for the second line. The intersection of two great circles is addressed using spherical trigo-
nometry in Section 6.3.

Great circles can be used to represent azimuth measurement of sensors, such as a radar or VOR.
This representation overstates the actual coverage of physically realizable sensors, which
generally extends from the sensor antenna in arc of a great circle with a length of at most a few
degrees. Thus, the model can result in mathematical intersections (Eq 175) that are not
‘physically real” which must be rejected.

5.6.2 Intersection of Two Small Circles

Let the centers (and known coordinates) of the small circles on the earth’s surface be U (Ly, Ay)
and S (L, Ag). The known geocentric angles (similar to radii) of the circles about U and S are 6,4
and 6,4, respectively, where A denotes an aircraft with unknown coordinates (Lg4, A44). (When
celestial sightings are involved, the error incurred by assuming that aircraft A is on the earth’s
surface is less than that incurred by assuming that the earth is a sphere.)
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The first step is to utilize the Indirect problem of geodesy (Section 5.2) to find the geocentric angle
Bys between U and S and the azimuth angle ¥/, of S at U. The mathematical issues of existence
and uniqueness must then be considered. If either of the following conditions are true, an
intersection does not exist:

Oya + 54 < Oys 16ya — Osal > Oys Eq 176

When a solution does exist, there may be one intersection (which is located along the great circle
connecting U and S and for which one expression in Eq 176 would become an equality) or two
intersections (which are equal distance from the great circle connecting U and S). The general
case is two intersections.

Assuming a solution exists, it is useful, as in Subsection 5.4.1, to consider the local level u-frame
after being rotated counter clockwise about its vertical axis by ¥%2m — gy, resulting in the wander
azimuth u'-frame. The DCM C}_." is given by Eq 160 and Eq 161. Utilizing Eq 134 and Eq 135 (the
latter in conjunction with Eq 78, Eq 84 and Eq 85), the vectors E(l;;J and g‘,‘; are

0
Eo T3(%2m — Ys,u) Xoy = (O] R
1
sin(8ys) Eq 177
Ios = T3(Yam — Ys,y) s = [ 0 R,
cos(Bys)

!

r 4T . .
Let the components of ri, be given by ri, = [rOAe Toa Toaw - Because its length is
constrained to be R,, only two components of r, _OA are independent. Knowledge of the small
circle geocentric angles yields

u’ o u _ R u’ — RZ 9
Ioy * Ioa = Refoay = RZ cos(0y,)

’ ’ o ' Eq 178
I8 * I8 = Re [£0y o SIN(Bys) + I, c05(8us)| = RE cos(8ss)
Thus, the two intersections are given by
cos(8s4) — cos(Oy,) cos(bys)
[3:&9, sin(0ys)
Ias = |Kop s = , cos(854) — cos(By4) cos(Oys)\ |[Re  EQ 179
) + [1 —cos?(6y,) — -
ToAw sin(8ys)
cos(By,4)

The e-frame components of rg,4 are found, using Eq 160 and Eq 161, by
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re
20Ax+ T
e _ | _r~e u  _ u’ u’
Toa+ = |Foay+| = Cy oas = (Ce ) Toa+ Eq 180
e
Toaz+

Finally, the two possible latitudes and longitudes of A are found by

I o
—0A,z+ . -0U,z+
L,4 = arctan = arcsin | =———

R
\/(ESA,xi)z + (ESA,yi)Z/ i

Mgy = arctan(;oA,yi ;EOA,xi)

Eq 181

In Eq 179-Eq 181, the plus or minus sign must be used consistently. The first line of Eq 181 can
be evaluated using the one-argument arc tangent function, while the two-argument arc tangent
function should be used for the second line.

Remarks:

= Because the elevation angle of a star, at a known time, defines a small circle on the earth,

finding the intersection two small circles is a fundamental task of celestial navigation.
Historically, converting a sextant measurement of a star’s elevation angle to a small circle,
called sight reduction, was a challenging task — see Chapter 20 of Ref. 1. The intersection
of small circles was then usually found graphically, resulting in a fix with accuracy of
approximately 1 NM. Today the computational process is automated; the U.S. Navy’s
STELLA (System To Estimate Latitude and Longitude Astronomically) program performs
both sight reduction and intersection determination.

= Finding a vehicle location from two range type measurements is one the simplest non-
trivial real-world navigation problems, yet it involves many of the issues present in more
complex problems — e.g., solution existence/uniqueness and accuracy sensitivity to
vehicle location. The closely related problems of finding the intersection of two DME or
radar slant-ranges (the topic of Section 6.4) and finding the location of a vehicle on a
hypothetical two-dimensional plane (Example 8, addressed in Subsections 7.12.1 and
8.5.1) involve and expand upon these issues.

= The ambiguity in Eq 179-Eq 181 cannot be resolved from the available measurements.
However, in applications, additional information is often available — see Subsection 6.1.3,
particularly item (2). In this situation, the two solutions are symmetric about the station
baseline/extensions. Unless the vehicle is moving parallel to the baseline, both solutions
will move with a component either toward or away from the baseline. The vehicle’s actual
direction of motion, sensed by an on-board compass, can be used to select the correct
solution.

5.6.3 Intersection of a Small Circle and a Great Circle

A great circle can be defined either by two points (e.g., Eq 172) or by one point and the path
azimuth at that point (e.g., Eq 173). However, neither of these formulations is involved in the
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solution process described in this subsection. Thus, let the unit vector that is normal to the plane
of the great circle in the ECEF frame e which points toward the northern hemisphere be 1¢.
_E,x
15 = (1Gy Eq 182
1%,
Let the center (and known coordinates) of the small circle be C (L, ;). The geocentric angle of
the small circle about C, 8., = 0, is also known. (The case of 8., = 0 is addressed in the
Remarks below.) Here, A denotes an aircraft with the unknown coordinates sought, (L4, A4). The
unit vector 1§ from the earth’s center O toward C is (Eq 126)

10cx cos(L¢) cos(A¢)
15c = |Locy| = [cos(L¢) sin(A¢) Eq 183
13¢ sin(L¢)

A solution (i.e., intersection) to this problem does not exist if

Ocg = arccos(1§¢ * 18) < 37 — Oca Eq 184

When a solution does exist, there may be one intersection (for which the expression in Eq 184
becomes an equality) or two intersections. The general case is two intersections.

Assuming that a solution exists, define the point S by the unit vector

e
18 =;(1e x 18¢) = _gzx Eqg 185
10S sin(HCG) 16 * Loc =9 Y q
=0S,z

Vector 1§ is orthogonal to the plane containing 1§ and 1§ and is in the plane containing the
great circle. Then define the the point U on the great circle by its unit vector 1§y

_8Ux
15y = 15s x 1§ = |Louy Eq 186
_8Uz

Points S and U are orthogonal by construction. Point U is the location on the great circle nearest
to C; its latitude L, and longitude A, are given by Eq 127. The path azimuth g, at U can be

found from Clairaut’s equation (Eq 154 and Eq 157)

cos(Lmax) 15,
cos(Ly)  cos(Ly)

sin(s,y) = Eq 187
When Ly, Ay and ¥,y are known, the DCM C;" for the wander azimuth, local level «'-frame
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(Eq 160 and Eq 161) is fully specified. In the «'-frame, the known coordinates of C are given by

!

Loce
o= [ = | = [coswca) Eq 188
.y cos sin(f¢¢)
~0Cu
Let the components of 1‘(‘,',4 be given by
111
, =0Ae’ 1gAe
104 = 13An =] 0 Eq 189
u’ 1%Au
=0Au -

Because its length is constrained, only one component of 1‘5’,‘ can be independently chosen or
determined. The inner product of l}‘,’c and 13;, yields

18y * 184 = 18, ,sin(6¢6) = cos(fca) Eq 190

Thus, the two intersections are given by

- cos(B¢4) 2]
1 + 1 - (—4
_01? ,e + —\/1 <Sin(HCG)

_l(l)Ai - lOA,n' = 0 Eq 191
Lnu c0s(0ca)
sin(8.¢)
The e-frame components of ro,4 are found, using Eq 160 and Eq 161, by
lgAxi T
Sax = [10ays| = Cy 18, = (C¥) 18 Eq 192
loatr = |2oay+|=Cy loar =(Ce ) Loas q
_gAzi
Finally, the two possible latitudes and longitudes of A are found by
e
Ls4 = arctan =042+ = arcsin(1§y ,+)
Eq 193

2 2
(lgAxi) +'(18Ayi)
Aax = arctan(lgA,yi 'l(e)A,xi)

In Eq 191-Eq 193, the plus or minus sign must be used consistently. The first line of Eq 193 can
be evaluated using the one-argument arc tangent function, while the two-argument arc tangent
function should be used for the second line.
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Remarks:

= Finding the intersection of a great circle and small circle is similar to the problem
addressed in Section 6.5 using spherical trigonometry.

= The limiting case of a small circle is a point. Thus, point U is the location on the great
circle with unit normal 1§ that is closest to point C.

= The solution ambiguity in Eq 191-Eq 193 cannot be resolved from the mathematical model
employed. However, if the great circle is a representation of a sensor measurement of
azimuth, it may be possible to simply discard one solution. Moreover, if that is not the case
and the vehicle is in motion, the two solutions will both move toward or away from U in
unison. In that case, an on-board compass may be used to determine the correct solution.
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6. AIRCRAFT POSITION FROM TWO RANGE AND/OR AZIMUTH
MEASUREMENTS (TRIGONOMETRIC FORMULATIONS)

6.1 General Considerations

6.1.1 Problems Addressed

This chapter combines the formulations of Chapter 3 (involving plane trigonometry applied to a
vertical-plane) and Chapter 4 (involving spherical trigonometry applied to the earth’s surface).
Whereas both of those formulations are limited to two problem-specific points, usually labeled U
and S, this chapter addresses situations involving three problem-specific points embedded in
three dimensions. Relevant applications include aircraft navigation (specifically, Area Navi-
gation, or RNAV) and aircraft surveillance (including sensor fusion).

For this methodology, typically, one point corresponds to the aircraft (having an unknown
latitude/longitude but known altitude), and the other two points correspond to sensor stations
having known locations and altitudes. Each sensor station provides a scalar measurement that
describes a geometric Surface-Of-Position (SOP) on which the aircraft lies. The solution for the
aircraft position is the intersection of three SOPs. When attention is limited to the earth’s surface,
3D SOPs reduce to 2D Lines-Of-Position (LOPs).” Analytically, the three points form a mathe-
matical spherical triangle which can be solved using spherical trigonometry.

Before circa 1950 (when synchronization of ground stations, and thus pseudorange measure-
ments, became possible — see Chapter 7), the most common sensor systems measured
(@) Slant-range d,s — line-of-sight distance between a sensor station S and aircraft A

(b) Spherical-range s, = R, 8,5 — distance along the earth’s surface between a sensor’s and
the aircraft’s ground subpoints

(c) Azimuth ¥,,s —angle of the great circle path from the sensor station to the aircraft
(d) Azimuth s, —angle of the great circle path from the aircraft to the sensor station
(e) Altitude h, — height of the aircraft above the mean sea level.

Slant-range measurements provide an SOP in the form of a sphere centered on the station.
Spherical-range measurements provide an SOP in the form of a cone with apex at the earth’s
center and axis intersecting a known point on the surface. Azimuth measurements provide an
SOP in the form of a vertical plane that passes through the sensor, the aircraft and the earth’s
center (i.e., a great circle). A barometric altimeter provides an SOP in the form of a sphere
concentric with the earth.

* LOPs were first formulated by Capt. Thomas Hubbard Sumner, a U.S. Navy officer, in 1837, while commanding a
sailing ship in heavy gales near the Irish coast. Sumner was born in Boston in 1807, and graduated from Harvard
Univ. Two U.S. Navy survey ships have been named the USS Sumner. Some texts refer to LOPs as ‘Sumner lines’.
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The most common civil aviation slant-range and azimuth sensors are

= Slant-range between aircraft and station
— Navigation: Distance Measuring Equipment (DME)
— Surveillance: Secondary Surveillance Radar (SSR)

= Spherical-range between aircraft and station
— Navigation: Star fix

= Azimuth angle from the station to the aircraft
— Navigation: VHF Omnidirectional Range (VOR)
— Navigation: Instrument Landing System (ILS) Localizer
— Surveillance: Secondary Surveillance Radar (SSR)

= Azimuth angle from the aircraft to the station
— Navigation: Non-Directional Beacon (NDB)
— Navigation: Aircraft-based radar

This chapter addresses calculation of aircraft latitude/longitude from measurements of altitude in
combination with those for slant-range and/or azimuth. In Sections 6.4 and 6.5, the slant-range
measurements are converted to spherical-ranges at the start of each calculation; thus the material
can be utilized for spherical-range measurements as well.

This chapter does not consider errors in the computed coordinates that result from measurement
errors. That topic is addressed in Chapter 8. Also, there are several iterative methods for com-
puting latitude and longitude from measurements of slant-range and/or azimuth on an ellipsoidal
earth (e.g., Refs. 12 and 36). Those calculations can be initialized using solutions found using the
approaches described in this chapter.

6.1.2 Geometric Concerns (Solution Existence/Unigueness)

The geometric relationship of two sensors and an aircraft is an important aspect of these analyses.
Situations where the aircraft is directly above a ground station are excluded for several reasons:
ground station antenna patterns are generally not designed to irradiate directly above the station;
and the azimuth angle to an aircraft is undefined when an aircraft is above an azimuth determin-
ation station. Moreover, when an aircraft is directly above a ground station, that situation intrin-
sically constitutes a fix.

Restricting attention to the surface of the earth, when two measurements are available, several
unfavorable geometries can occur. Figure 26 depicts examples involving aircraft A and stations
U and S. Panel (a): Due to measurement errors, it is possible that the measurements are incon-
sistent and a solution does not exist. Panel (b): When the SOPs for two sensors overlap, only a
partial position solution exists. Panel (c): When the two SOPs are tangent, measurement errors
can cause the computed position error to increase significantly along the direction of the two
LOPs. Panel (d): Multiple solutions occur when the LOPs intersect at more than one point.
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U (Ly, 4p)
(c) LOPs Tangent (Double Solution) (d) LOPS Intersect Twice (Two Solutions)

Figure 26 Possible Geometric Relationships involving an Aircraft and Two Ground Stations

6.1.3 Resolution of Multiple Solutions

Of the complications considered in Subsection 6.1.2, the one with the greatest need for the navi-
gator’s or analyst’s involvement is the existence of a few (usually two) potential solutions.
Multiple solutions arise in two ways:

= Ambiguous — Two or more aircraft locations can result in the same set of
measurements, as in Figure 26(d); the correct solution cannot be determined without
additional (sometimes called “side’) informaton.

= Extraneous — Additional solutions are introduced by analytic manipulations, but do
not satisfy the measurement equations, and thus can be eliminated mathematically.
These occur most often with pseudo range measurements — see Chapter 7.

While unresolvable mathematically, ambiguous solutions can often be resolved operationally.
There are three general sources of information to do so:

(1) Prior position information — Often, based on dead reckoning from either the
departure location or a previous fix, a vehicle’s crew will be able to determine which
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of two (or a few) position solutions are corect.

(2) Direction of vehicle motion — Usually, the track of a vehicle following a constant
heading will correlate well with one ambiguous solution while it does not correlate
with others. Examples are specific to the types of the sensors involved, and individual
sections of this document address these situations.

(3) Additional ‘position’ sensors — There may be information available from other
‘position’ sensors, even approximate, which can be used to resolve solution
ambiguities. Crude azimuth sensors (e.g., on-board radio direction-finding
equipment) can be valuable in this regard.

6.1.4 Rationale for Two-Station Area Navigation (RNAV)

None of the geometric issues illustrated in Figure 26 arises when the slant-range and azimuth
sensors are collocated. Since radars and combined VOR/DME stations are prevalent in the NAS,
the question naturally arises: Why not only use a single radar or VOR/DME station to determine
a vehicle’s latitude and longitude? There are several reasons to utilize navigation fixes from
geographically separate stations:

= Accuracy: When an aircraft is more than a few of miles from a radar or VOR/DME
station, the range measurement is more accurate than the azimuth measurement.
Moreover, the difference increases with distance from the station. Thus, for accuracy,
utilizing two stations is generally preferable

= Contingency/backup: When one of the functions of a VOR/DME station is out of service,
utilizing a second station may allow a flight to continue when otherwise it could not.
More broadly, RNAV using VOR/DME stations is likely to become the backup to GPS
for en route and terminal area navigation.

= Advanced avionics: Aircraft with advanced navigation systems (navigation radios and
flight computers) are capable of utilizing measurements from multiple stations, whereas
older and/or less sophisticated avionics cannot.

Standards for aircraft RNAV systems based on DME/DME measurements, but permitting VOR
measurements, are presented in Ref. 37. Items (1) and (2) pertain to SSR surveillance as well.
The FAA is now incorporating ‘sensor fusion’ into its Automation (surveillance processing)
systems to take advantage of these benefits.

6.1.5 Chapter Overview

Following this introductory section, Section 6.2 analyzes the problem of a great circle and a
point that is not necessarily on the great circle. The next three sections address situations
involving two stations providing slant-range and/or azimuth measurements which are used (with
aircraft altimeter information) to determine the aircraft location: Section 6.3, azimuth/ azimuth;
Section 6.4, range/range; and Section 6.5, range/azimuth. Lastly, Section 6.6 addresses using a
range measurement to crosscheck the altitude of an aircraft flying an approach procedure.
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The solutions in Sections 6.3 - 6.5 follow a common pattern: (a) When a slant-range measure-
ment d is involved, Eq 44 is used to obtain the corresponding geocentric angle 6. This reduces
the problem to one of spherical trigonometry. (b) The parameters for the baseline joining the
sensor stations are found as solutions to the Indirect problem of geodesy (Section 4.2). (c) The
possibility that the problem is ill-posed is investigated (e.g., Figure 26(a)). (d) The case (Sub-
section 4.1.7) of the mathematical spherical triangle comprised of the two stations and the
aircraft is identified, and the corresponding solution is found. (d) Parameters for the mathe-
matical triangle are used to determine the aircraft latitude/longitude coordinates.

6.2 Relationship between a Point and a Great Circle Path

6.2.1 Problem Statement

Often there is a need to find the relationship between a North
discrete point on the earth’s surface and a great circle
path. A possible scenario is shown in Figure 27: A vessel
V intends to transit a great circle path from location U
[coordinates (Ly, Ay)] to location S [coordinates

(Ls, 45)], beginning with departure azimuth ¢ ,,. While V(L)
in en route, the navigator determines that the actual vessel

. . : U(Ly,dp)
location is V (Ly, A,), which may not be on the intended X 2
path. The navigator wants to find relevant quantities such (Lx Ax)
as how far off-course the vessel is in both distance and S (Le. A
(Lss 4s)

azimuth angle.
Figure 27 Vessel V and Intended
For such a scenario, the coordinates of U, V and S are all Great Circle Path US

known. Thus, for triangle UVS, the side lengths and side

azimuth angles can all be found as solutions to the Indirect problem of geodesy (Section 4.2).
Given those calculations, in terms of the classic ‘solving a triangle’ taxonomy, this is an SSS
(side-side-side) situation. However, it does not have infeasible formulations or ambiguous
solutions, as occur in Section 6.4 for a ‘pure’ SSS situation.

In addition to the sides of UVS, the quantities of interest can include the coordinates of the
nearest point X (Ly, Ax) on the intended path, the distance 6,5 from the vessel to the nearest
point on the intended path, the projection of the distance traveled onto the intended path 8, and
the off-path angle 5.

6.2.2 Problem Solution

Solution to this problem is a five-step process. The first step is to apply the Indirect problem of
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geodesy (Section 4.2) to the great circle path UV, finding the azimuth angle ¥y, ,; and the
distance 6yy,. The fact that the vessel’s actual track over the earth may not have been the great
circle path UV is not relevant — only the end points are.

Because (a) the great circle through U and S encircles the earth and the vehicle may have
traveled ‘in the wrong direction’, and (b) azimuth (bearing) angles can vary over (-, «], the
angle B between US and UV is computed in the range [0, ] using

B = min { |l/JS/U —EbV/Ul: |l/JS/U — Yyt 2m|, |¢S/U —Yyy — 2m|} Eq 194

When g = 0, the vessel is on the intended path.

The third step addresses the mathematical spherical triangle UVX, where the angle at X is a
right-angle. The law of sines (Eq 73) yields the off-course distance 6 in the range [0, /2]

By x = Arcsin[sin(8yy) sin(B)] Eq 195

While Eq 195 has two mathematical solutions, the smaller of the two positive angles will be
correct in all but the most extreme circumstances.

Again considering triangle UVX, the projection of the distance traveled onto the intended path
8y x 1s found from the law of cosines for sides (Eq 71) and Eq 15

Oyx = arccos( Eqg 196

C05(9uv)> . Sin[%(guv + 0yx)] sin[%(@w — 0yx)]
——— ] = 2 arcsin
cos(Byx) cos(byx)

Finally, the coordinates (Ly, Ax) are found as a solution to the Direct problem of geodesy
(Section 4.3) based on knowledge of (Ly, Ay), Oyx and Yy

6.3 Solution for Two Azimuth Measurements

In this section, the assumption is that the latitude/longitude coordinates of stations U (L, A;) and
S (L, As) are known, as are their azimuth (or bearing) angles, ¥4,y and ¥, s, to a third (aircraft)
location A. The solution for the coordinates of A and related parameters follows the pattern
described in Subsection 6.1.5. The approach is based on the mathematical spherical triangle
USA. In terms of the classic ‘solving a triangle’ taxonomy, this is an ASA (angle-side-angle)
situation.

6.3.1 Step 1: Find the Parameters of the Path Connecting the Stations

This step is a straightforward application of the Indirect problem of geodesy. Section 4.2 is used
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to find the following parameters of the great circle arc between the stations at U and S:

= Parameters related to the geocentric angle 6,5 — specifically its cosine (from Eq 78) and
sine (from Eq 88) functions

= The azimuth angles ¥, and ¥y s (from Eq 86 and Eq 87, respectively).

6.3.2 Step 2: Determine If the Problem Is Well-Posed

The problem must be physically and mathematically well posed. In terms of a spherical earth, the
two radials define two great circles which intersect at two antipodal points. The interior angles of
triangle USA at U and S, both in the interval (0, w), are given by the following equations.

By = min{ |¢S/U —lPA/Ul: |¢S/U - l/’A/U + 27T|’ |l/’5/U —l/’A/U - 27T| }

. Eq 197
Bs = min { |1/JU/5 —¢A/5|r |1/JU/5 —Pas + 27T|' |1/JU/5 —Yass — 27T| }

For the two radials to intersect, both of the following must be true:

= Solution Existence: The radials must point to the same side of the station baseline
US. The analyst must determine which one of the following conditions is true, or
there is no solution:

Yaju = Vs + Bu Yass = Yuyss — Bs When A south of US baseline*

wA/U = ¢S/U - lBU wA/S = wU/S + ﬁs When A north Of US base“ne*
*Assuming U is west of S

= Solution Existence: It must be the case that 0 < S + Bs < m. Otherwise, the two
intersections will either be equidistant (both at a geocentric angle of /2 from the
midpoint of the station baseline) or the closer intersection will be on the opposite side
of the station baseline of that intended.

A cannot be found uniquely if it is on the station baseline US or its extensions, as the radials
then do not have a unique intersection. If both 5, = 0 and S5 = 0, then A is on the baseline
between the stations; if 8y = 0 and S5 = 1 then A is on the baseline extension closer to S; if
By = mand Bs = 0, then A is on the baseline extension closer to U.

6.3.3 Step 3: Find the Aircraft Location Coordinates

The unknown geocentric angles 6, and 6, can be found from the four-part cotangent formula
(Eq 75)

cos(Bys) cos(By) + sin(By) cot(Ps)

COt(HUA) = B
sin(9us) Eq 198
_cos(8ys) cos(Bs) + sin(Bs) cot(By)
cot(Bs,) = sin(0ys)

In computing 8,4 and 65, from Eq 198 using the arc cotangent function, the angles can be
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unambiguously found in (0, 7). Only one of the two angles is needed to find L, and A,. The
distances to the stations 6,4 and 65,4 can provide information about the strength and visibility of
the stations’ signals at the aircraft, as well as the distance-to-fly in some situations.

With 6, or 85, known, the latitude/longitude of A can be found from either the spherical
triangle PUA or from triangle PSA. This is an application of the Direct problem of geodesy
(Section 4.3). The latitude can be found from either of these equations

sin(L,) = sin(Ly) cos(By,) + cos(Ly) sin(By,) cos(Pa/u) Eq 109
sin(L,) = sin(Ls) cos(8s,) + cos(Ls) sin(bs,) cos(Pa/s) a
And the longitude can be found from either of these equations
sin sin(6
s — i) (Pay) 50 (602)
cos(Ly) cos(By,a) — sin(Ly) sin(By,) cos(Pau) £q 200
Sin(‘/JA/s) sin(fs4)
tan(lA - /15) = . -
cos(Ls) cos(8s4) — sin(Lg) sin(fs4) cos(Py/s)

By employing the two-argument arc tangent function, Eq 200 will yield values of 1,- A, and
A4- Ag in the range [-w, «t].

6.3.4 Extensions, Alternatives and Remarks

Analysis Extensions — Additional quantities can be computed which are of interest in some
applications. The angle of intersection of the two radials at A is given by the law of cosines for
angles (Eq 72)

cos(B4) = — cos(By) cos(Bs) + sin(By) sin(Bs) cos(Oys) Eq 201

When using the arc cosine function in Eq 201, g, from can be unambiguously found in [0, x].
The crossing angle of the radials 4 provides information about the accuracy of the solutions for
L, and 44. Some sources suggest that a fix should only be used when 30° < 4 < 150°. This
would exclude locations near the baseline and its extensions and at large distances from both
stations.

Also, it may be of interest to know the azimuths of the paths to U and S from A.

tan(Yy4) = —sin(Y4,y) cos(Ly)
Y7 sin(Ly) sin(8y,) — cos(Ly) cos(8y4) cos(Wau) .
_ —sin(4/s) cos(Ls) q
tan(ys/a) =

sin(Ls) sin(0s,4) — cos(Lg) cos(fs,) cos(l,bA/S)
By employing the two-argument arc tangent function, Eq 202 will yield values of ¥/, and ¥,
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in the range [-x, n]. The azimuth angles 4 and ¥s,4, may be useful for steering and/or cross-
checking the aircraft’s direction finding equipment.

Analysis Alternatives — Other equations can be used in lieu of Eq 198. One option is to use
Napier’s Analogies (Eq 76). A disadvantage is that both 6,, and 65, must be found.

cos[3(By — Bs)]
cos[3(By + Bs)]
sin[3(By — Bs)]
sin[3(By + Bs)]
Another option is to use (a) Eq 201 to find B4, then (b) Eq 72 and Eq 73 respectively to find the
cosine and sine of 8, and/or 6s,4. The latter are the quantities needed in Eq 199 and Eq 200.

tan B(GSA + HUA)] = tan BHUS]

Eq 203

tan [%(95,4 — GUA)] = tan [%Hus]

Remarks

= Solving the two-bearing (e.g., VOR-VOR cross-fix) problem can be done using only
spherical trigonometry, and does not require aircraft altitude.

= A complete solution involves a total of 15 navigation variables (latitudes, longitudes,
azimuth angles and geocentric angles). Of these, 6 are known at the start of the
calculation.

= Mathematically, the sensor cross-fix problem (e.g., VORs or radars) addressed in this
section is identical to finding the intersection of two great circles which is addressed
in Subsection 5.6.1.

A problem closely-related to the subject of this section is determining an aircraft’s position from
the coordinates of two stations U and S and measurements of the angles v, 4 and 15/, from the
aircraft to those stations. In aviation or marine applications, the stations would often be non-
directional beacons or commercial broadcast transmitters. The information available for this
related problem is insufficient for the direct use of spherical trigonometry. For triangle USA,
only the side 8, and the opposite angle 4 are known. A viable solution approach is described
in Chapter 8, Subsection 8.5.8.

6.4 Solution for Two Slant-Range Measurements

Here, the assumption is that the latitude/longitude/altitudes of stations U (L, Ay, hy) and

S (Lg, As, hg) are known, as are the slant-ranges, d;4 and dgy4, to the aircraft location A, about
which only its altitude h, is known. The solution approach is based on the mathematical
spherical triangle USA. Following a preliminary step (Subsection 6.4.1), the solution for the
latitude and longitude of A and related parameters is a four-step process, like that in Section 6.3.
In terms of the classic *solving a triangle’ taxonomy, this is an SSS (side-side-side) situation.
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6.4.1 Step 0: Convert Slant-Ranges to Spherical-Ranges/Geocentric Angles

Accurate calculation of geocentric angles 6, and 6,4 takes account of the altitude/elevation of
the aircraft and ground station above sea level. This is done using Eq 44, applied separately to
each aircraft-station pair. Once the angles 65, and 6,4 are found, the problem reduces to one of
pure spherical trigonometry (and can also by solved using vector analysis, as in Section 5.5).

6.4.2 Step 1: Solve the Navigation Spherical Triangle for the Two Stations

This is an application of the Indirect problem of geodesy. The approach in Section 4.2 is
employed to find the geocentric angle 6,5 between the stations U and S (Eq 81) and the azimuth
angles s,y and Yy s (Eq 86 and Eq 87) of the path (baseline) joining the stations.

6.4.3 Step 2: Determine if the Problem is Well-Posed

The problem must be mathematically well posed for a solution to exist. Ranges (geocentric
angles) from two stations define small circles on the surface which can intersect at zero, one or
two points. If either of the following conditions is true, then the problem is ill posed and does not

have a valid solution.

» |f Oy, + 054 < By, then the circle radii are too small (relative to the distance
between their centers) to intersect.

= If |8y4 — Bs4| > Bys , then one circle encloses the other and they do not intersect.

If either Oy, + 654 = Oys Or |0y4 — B4 = Bys, then the circles are tangent and there is only
one solution, which lies on the baseline connecting U and S, or its extension as a great circle.
Otherwise, there are two solutions, located symmetrically relative to the baseline US. Additional
information must be used to choose between the two solutions (see Subsection 6.4.6).

There is no partial solution case for this sensor combination. However, the single-solution case
involves high sensitivity to measurement errors for the direction orthogonal to the baseline.

6.4.4 Step 3: Solve the Mathematical Spherical Triangle USA

The third step is to solve the mathematical spherical triangle (Subsection 4.1.2) USA. This
situation falls under Case (1) in the taxonomy of Subsection 4.1.7 — all three sides are known.
Denote the (positive) interior angles of USA by S, Bs and B4. They can be found by applying
the law of cosines (Eq 71) three times:

cos(B8s4) — cos(Bys) cos(Oy4)
sin(8ys) sin(By4)

cos(By) = Eq 204

6-10



DOT Volpe Center

cos(By,) — cos(Bys) cos(bs,)

cos(Bs) = sin(8ys) sin(Hs,)
_ c0s(Bys) — cos(bys) cos(6s,)
cos(fBy) = sin(8y,4) sin(6s,)

In computing By, Bs and S, from Eq 204, by using the arc cosine function, the angles can be
unambiguously found in (0, xr). Also, By, fs and B, are found without chaining from one
solution to another.

6.4.5 Step 4: Find the Coordinates/Path Azimuths for Aircraft A

With B, and s known, azimuth angles ¥4, and 14,5 can be determined to within an
ambiguity. The ambiguity arises because it is not known whether to add or subtract S, from
Ps,u (01 Bs from 1y 5, respectively) to form i, ,; (0r 14,s). One and only one of the following
alternatives is correct:

Yaju = Vs + Bu Yass = Yuyss — Bs When A south of US baseline*

wA/U = ¢S/U - lBU wA/S = wU/S + ﬁs When A north Of US base“ne*
*Assuming U is west of S

The ambiguity may be resolvable from the azimuth angles ¥4, and 14,5 (because the navigator
often knows, approximately, ¥, ,, and/or ,4). Alternatively, two solutions can be found for
the coordinates of A and the azimuths of the paths from A, and the ambiguity resolved
subsequently. In either case, the calculations set forth in Subsection 6.3.3 are performed last —

specifically, Eq 199 for the aircraft’ latitude L,, Eq 200 for the aircraft’s longitude 44, and Eq
202 for the azimuth angles ¥4 and 1,4 Of the stations relative to the aircraft,

6.4.6 Remarks

This section could also be entitled “Position Solution for Two Spherical-Range (or Geocentric
Angle) Measurements’, since the first step in the solution is to convert the convert the slant-
ranges to geocentric angles. After the stations and aircraft altitudes have been removed, the
aircraft latitude and longitude can also be found using vectors and matrices (see Section 5.5).

Concerning resolution of the two-solution ambiguity:

= Resolving the ambiguity only requires knowing which side of the station baseline
(including its extensions) the vehicle is on. Often, based on dead reckoning from
either the departure location or a previous fix, the vehicle’s crew will be able to make
such a determination.

= Motion of a vehicle along a line of azimuth (heading) may be used to resolve the
ambiguity. Because the ambiguous solutions are symmetric about the baseline, the
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motion of the correct solution will correlate with heading while motion of the
incorrect solution will not.

= |f either station provides azimuth (in addition to range) information, or navigation
information from a third station is available, that may be used to resolve the
ambiguity.

To elaborate and provide context:

= The angle from the aircraft to the stations, 8,4, provides information about the
accuracy of the solutions for L, and 1,. Some have recommended that the fix only be
accepted when 30° < 8, < 150°. This would exclude locations near the baseline
between stations (including its extensions) and at large distances from both stations.

= The solution presented above involves a total of 21 navigation variables (latitudes,
longitudes, altitudes, azimuth angles, geocentric angles and slant-ranges). Of these, 9
are known at the start of the calculation.

= The solution involves calculating parameters that may not be needed in all situations.

6.5 Solution for a Slant-Range and an Azimuth Measurement

Here, the a priori known quantities are: the coordinates of DME station D (Lp, Ap, hp) and VOR
station V (Ly, A;). The measured quantities are: the slant-range dp, between the aircraft A and
station D; the azimuth angle 14, of A from V; and the aircraft altitude h,. The quantities sought
are the coordinates of A (L4, A4) and the parameters for paths AD and AV. The solution
approach is based on the mathematical spherical triangle DVA. In terms of the classic ‘solving a
triangle’ taxonomy, this is an SSA (side-side-angle) situation.

6.5.1 Step 0: Convert Slant-Range to a Geocentric Angle

Convert the slant-range dp 4 to the geocentric angle 6;,, using Eq 44, in the same manner as
discussed in Subsection 6.4.1.

6.5.2 Step 1: Solve the Navigation Spherical Triangle PDV

Apply the Indirect problem of geodesy (Section 4.2) to find the geocentric angle 8, between
stations D and V (Eq 81) and the azimuth angles v, and ¥y, ,p (Eq 86 and Eq 87) for the

baseline joining the stations.

6.5.3 Step 2: Determine if the Problem is Well-Posed

In determining if the problem is well-posed, the first consideration is the magnitude of the
measured geocentric angle between the aircraft A and station D, 6,4, relative to the known
geocentric angle between the stations D and V, 8. There are three cases:

= Interior: If 8, < 8p4, then V is within the perimeter of the circle of possible aircraft
locations centered on D; there is one and only one intersection/solution
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= Perimeter: If 6, = 6p4, then V is on the perimeter of the circle centered on D; there can
be zero or one solution

= Exterior: If Op4 < Opy, then V is outside the perimeter of the circle centered on D; there
can be zero, one or two solutions.

To further explore the scenario geometry, define the angle at V, B, between the great circle arcs
to the aircraft A and the DME station D, in the range 0 < Sy, <=, by
By = min{ |1/JA/V _l/)D/Vl' |1/JA/V - 1PD/V + 27T|' |1/JA/V _'-/)D/V - 27T| } Eq 205

For the Perimeter case (8p4 = 0py), there is a valid solution only if 0 < By < %n. Otherwise,

the problem is ill-posed and no solution exists.

For the Exterior case (6p4 < 6py), define the critical value for S, 0 < By rir < %n, by

sin(HDA)> Eq 206

sin(8py)

Eq 206 is the law of sines applied to triangle DVA when £, is a right angle. Three situations can
occur: (a) when By i+ < By, the problem is ill-posed and there is no solution; (b) when By i =
By, there is a single solution; and (c) when B, < By . there are two possible solutions.

By crit = arcsin(

There is no partial solution case for this sensor combination. However, the single-solution case
involves high sensitivity to measurement errors for the direction along the radial from V.

6.5.4 Step 3: Solve the Mathematical Spherical Triangle DVA

When at least one solution exists, the third step is to solve the mathematical spherical triangle
(Subsection 4.1.2) DVA. This problem falls under Case (3) in the taxonomy of Subsection 4.1.7
— two sides, 8, and 8,4, and an adjacent (not included) angle B, are known.

First, the interior angle at A, B4, is found using the law of sines

Sin(ﬁv)Sin(‘gnv))

Eq 207
sin(fp,4) a

Ba = arcsin(

Consistent with Subsection 6.5.3, for a well-posed problem the quantity within the large
parentheses in Eq 207 will have a value in [0, 1]. Thus two angles will be found in [0, ] except
when the right-hand side is unity, in which situation g, = n/2 and B, = Bv.crit. For the Interior
case, the value for 4 in [0, ©/2) is correct, and the value in (n/2, ] is extraneous (a mathematical
artifact which is discarded). For the Exterior case, either value for 8, may be correct (the
situation is ambiguous); these values are labeled S, ; and 3, ,, and both are retained. The value
of B, is indicative of the solution accuracy (Subsection 6.5.6).
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The angles S 1 and S , corresponding to angles B, ; and S4 , are found using either of the
following expressions from Napier’s Analogies (Eq 76)

tanl g, = €0 3 (Fpy —6Opa)
W
2 cos 2 (Opy +6pa)

_ Sin%(HDV —0pa)
sin%(&DV +6p,)

COt%(ﬂA,i +4)

COt%(IBA,i -A)

The discussion in Subsection 4.1.6 concerning sums and differences of sides and angles having
the “‘same affection’ is relevant here. As a consequence, both expressions on the right-hand side
of Eq 208 are positive. Thus, in computing Bp ; (i = 1, 2) from either line using the arc tangent
function, each solution can be unambiguously found in (0, ). The second line is preferred, as it
cannot be indeterminate. There is a small possibility that first line can, by the two sums of angles
equaling n/2, resulting in the trigonometric functions of the sums both equaling zero.

The distance 6y, ; can be found from either of the following expressions. As is the case for Eq
208, both expressions on the right-hand side of Eq 209 are positive. Thus, in computing 6y 4 ;
(i=1, 2) from either line using the arc tangent function, each solution can be unambiguously
found in (0, ). The first line is usually preferred, as it cannot be indeterminate. There is a
possibility that second line can, by the two differences equaling 0, resulting in the trigonometric
functions equaling zero.

c0s L (Bni + i)
c0s L (Bai ~ )
_sink(Bai+ )

Sin < (Ba — )

tanQ,; = tan 3 (Gpy +6pn)

Eq 209

tan %(QDV —Opn)

6.5.5 Step 4: Find the Coordinates/Path Azimuths for X

One and only one of the following conditions is true:

* Yup =Yypt+Ppand Py =vpy — Py
* Yap =Yyp— Bpand P,y =Ppy + Py.

Since both ¥4, and ¥, are now known, the correct line can be selected, yielding ¥, ,,. Then
the calculations set forth in Subsection 6.3.3 involving spherical triangles PDA and PVA can be

performed — specifically, Eq 199 for the aircraft’ latitude L4, Eq 200 for the aircraft’s longitude
A4, and Eq 202 for the azimuth angles 1,4 and 1y, 4 Of the stations relative to the aircraft.
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6.5.6 Remarks

Concerning resolution of the two-solution ambiguity:

The ambiguity can often be resolved from knowledge of the station locations and the
approximate route from the departure point. Using dead reckoning, the vehicle
operator may know the approximate distance to the VOR station.

If the DME station provides azimuth (in addition to range) information, that may be
used to resolve the ambiguity.

To elaborate and provide context:

The angle from the aircraft to the stations, ,, provides information about the
accuracy of the solutions for L, and 1,. Some have recommended that the fix only be
accepted when 0° < 8, < 60° or 120° < 8, < 180°. This would exclude locations
where the lines-of-sight to the stations are close to being orthogonal.

The solution presented above involves a total of 18 navigation variables (latitudes,
longitudes, altitudes, azimuth angles, geocentric angles and slant-ranges). Of these, 8
are known at the start of the calculation.

The solution involves calculating parameters that may not be needed in all situations.

The aircraft-DME station geocentric angle can be approximated —e.g., by dp4 / Re
— but Eq 44 provides a more accurate solution.

The solution method described in this section uses Napier’s Analogies. An alternative
solution method can be based on the equations in Section 6.2.

6.6 Check of Continuous Descent Approach Altitude

6.6.1 Application Context

FAA Advisory Circular AC 120-108 (Ref. 38) recommends and provides guidance for
employing the Continuous Descent Final Approach (CDFA) technique, as an alternative to the
traditional step down technique, for conducting a Non-Precision Approach (NPA) procedure:”

“The goal of implementing CDFA is to incorporate the safety benefits derived from
flying a continuous descent in a stabilized manner as a standard practice on an NPA.

“CDFA starts from an altitude/height at or above the Final Approach Fix (FAF) and
proceeds to an altitude/height approximately 50 feet (15 meters) above the landing
runway threshold or to a point where the flare maneuver should begin for the type of
aircraft being flown.”

Simultaneous with publication of AC 120-108, the FAA began including CDFA Vertical
Descent Angles (VDASs) on approach plates for NPAs. Figure 28, depicting part of the approach
plate for the LOC IAP to runway 35 at Norwood Memorial Airport (KOWD), is an example.”

* CDFAs were not prohibited prior to publication of AC 120-108. However, the FAA did not recommend them nor
provide information concerning their use. Some air carriers required utilization of CDFAs and supplied their flight
crews with supplementary information on company-provided approach plates.

1 Effective dates: May 1, 2014 — May 29, 2014
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Figure 28 Portion of LOC IAP to KOWD Runway 35

When executing a CDFA in accordance with the LOC IAP to runway 35 at KOWD, upon
passing the FAF (as determined either by a marker beacon receiver or a DME interrogator) at or
above 1,400 ft MSL, the aircraft would descend to 580 ft MSL by following a CDFA with a
VDA of 2.87 deg. Upon reaching 580 ft MSL, the aircraft should not descend further unless/until
the fix DIKEY is identified utilizing a DME interrogator. If/when that occurs, the aircraft would
be permitted to descend to 500 ft MSL — but no lower. If the airport environment is identified at
that point, a visual landing could be performed; if not, a missed approach is required.

6.6.2 Altitude vs. DME Information for the Pilot

Employing the CDFA technique does not require additional equipment on the aircraft or on the
ground — i.e., other than that required for the step down technique. Specifically, the avionics
required for VNAYV guidance specified in Advisory Circulars AC 90-105 (Ref. 39) and AC 20-
138C (Ref. 40) are not required. However, if available, use of VNAV is recommended.

If VNAV avionics are not available, the pilot calculates a planned descent rate utilizing a table in
AC 120-108, based on the charted VDA and planned ground speed. When executing a CDFA
without VNAYV, instrumentation errors in measuring airspeed and descent rate, variability in the
headwind, the lack of a guidance display and other factors, will cause the aircraft’s altitude flown
to be less well controlled than it is for a VNAV operation. The contributions of some of error
mechanisms accumulate, causing the difference between the altitude flown and the altitude
desired to increase with time.

The safety aspect of an aircraft being at the incorrect altitude while performing a CDFA NPA is
addressed by requiring the aircraft to remain above the Minimum Descent Altitude (MDA) along
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the entire approach track. However, situational awareness is improved if the pilot has a readily
available method for comparing the aircraft’s measured altitude with the planned altitude on an
almost continuous basis, particularly when VNAYV is not used (Ref. 41). A technique adopted by
some airlines has been to include a table of DME distance versus planned barometric altitude for
each CDFA approach plate for an airport with a DME ground station. Generating such a table is
the subject of this section. This analysis can also be used to determine the parameters of an
approach fix defined by aircraft altitude or distance to a DME ground station.

Equations used to generate a table of DME distance versus planned barometric altitude must
reflect the geometry of the DME ground station location relative to the approach ground track.

Two types of DME stations are discussed:

= ‘ILS DME’ — The DME ground station antenna is located close to the centerline of a
runway equipped with an ILS localizer” (regardless of whether an ILS glide slope
subsystem is present). These DME stations are generally low-powered and are only
approved for use as an aid for approaches to the associated runway. On approach
plates and other FAA documentation, ILS DMEs are designed with an “I-" prefix —
e.g., I-OWD in Figure 28.

= ‘Airport DME’ — The DME ground station is generally on the airport but is not
associated with a runway." These DMEs generally have signal strength sufficient to
serve aircraft approaching all runway ends as well as in the surrounding airspace
within a radius of at least 50 NM.

6.6.3 ‘ILS DME’ Scenario

This scenario involves a straight-in CDFA using the baro-altimeter system at descent angle a’ to
a runway with a DME ground station close to the runway centerline. Three locations, all on the
same great circle, are involved. From the pilot’s perspective, they are, in typical order of
increasing distance: the aircraft, A (more precisely, its DME interrogator antenna); the runway
threshold, R (more precisely, the threshold crossing location); and the DME ground station, D
(more precisely, its antenna). In this analysis: h denotes altitude above MSL, 8 denotes a
geocentric angle and d denotes a slant-range.

The analysis is straightforward if the aircraft altitude h, taken as the independent variable. From
Section 9.2 (Eq 493) the geocentric angle 6z, between the aircraft and the threshold (at altitude
hg) is

* For some runways, the ‘ILS’ DME ground station antenna is collocated (or nearly collocated) with a localizer
antenna; it may serve one or both runway ends. In other situations, the DME ground station is between the ends of
runway, with the antenna as close to the centerline as possible.

T The “Airport” DME ground station antenna should be either in front of or behind the aircraft throughout the
descent portion of the approach procedure — i.e., until the Minimum Descent Altitude is reached.
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R, + hg
tan(a’)

Eqg 210

log (Re + hA)
Ora = ————~+—

The geocentric angle between the runway threshold and the DME 6y, is known from the runway
geometry. Reportedly, for some U.S. ILS DME installations, 8z, should be set to zero, because
the fixed DME ground station delay (which is transparent to the pilot) is adjusted so that the
aircraft DME reads zero at the runway threshold. This is not the case for the procedure shown in
Figure 28, nor for others examined at random.

Thus the geocentric angle between the aircraft and the DME ground station 84 is

Opa = Ora £ Opp Eq 211

The “+’ sign applies if the DME is past the threshold and the ‘-~ sign applies if the DME antenna
is before the threshold.

Lastly, the slant-range between the aircraft and the DME ground station d, 4 is found from
Subsection 3.5.1 (Eq 54).

h h h,—h 2
dps = 2R, sin (26 <1+—A>(1+—D>+ 4 Db , 60 Eq 212
DA e (2 DA) R, R, 2R, SiIl(%@DA)

Remarks

= The solution for this scenario does not involve latitude or longitude coordinates —
only altitudes and distances between the aircraft and destination runway.

= When generating a table for crosschecking aircraft altimeter readings against desired
altitudes corresponding to DME readings, usually one would prefer to specify the
slant-range dp,4 as a ‘round number’ (e.g., 3.0 NM) and determine the associated
desired altitude h,. This is the inverse of the simpler solution approach described in
this subsection. However, it can readily be achieved by ‘wrapping an iteration
method’ around the equations of this subsection (Subsection 2.1.8).
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6.6.4 ‘Airport DME’ Scenario

The *Airport DME’ scenario is essentially a combination of: (1) the vertical plane situation

addressed for ‘ILS DME’ scenario of (Subsection 6.6.3), and
(2) the spherical earth’s surface situation addressed in Section
6.5. Here, the locations of the aircraft, runway threshold and
DME are not modeled as lying on the same great circle. Such
geometries generally occur because the “‘Airport DME’ is not
located close to the destination runway centerline

North

The footprint on the earth’s surface for this scenario is shown in
Figure 29. The locations of the aircraft A, runway threshold R
and DME ground station D, are shown. It is assumed that the
coordinates of the threshold R (Lg, Az, hg) and of the DME

station D (Lp,Ap, hp) are known, as are the azimuth angle
Y,k Of the approach course. In terms of the classic ‘solving a

triangle’ taxonomy, this is an SSA (side-side-angle) situation.

ALy?747)
For this problem, the best choice for the independent variable is

the geocentric angle between the aircraft and the DME antenna, Figure 29 Airport DME
6, 4. When generating a table for operation use, one would CDA Scenario

generally prefer to perform altitude checks at defined DME

slant-range readings, dp 4. Or, conversely, one could perform DME checks at defined altitude
readings, hy. Tables for either option can be generated by iterating on Steps A-2 to A-6 in the
following procedure.

Initialization (executed once)

Step I-1: Apply the Indirect problem of geodesy to the path RD to find the geocentric angle 6zp
and azimuth angle ¥, /.

Step 1-2: Compute the interior angle Sz between RD and RA (assuming the aircraft is on course)
in the range [0, ©t] using Eq 213.

Br = min { |1/JA/R _l/)D/R'; |1/JA/R - l/)D/R + 27T|; |1/JA/R _l/)D/R - 27T| } Eq 213

Find Slant-Range dp, and Altitude h, from Spherical Range 6, , (executed at least once)

Step A-1: Select an initial value for 6 4. This choice is not critical, as iterations are generally

involved. A possible first choice is:

specified d
9DA:k% , k~1 Eq 214

e
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Step A-2: For triangle RDA, compute the interior angle B, between AR and AD (assuming the
aircraft is on course) using the law of sines.

sin(fg) Sin(HRD)> Eq 215

sin(6pa)

Pa = arcsin(

When 6zp < 0p4, Which is generally true when the DME is on the airport, then if the earth were
flat, the only valid solution would be the acute angle which satisfies Eq 215. Since the approach
region is small relative to the earth’s surface, the acute angle will generally be correct as well.
Angle S, influences the accuracy of the crosscheck on aircraft altitude. In Subsection 6.5.6, it’s
noted some have recommended that a DME-VOR fix only be accepted when the equivalent
angle satisfies g < 60°.

Step A-3: For spherical triangle RDA, the geocentric angle 85,4 in the interval [0, x) is found
from Napier’s Analogies using either of the following expressions. The choice can be based
entirely on numerical considerations.

P L R72) N PSP

COS[—(,BR - ,BA)]
1 ) Sin[%(ﬁR + B4)]
3Bz — Ba)]

Eq 216

tan [%(HDA - HRD)]

Sin

Step A-5: For an aircraft flying a CDFA using the baro-altimeter, with descent angle a’, the
planned altitude h, for the location involved is

hy = (R, + hg) exp[Oz4 tan(a’)] — R, Eq 217

Step A-6: Eq 212 (repeated) is employed to find the aircraft-DME ground station slant-range dp4
for the location and planned altitude.

h h hy—hp )
dpa = 2R, sin (26 <1+—“‘)(1+—D)+ A D ) | gx0 Eq218
DA e (2 DA) R, R, 2R, SiIl(%QDA)

Iteration for Defined DME Slant-Range or Altitude

Given the computed values for dj 4 and hy, the value for 8,4 can be adjusted and Steps A-2 to
A-6 repeated until a specified value for d4 or for h, is achieved (see Subsection 2.1.8). If an
assumed aircraft location is to be designated as a fix, then the latitude and longitude coordinates
of the fix (L4, A4) are found as solutions to the Direct problem of geodesy (Section 4.3).
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6.6.5 Remarks

For the Airport DME problem, in the majority of situations: (a) the aircraft-DME station distance
dp4 1S many times the aircraft altitude h4; and (b) high computational accuracy is not needed,
since measurement errors are present and the values presented to the pilot are rounded. In these
situations, the aircraft-DME station geocentric angle 8,4, computed using Eq 214 with k = 1,
often results in sufficiently accurate values of the aircraft’s altitude h, and coordinates (L4, A4)
and the computed slant-range dp4 (EQq 218) is not be needed.

The location of the DME station in relation to the threshold should be approximately known to
ensure that the correct solution to Eq 215 is used. The value of Sy is key — if fr > >m then the

DME station is further than the runway threshold and the aircraft will not fly past the DME
during the approach. However, if B < >, Eq 215 may have two solutions when the aircraft
nears the airport. These correspond to the DME being “‘before’ or ‘behind’ the aircraft. Usually,
the aircraft will be abeam of the DME after reaching the Minimum Descent Altitude (MDA).

Although the case for doing so is not as strong as it is for an NPA, the technique in this section
can also be used to crosscheck aircraft altitude during an ILS or LPV approach with glide path
angle a. Detecting capture of a false glide slope signal is perhaps the most compelling such
reason (Ref. 42). To do so, in place of Eq 217, the following (from Eq 66) would be used.

sin(a + 36r4) sin(36z4)
cos(a + 6gy)
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7. AIRCRAFT POSITION FROM PSEUDO RANGE MEASUREMENTS

7.1 Overview of Pseudo Ranges

7.1.1 Background

Pseudo ranges are measurements of the distance between an aircraft and a set of ‘ground’” sta-
tions, with the provision that all measurements are offset (biased) by the same unknown amount.
This situation generally occurs when: (a) there’s a one-way transmission of energy, either from
the aircraft to the stations (surveillance) or from the stations to the aircraft (navigation); and

(b) the stations have synchronized clocks that measure the time(s) of transmission (navigation) or
reception (surveillance), but the aircraft does not.” The pseudo range concept has been utilized
for both slant-range and spherical-range propagation paths.

As any concept, pseudo range systems have advantages and disadvantages (Table 10). The most
important advantage is that user equipage is significantly simpler/lower-cost than it would be for
a system utilizing true ranges. Pseudo range systems became viable during the twentieth century,
with development of technologies (e.g., atomic clocks) that can synchronize widely separated
ground stations. It is currently the concept most often chosen for new systems.

Table 10 Pseudo Range Systems: Primary Advantages and Disadvantages

Advantages Disadvantages
User Cost — User needs only a transmitter Station Locations — Stations must essentially
(surveillance) or a receiver (navigation) surround the service area
Accuracy — Avoids the ‘turn-around’ error of two- Station Count — Requires one more station than a
way ranging systems system based on true ranges
Antenna Size — Large antennas for measuring azi- | Station Equipment Cost — Stations must have a
muth angles are not needed synchronization method (often an atomic clock)

In terms of implementation and utilization, the two system types are as different as they are alike.
Specifically, the effects of measurement geometry (station configurations and favorable aircraft
locations) on true and pseudo range systems are quite different — see Section 8.5.

Systems that employ pseudo slant-ranges include aircraft Wide Area Multilateration (surveil-
lance) and GPS (navigation). Low-frequency radionavigation systems provide pseudo spherical-
range measurements by utilizing ground-wave propagation. Examples are/were: Decca, Loran-C

* In this terminology, navigation and surveillance satellites are ‘ground’ stations, as they are external to the aircraft
of interest and their locations are assumed to be known.

' For navigation systems, all stations must transmit effectively simultaneously. Multiple methods have been
employed to avoid mutual interference among such transmissions: use of the same frequency with known, short
delays between station transmissions (Loran); use of different frequencies (Omega, Decca); and transmission at the
same time and on the same frequency modulated by different pseudo random codes (GPS, Galileo).
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and Omega. All U.S. pseudo spherical-range navigation systems have been decommissioned, but
systems are in operation elsewhere in the world (Ref. 43).

7.1.2 Hyperbolic Lines-of-Position (LOPs) and Fix Geometry

One pseudo range station has no value. Measurements for a pair of pseudo range stations can be
subtracted to obtain the difference of the true ranges from the stations to the aircraft (equivalent
to a hyperboloid of revolution on which the aircraft is located). In a two-dimensional context,
hyperbolic LOPs are shown in Figure 30(a).

Lines of equal
time difference ;;

A ’\ [ I
v \’/’i =l = ¥
el T (’ Observer
- -
\ 1
L

i ¥
LOP between af sig

two stations ara constant

(a) Two-Station LOPs (b) Three Station Fix Geometry
Figure 30 Hyperbolic System Two-Dimensional Geometry

Pseudo range LOPs (hyperbolas) are different from LOPs for a true range-measuring sensor
(concentric circles about the station) or those for an angle-measuring sensor (straight lines
‘radiating’ from the station). However, hyperbolic LOPs are closer in appearance to those for an
angle-measuring sensor. LOPs for one angle station and a pair of pseudorange stations both:

(a) emanate from the area when the station(s) are located and ‘radiate’ outward; and (b) diverge
with distance from the station(s). A pseudo range station pair differs from a single-angle station
in that its LOPs are curved, reducing its effective coverage area. Two pseudo range sensor pairs
can be combined to obtain a position fix — e.g., Figure 30(b). For horizontal position determin-
ation, three stations are needed; one station being a member of two pairs. For accuracy, the LOP
crossing angle should be between about 30 deg and 150 deg.

7.1.3 Role of the Common Range Bias

Prior to the advent of satellite systems, there was little need to determine the common bias in a
set of pseudo range measurements. Early systems treated the bias as a nuisance parameter and
formed pseudo range differences. These were often termed range-difference systems. Algorithms
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published by Fang (Section 7.7, Ref. 44) for Cartesian coordinates, and by Razin (Section 7.10,
Ref. 45) for a spherical earth, follow this practice. A general analysis of pseudo slant-range
measurement processing can be found in Ref. 46.

With the advent of GPS, the range offset provided useful information, as GPS satellite trans-
mission times are related to Coordinated Universal Time (UTC). Bancroft’s algorithm (Ref. 47)
and some variations on it solve for the aircraft position and common offset simultaneously.
Section 8.4 contains a proof of the equivalence of the position solutions obtained with and
without finding the common range offset.

7.1.4 Algorithm Taxonomy

When an aircraft and station altitudes are known, converting between slant- and spherical-ranges
is straightforward in either direction — e.g., Eq 44 and Eq 54 and Subsection 3.2.2. Thus, except
for details, only one algorithm is needed to compute an aircraft’s latitude/longitude from either
slant or spherical true range measurements. However, pseudo slant-ranges and pseudo spherical-
ranges cannot be readily converted; separate algorithms are required.

More generally, separate algorithms are required for (a) different pseudo range measurement
types (slant versus spherical); (b) different analysis frameworks (Cartesian versus spherical
coordinates); (c) whether or not the common range bias is computed; and (d) whether or not
altitude is included as a measurement. Table 11 contains a summary of available algorithms.
Slant-range measurements are more naturally addressed using Cartesian coordinates, while
spherical-range measurements are more naturally addressed using spherical coordinates.
However, either framework can be used for either measurement type.

Table 11 Taxonomy for Range-Type Algorithms and Example Applications

asurements True Pseudo Pseudo
Dimensions Slant-Ranges Slant-Ranges Spherical-Ranges
Two Subvestion 2.1 Subsetion 7.12.2 | Section 7.10-7.11
(Plane or Sphere) DME/DME approximation | Airport multilateration Loran-C, Omega
Three Sectio_n 7.3—7*.4 Section_s 7.2,7.5-7.6;
hysical Reality) Section 6.4 Sections 7.8-7.9 N/A
(Phy y DME/DME/Altimeter GPS, WAM

*The algorithm for true spherical-ranges is embedded in this description.

In addition to the algorithms of Fang, Razin and Bancroft — each of which applies to a
homogeneous set of pseudo range measurements — this chapter contains extensions to
combinations of pseudo and true slant-range measurements, to measurement of altitude and to
multiple clock synchronization groups. Generally, a position determination algorithm for a set of
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pseudo range measurements is readily simplified to true range measurements. The term *Ban-
craft’ is used herein for any algorithm involving (a) a Cartesian framework; (b) use of vectors;
and (c) first finding an intermediate quantity such as a norm of the aircraft location vector, then
its components. In contrast, ‘traditional’ solution methods utilize scalars and solve for the
position components directly, usually in a specific sequence.

The algorithms presented in this chapter share several features with those presented in Chapter 6:
(a) the earth is assumed to be a perfect sphere (except when the simpler plane/Flatland”™ assump-
tion is used); (b) the number of measurements is the same as the number of unknown variables;
and (c) the effects of possible measurement errors on the resulting position solutions are not
considered. Chapter 8 relaxes all of these restrictions.

To simplify the exposition, the descriptions in this chapter assume a surveillance context. Thus,
t, denotes the unknown time of transmission by an aircraft and ¢;, i = 1,2,3,4, denote the
measured times of receiption of that transmission at four stations.

7.2 Bancroft Solution for Four Pseudo Slant-Ranges

7.2.1 Introduction

Context — While this document emphasizes navigation/surveillance with respect to a spherical
earth, situations involving a Cartesian/rectangular coordinate framework are of interest (e.g.,
Chapter 5) for several reasons: (1) slant-range and pseudo slant-range measurements are more
compatible with the rectangular framework than the spherical; (2) many analysts find the
Cartesian framework more intuitive, so it can be used to gain insights into situations where a
spherical framework may be more convenient for obtaining useful results; and (3) a Cartesian
framework may be more convenient when the earth’s ellipticity must be taken into account.

This section addresses position-finding from four pseudo slant-range (homogeneous) measure-
ments. Bancroft’s algorithm is extended situations involving only true slant-range measurements
(including aircraft altitude), or a combination of pseudo and true slant-range measurements in
Sections 7.3 to 7.5, respectively. Bancroft’s algorithm can also be employed in situations
involving multiple clock synchronization groups — e.g., see Section 7.6.

Spatial Coordinate Frame — The first step is the selection of an analysis origin. The analysis
origin must be is different from the location of any station, and must satisfy other conditions
discussed in Subsection 7.2.4. Bancroft’s method can be viewed as a clever application of the
cosine law of plane trigonometry. It involves a set of triangles each having vertices at the

* Flatland: A Romance of Many Dimensions is an 1884 satirical novella by the English schoolmaster Edwin Abbott
Abbott. Here, ‘Flatland” characterizes situations where both the aircraft and ground stations are restricted to a plane.
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analysis origin (known), the station location (known) and the aircraft location (unknown). Thus
the lengths of two sides of each triangle are known. The length of the side connecting the
analysis origin and the aircraft is unknown, but that side is common to all triangles. Its length is
found first. The aircraft coordinates then follow readily.

“Time’ Coordinate — The offset common to all of a system’s pseudo range measurements is
inherently temporal, and arises because the aircraft transmissions are not synchronized with the
ground station clocks. However, it sometimes convenient to treat the transmission time as a
range offset (or bias). The two characterizations are related by the speed of propagation.

7.2.2 Problem Formulation

For many problems, the Earth-Centered, Earth-Fixed (ECEF, Subsection 5.1.1) e-frame is a good
choice. For a spherical earth, in ECEF coordinates, the physical stations S; are located at

x{ cos(L;) cos(4;)
rf = |y7| =|cos(L;) sin(4;) | (R, + h;) i=1234 Eq 220

=1
z{ sin(L;)

Here, L;, A; and h; denote the latitude, longitude and altitude (respectively) of station S;.
The (unknown) coordinates of the aircraft A are
ri=[x§ yi zf" Eq 221

For convenience, since quadratic quantities will be involved, use of the superscript e on rf§ and
r{ and their components is discontinued until the end of this section.
The aircraft-station pseudo range measurements satisfy equations of the form, for i = 1,2,3,4
(g — x)* + (Va — ¥)* + (24 — 2)* = (ct; — cty)?
[Gea)? + )2 + (2a)? = (cta)?] + [(x)? + () + (2)* — (ct)?]  EA 222

= 2[x; x4 + yiYa + 2124 — P t;t,]

In vector-matrix notation, the equations of Eq 222 can be combined as

2Bs,=A1+b Eq 223

Iy
§A = [CtA] = [.X,'A Va Zy CtA]T

A=(s4,84) = (x2)* + Wa)? + (2)* — (cty)?

X, Y1 Z; —cty [(x)? + ()2 + (21)% = (ct1)?] 1
B=|* Y2 % —ct; _ I(xz)z + (2)% + (22)° = (Ctz)zl 1= 1
X3 Y3 Zz —Cl3 (x3)% + (y3)* + (23)* — (ct3)? 1
Xo Yo Zy —Cl (x4)2 + (}’4)2 + (24)2 - (Ct4)2 1
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Eq 223 relates s, to its Lorentzian norm A.

7.2.3 Problem Solution

Matrix B is nonsingular when (and only when) its rows are linearly independent. Assuming that
to be true, the formal solution for s, is

$4=5AB711+_B7'b Eq 224

Eq 224 can be written as

Sy=Au+v Eq 225

u= %B_l 1=[Ux Uy U ut]T
V= %B_lb =[x Vy Vg vt]T
The Lorentzian norm A of s, in Eq 225 can be found by (a) left-multiplying both sides of the

equation by the diagonal matrix with diagonal elements (1,1,1,-1), then (b) left-multiplying both
sides by the transpose of Eq 225. Upon collecting like terms, the result is

ar>*+pA+y=0 Eq 226

a=(uu)=u+uj+u;—uf
B =2(u,v)—1=2uuv, +2u,v, + 2u,v, — 2uv, — 1

y=v,v) =vi +v) +vf —vf

Usually, Eq 226 has two distinct real roots

1

Ay =Z(—ﬁ+\/ﬁ2—4ay
1

=g (BB~ day

Thus there are two possible solutions for the aircraft state s,

) Eq 227
)

XA+
| Yar | [Tax7_ (B VB? —4ay
Sa+ = Zat = CtAi]—/l_u+V—(—ﬂu+v>i<Tu Eq228

One of the two solutions is correct; the other may be either ambiguous or extraneous. Depending
upon the aircraft location, both can occur for pseudo range systems. Although unusual, situations
can arise where there are not two distinct real roots to Eq 226 — see the following subsection.

The penultimate step is determining the two possible sets of aircraft latitude/longitude/altitude
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coordinates. Reintroducing the superscript e to denote the coordinate frame, for a spherical earth,

those gquantities can be found from
Zay \

Jerr+ony)

— e e
Aag = arctan(yAJ_r ,xAJ_r)

hre = J(52)" + 052)" + (25" ~ Re

L4 = arctan

Eq 229

In Eq 228 and Eq 229, a single sign, ‘+’ or ‘=", must be used consistently.

The final step is selecting between the two candidate solutions. (The topic of selecting between
multiple solutions is addressed in general terms in Subsection 6.1.3.) Mathematically, an
extraneous solution arises from the squaring of the time differences in Eq 222, as squaring
destroys the sign of the time differences t;- t4. When there is an extraneous solution, the solution
for the aircraft time of transmission t, can be used to detect it — the correct value for t, must be
less than min(t,, t,, t5, t,) and the extraneous value will be greater than max(t,, t, t3, ts).

However, when an ambiguous solution occurs, the value for t, will also be less than

min(t,, t,, ts, t,). Generally, ambiguous solutions only occur when the aircraft is near an an
extension of a baseline connecting two stations or between two extended baselines. (These areas
are generally not within the service area where the system’s use is intended.) When the aircraft is
at a location where the system intended to be used, only detectable extraneous solutions occur
(Ref. 48). Section 7.7 illustrates such situations in a two-dimensional context.

7.2.4 Remarks

Coordinate Frames — After a solution is found, the Cartesian coordinate frame employed for
Bancroft’s algorithm can be related to either a spherical or ellipsoidal earth model. Compatibility
with an ellipsoidal earth is an advantage when the sensor-aircraft ranges are several hundred
miles or more. However, if an ellipsoidal earth model is used, Eq 229 must be replaced by a
slightly more complex set of expressions — see Section 9.3.

Invertibility of Matrix B — Invertibility of the 4x4 matrix B (Eq 223) is a requirement of
Bancroft’s Method. From the Matrix Inversion Lemma, it follows that the upper left-hand 3x3
submatrix must be invertible and that the (4,4) term cannot be zero. These mathematical
requirements impose physical requirements — e.g.: () The spatial origin cannot lie along a
baseline connecting any pair of stations (or its extensions past the stations); (b) Stations S;
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(i=1,2,3) cannot lie in a straight line; (c) The aircraft cannot be on the extension of a straight line
segment that passes through any three stations; (d) The time origin cannot coincide with the
arrival of the signal at station S4. Aircraft-station geometry are explored further in Section 7.9.

Matrix B depends on measured times-of-arrival of signals at the pseudo slant-range stations. If a
sequence of measurements are collected over time, matrix B, its inverse B~1, and vectors u and
v must be recomputed for each measurement set.

Number and Types of Solutions — When pseudoranges are involved, each SOP is a hyper-
boloid having two branches Solution possibilities for the quadratic equation of Eq 226 then are
(bearing in mind that not all problems have all solution types):

(@) No real roots: Mathematically, 82 < 4ay; geometrically, the SOPs do not intersect at a
common point; this situation is often the result of measurement errors. It may be detect-

able from the measurements, as it is necessary that |ct; — ct;| < ||r; — r;|| for every
station pair, Si and S;
(b) One real single root: Mathematically, « = 0 (the quadratic equation is degenerately

linear); geometrically, the SOPs only intersect at one common point; practically, this is a
rare situation

(c) A real double root: Mathematically, 82 = 4ay; geometrically, two or more of the SOPs
are tangent and the other SOP passes through the point of tangency; practically, this is a
rare situation

(d) Two real roots: Mathematically, 52 > 4ay; physically, the three SOPs intersect at two
distinct points; practically, this is the most common situation; one solution is correct and
the other is either ambiguous or extraneous.

Relationship to Traditional Solutions — Bancroft’s algorithm is readily programmed, but is
not conducive to developing analytic expressions for the aircraft’s position as a function of the
measurements. Thus, when available, traditional solutions to problems involving real and pseudo
slant-ranges (e.g., three of the four problem cases shown in Table 11) — which are equivalent to
Bancroft’s in terms of solution capability — remain valuable.

Other Comments

= Bancroft noted that his algorithm “performs better than an iterative solution in regions
of poor GDoP”. The Gauss-Newton iterative, linearized least-squares solution method
is addressed in Chapter 8.

= Bancroft’s solution has been extended to situations involving more measurements
than unknown variables (Ref. 49). Those equations are not employed herein, as the
linearized least squares method addressed in Chapter 8 is preferred (Ref. 50).

= Alternative solutions to the four-pseudo slant-range problem were published after
Bancroft’s paper (e.g., Ref. 51). One, based traditional scalar algebra, is presented in
Section 7.9. These alternatives are not as easily generalizable as Bancroft’s method.
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7.3 Bancroft Solution for Three True Slant-Ranges

7.3.1 Problem Formulation

Bancroft’s algorithm (Section 7.2) was derived as the solution for four pseudo slant-range

measurements. Its simplification to three homogeneus true slant-range measurements is the topic

of this section. Extensions to multiple measurement types are discussed in Sections 7.4 - 7.6.

Here, the slant-range measurements between the aircraft A and ground station i = 1,2,3 are

(x4 = %)%+ (Ya — ¥)?* + (24 — 2)* = (d;a)?

Eq 230

[(x)? + Ga)? + (2a)?] + [(x)? + )? + (2% = (dia)?] = 2[xiXa + YiVa + 2i2a]

A consequence of omitting the time component is that the Lorentzian norm is replaced by the

Euclidean norm

A =0 14) = (x2)* + (Ya)* + (24)?

Also, matrix B and vectors b and 1 become

X1 V1 7 (x1)* + (¥1)? + (21)? = (d14)?
B=|X2 )2 Zz] b = [(x)? + (¥2)* + (22)* — (d2a)?
X3 Y3 23 (x3)% + (¥3)? + (23)* — (d34)?

With these definitions, Eq 223 becomes (with sa is replaced by ra)

Eq 231

1
1= [1] Eq 232
1

2Br,=11+b

Eq 233

7.3.2 Problem Solution

The solution proceeds as in Subsection 7.2.3, Eq 225 - Eq 228, using three-element vectors in

place of four-element vectors (i.e., without involving transmission time).

r,=Au+v Eq 234
u= %B_ll =[Ux Uy Ug]T
V= %B_lb =[x v VT
The Euclidian norm A of r, satisfies
ar+BA+y=0 Eq 235

a=(uu)=u+uj+u;
B =2(uv)—1=2uuv, +2u,v, +2u,v, — 1

y=Vv)=vi+v+v7
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Usually, Eq 235 has two distinct real roots

1
Ay = g(—ﬁ VB2~ 400/) Eq 236

Thus there are two possible solutions for the aircraft location r,

Xat JB?% —4a
ryy = |YVat =A+u+v=<—£u+v>i uu Eq 237
- Zat - 2a 2a

After reintroducing the superscript e to denote the coordinate frame, the aircraft
latitude/longitude/ altitude are found from Eq 229.

7.3.3 Ambiquity Resolution / Sensor Plane of Symmetry

Assuming that the goal is to compute the aircraft’s latitude, longitude and altitude (e.g., using Eq
229 or similar), processing of the slant-range measurements can be performed in any coordinate
frame that subsequently can be related to the ECEF e-frame — typically by a translation and/or
rotation. Thus, an analysis a-frame is considered which has its first two axes parallel to the plane
defined by the three sensor locations. In this a-frame, the third coordinate of the sensors is the
same, say zg. Thus, in the a-frame, matrix B and vector u are

X1 V1 Zs

X2 Y2 Zg
X3 Y3 Zg

0
1
B2 = w =B 1= —— H Eq 238
2 ZZS 1

It is shown in Eq 228 that, in the coordinate frame used for analysis, the two solutions are the
sum of a common vector plus equal and opposite vectors that are proportional to u (Table 12).
Also, Eq 238 demonstrates that, for three slant-range measurements, the correct and ambiguous
solutions are both perpendicular to the sensor plane (regardless of the frame used for analysis/
processing). It is clear physically that the two solutions must in fact be equi-distant from the
sensor plane. Thus, for aircraft tracking using range sensors located on/near the ground, the
ambiguous solution will be below the ground.

Table 12 Physical Significance of Vectors in Solution for Slant-Range Measurements

Vector Description
B Extends from the analysis origin to the location on the sensor
o UtV plane that is closest to the aircraft
B? — 4ay Extends perpendicular from the sensor plane to either the aircraft
T 5, Y4 |orthe ambiguous solution for the aircraft position
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7.3.4 Remarks

= When only slant-range measurements are involved, matrix B (Eq 232) is independent of
the measurements. It is possible to compute its inverse, as well as vector u and scalar «
once and store them for future use.

= A two-dimensional (‘Flatland’) application of a range-measuring system is presented in
Example 8, in Subsections 7.12.1 and 8.5.1. The latter demonstrates the accuracy
degradation when aircraft are near the baseline connecting the stations, or its extensions.
Similarly, for a three-dimensional situation, accuracy of the distance from the sensor
plane with be degraded for aircraft locations near the plane.

= For surveillance, three true range measurements can be accomplished using one transmit-
receive station and two receive only stations, provided that the times of all transmissions
and receiptions are measured using synchronized clocks.

7.4 Bancroft Solution for Two True Slant-Ranges and Altitude

Bancroft’s algorithm can also be applied to situations involving two slant-range measurements
and a measurement of aircraft altitude, because (for a spherical-earth model) an altitude measure-
ment can be converted to a slant-range from the center of the earth.

When altitude is used as a measurement, one extra step is involved in the solution. For the
Bancroft B matrix (e.g., Eq 232) to be inverted, the analysis origin must not be in the plane
formed by the three stations — or, as here, the two physical stations and center of the earth. One
possible analysis origin, in ECEF coordinates, is of the form

x{i‘ lcos(LO) cos(,)

4]

e _
I = Yo

zg

cos(L,) sin(4,) | kR, Eq 239
sin(L,)

Here L, and A, are the latitude and longitude of an arbitrary point not on the baseline connecting
the stations and k is a number slightly less than 1.

In ECEF coordinates, the physical stations locations are given by Eq 220, with i=1,2. The
associated measurements equations are given by Eq 230, with i=1,2. The aircraft altitude h,
measurement equation is

(xa)? + Wa)® + (24)* = (R, + hy)? Eq 240

The altitude measurement “station’ is the earth’s center, with ECEF coordinates given by:
rs=[0 0 o] Eq 241

Bancroft’s algorithm is applied using offset station coordinates
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x{ x& x; —x§ Ax?

e _ ..€ e _ e el — e el — e
Ary =1 =X = Vi [—[¥o | = |¥i —Yo|= |V Eq 242

e e e e e

Z; Zy zZ; —Zg Az;

Matrix B and vector b are

Ax, Ay, Az, (Ax1)* + (Ay1)* + (Az1)? — (d14)?
B = sz yAz AZZ b S (AXZ)Z + (Ayz)z + (AZz)z - (dZA)z Eq 243
Axz Aysz Az (Ax3)? + (Ay3)? + (Az3)? — (R, + hy)?

For these definitions of B and b, the aircraft’s location is found relative to the analysis origin
Arg = [Axf  Ayf Azg]" Eq 244

from Eq 231 - Eq 237. The solution for Arg is then converted to ECEF coordinates using Eq 242,
which is used to find the aircraft latitude and longitude using Eq 229.

Remarks

= The degradation in the accuracy of position estimates for aircraft near the baseline
connecting the stations (and its extensions), which is cited in the previous section and
described more fully in Subsection 8.5.1, is applicable here as well.

= For surveillance, two true range measurements can be accomplished using one
transmit-receive station and one receive only station, provided that the times of all
transmissions and receiptions are measured using synchronized clocks.

= The solution method described in this section is an alternative to that in Section 6.4.

7.5 Bancroft Solution for Pseudo Slant-Ranges and Altitude

7.5.1 Introduction

In terms of the subject system’s functionality, this section best relates to Section 7.2. The two
sections address the determination of an aircraft’s location based at least in part on pseudo slant-
ranges measured at a set of stations. While Section 7.2 assumes that only pseudo slant-range
measurements are available, this section assumes that altitude is also available, and that a true
slant-range may be as well. As often occurs when more than one measurement type is utilized,
the resulting expressions are more complex than are expressions for a homogeneous set of
measurements.

7.5.2 Problem Formulation: Three Pseudo Slant-Ranges and Altitude

The three physical ground stations have known coordinates latitude L;, longitude A;, and altitude
h;, i = 1,2,3. In ECEF coordinates, their locations are
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x{ cos(L;) cos(4;)
rf = |[y¢| = |cos(Ly) sin(A) | (R, + h;) i=1.23 Eq 245
zf sin(L;)

As previously (Eq 221), the unknown ECEF coordinates of the aircraft are

ri=[xf yi z]" Eq 246

For convenience, since quadratic quantities will be involved, use of the superscript e on r§ and
1 and their components is discontinued until the end of this section.

The aircraft-station pseudo slant-range measurements satisfy equations of the form
(ea —=x)? + a—y)* +(za —2)? = (ct; —cty)® , =123
[Gea)? + a)? + (za)? = (cta)?] + [(e)? + 0)% + (2)% — (ct;)?]  EA247
= 2[x;x4 + Yiva + ziza — c*tita] , =123

The aircraft altitude h, measurement equation is
(x)? + (Va)® + (24)* = (Re + hy)? Eq 248

To formulate the vector-matrix equation to be solved, Eq 248 is substituted into Eq 247 as a
constraint. The result can be written

2Br, =b+ (R, + hy)?1 + 2¢%tty, — c?1(ty)? Eq 249
X1 Y1 71 (x)% + (1) + (21)* — (cty)? 1 ty
B=|X2 V2 2 b =|(x)? + (72)? + (22)? — (ct2)? 1= [1] t= [tzl
X3 Y3 23 (x3)2 + (}’3)2 + (23)2 - (Ct3)2 1 t3

7.5.3 Problem Solution: Three Pseudo Slant-Ranges and Altitude

Inverting matrix B and solving Eq 249 for r, yields

Iy =u+ vty +w(ty)? Eq 250

u=1B"1(b+ (R +hy)?1) v=c?B"lt  w=—3c’B1

Taking the Euclidian norm of r, in Eq 250 and using Eq 248 yields a quartic equation in t,

a4(tA)4 + a3(tA)3 + az (tA)z + altA + ao = 0 Eq 251
a, =wlw as; =2viw a, =2u’w+vlv
a, =2u’v a, =u’u— (R, + hy)? —

When t, is found as a root of Eq 251 (see Subsection 7.5.6 below), r§ follows from Eq 250.
Then the aircraft latitude L, and longitude A, are given by Eq 229.
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7.5.4 Problem Formulation: Two Pseudo and One True Slant-Range Plus Altitude

Here again, the three physical ground stations have known latitude L;, longitude A;, and altitude
h;, where i =1, 2 or 3. In ECEF coordinates, their locations are given by Eq 245. The unknown
ECEF coordinates of the aircraft are given by Eq 246. For convenience, use of the superscript e
on rf and rf and their components is discontinued.

The aircraft-station pseudo slant-range measurements satisfy equations of the form

[(xa)? + Wa)?® + (2a)* — (cta)?] + [(x)?* + (v)? + (2)* — (cty)?] Eq 252
= 2[x; x4 + yiva + z;z4 — c2tity] ., i=12

The true slant-range measurement between the aircraft A and ground station 3 is

[Gen)? + )2 + (@)?] + ()2 + ()2 + (2)? — (ds)?] e 253
= 2[x3x4 + Y3ya + 232,]

The aircraft altitude h, measurement equation is
(x)? + (Va)* + (24)* = (Re + hy)? Eq 254

In vector-matrix notation, Eq 252 - Eq 254 can be written as

2Br, =b’ + (R, + hy)?15 + 2c%t' t, — c?1,(t,)? Eq 255

(x1)? + 1)? + (21)? = (cty)? 1 1 )
b = | (x2)% + (72)* + (22)? — (cty)? 1; = [1] 1, = [1] t' = [tzl
1 0

(x3)% + (¥3)* + (23)* — (d3a)? 0

Matrix B is given in Eq 249.

7.5.5 Problem Solution: Two Pseudo and One True Slant-Range Plus Altitude

Inverting matrix B and solving for r, yields

r,=u +v't,+w(t,)? Eq 256

w=1BTN R+ h)PL) V=BT w = —c?BT,

Taking the Euclidian norm of r, in Eq 256 and using Eq 254 yields a quartic equation in t,

ay(t)* +as(ty)® + a5 (t)* +ajty +ay =0 Eq 257
ay = (w)Tw' ay =2()Tw’ ay = 2w + (v)Tv'
@ =2)V  ah= @)W~ (R, +hy)? -

When t, is found as a root of Eq 257, rj follows from Eq 256. Then the aircraft latitude L, and
longitude A4 are given by Eq 229.
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7.5.6 Remarks

= Algebraic methods for finding the roots of a quartic polynomial equation such as Eq 251
and Eq 257 has been known for approximately 500 years. Thus the two algorithms
presented herein can be classified as non-iterative. The Matlab routine ‘roots” implements
one such method; in limited testing, it performed reliably (e.g., see Example 12,
Subsection 7.12.5). During those tests, for aircraft locations in the service area, the
correct root of Eq 251 was obvious from physical considerations.

= Three pseudo slant-ranges and an altitude measurement (Subsections 7.5.2 - 7.5.3) is
conceptually the measurement set for Wide Area Multilateration aircraft surveillance.

= For surveillance, one true range and two pseudo range measurements (all slant-ranges)
can be accomplished using a radar range subsystem and two receive-only ‘multilat-
eration’ stations having clocks which are synchronized with each other but not with the
radar. Not requiring that the radar and multilateration stations be synchronized simplifies
their integration.

= Fang’s algorithm (Section 7.7) considers three pseudo slant-range stations in a Cartesian
plane. The simplicity of that situation provides insights into the three-station pseudo
range problem which are less apparent in a spherical context. However, the behavior of
the solutions are qualitatively similar.

7.6 Bancroft Solution for Two Pairs of Pseudo Slant-Ranges and Altitude

7.6.1 Introduction

In terms of the functionality of the system involved, this section is most closely related to Sec-
tion 7.5. Each addresses the determination of an aircraft’s location based on of time-difference-
of-arrival measurements of slant-range signals for a set of ground stations, plus knowledge of the
aircraft’s altitude. However, whereas the preceding section assumes three ground stations with
synchronized clocks, this section assumes two pairs of ground stations with the clocks for each
pair being separately synchronized. This section is also related to Section 7.11, which addresses
the determination of an aircraft’s location based on time-difference-of-arrival measurements of
spherical-range signals for two pairs of separately synchronized ground stations.

Unsynchronized slant-range differences can arise if one were to combine measurements from
two separate navigation systems — e.g., GPS and Galileo. In the context of multilateration, it
could arise as the result of a failure in the ground station synchronization network or inten-
tionally, as an aspect of the system design. Loran-C “cross-chaining’ involves similar
assumptions concerning station time synchronization.

7.6.2 Problem Formulation

One ground station pair is labeled R and S; the other is labeled U and V. The ground stations
have the known locations latitude L;, longitude A;, and altitude h;, wherei =R, S, U or V. In
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ECEF coordinates, their locations are
xf cos(L;) cos(4;)
rf = [y¢| =|cos(L)sin(A;) | (R, +h;)  i=R,SUV Eq 258

z{ sin(L;)

The altitude measurement “station’, labeled H, is the earth’s center, with ECEF coordinates
ry,=[0 0 0]" Eq 259

The unknown ECEF coordinates of the aircraft labeled A, are

g =[xf yi z]" Eq 260

Since altitude will be utilized as a measurement — rather than as a constraint, as in Sections 7.4
and 7.5 — an analysis origin offset from the earth’s center must be used. One possible origin, in
ECEF coordinates, is of the form

e cos(L,) sin(4,) | kR, Eq 261

r; =
20 ]
zs sin(L,)

xj [cos(LO) cos(A,)

Here L, and A, are the latitude and longitude of an arbitrary point not on either of the great circle
arcs connecting the pairs of stations and k is a number slightly less than 1 — e.g., 0.97.
Bancroft’s algorithm is then applied using offset station coordinates

xf x¢ xf — x¢ Ax}
Arf =xf —x5 = |y | = |5 | = (¥} —v5| = |Ayf i=RSUV,H Eq 262
z{ z8 z{ —z§ Az}

Clearly, Arg = —r; . The aircraft’s location is first found relative to the analysis origin (Eq 244)

Ar§ =r§ - = [Ax§ Ay Az Eq 263

For convenience, since quadratic quantities will be involved, use of the superscript e on vectors
and their components is discontinued until the end of this section.

For stations R and S, the aircraft-station pseudo slant-range measurements satisfy

[(Ax)? + (8,0 + (Az4)2 = (ctas)”] + [(Bx)? + (Ay)? + (82)* = (ct;)?]

Eq 264
= 2[Ax;Ax, + Ay;Aya + Az;Azg — P titarsy)] . i=R,S

Similarly, for stations U and V, the aircraft-station pseudo slant-range measurements satisfy

|(Ax)2 + (Ay)? + (822)? = (ctam)) | + [(Ax)? + (Ay)? + (Az)? — (ct)?]

Eq 265
= 2[Ax;Axy + Ay Aya + AziAzg — P litayy] , i=UV

Here t4 sy denotes the unknown time of transmission by the aircraft based on the clock for
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stations R and S. Similarly t,,y, denotes the unknown time of transmission by the aircraft
based on the clock for stations U and V. Also, t; the measured time of reception by ground
station i based on its clock group.

The aircraft altitude h, measurement equation is
(x2)? + (Ya)* + (24)* = (Re + hy)?
(Axy — Axp)® + (Aya — Ayy)? + (Azy — Azy)? = (R, + hy)? Eq 266
[(Ax)? + (Aya)* + (Az4)?] + [(Axp)? + (Ayn)? + (Bzy)? — (Re + ha)?]
= Z[AxHAxA + AyHAyA + AZHAZA]

7.6.3 Problem Solution

The solution approach is to: (1) consider station pair R and S, in conjunction with ‘station” H,
and find a relationship between the aircraft time of transmission ¢, zs) and the squared distance

between the analysis origin and the aircraft 4; (2) similarly, consider station pair U and V in
conjunction with H, and find a relationship between t,yyy and 4; and (3) consider both pairs of

stations and find an additional relationship for t,s), tacwyy and A. All other results then follow.

Analysis of Stations R and S — First selecting stations R and S and the altitude measurement
for analysis, Eq 264 and Eq 266 can be written as

2Bps Ary = bps + A3 + 2c2tps tagrs) — ¢21; (tagrs)) Eq 267
Axp Ayg Azp
Axs Ays AZS
AxH AYH AZH
(Axg)* + (Ayp)? + (Azg)? — (ctr)?
bgs = (Axg)? + (Ays)? + (Azs)* — (ctg)?
(Axp)* + (Ayp)* + (Azy)* — (R, + hy)?
A= (Ax4)? + (Ayq)?* + (Azy)?
1,=[1 1 1] 1,=[1 1 o] tps = [tr ts 0]"

Brs =

Inverting matrix B yields

2
Ary = cgs + drs A + €gstars) T frs (tA(RS)) Eq 268
1o T
Crs = EBR_Sl' bgs dps = EBRSI' 1;
_ 1 peye
ers = C’Bs tgs frs = —5¢?Bgs 1,

Taking the Euclidian norm of Ar, in Eq 268 and collecting terms yields
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2
+ ags02A* + ags 014 + aRS,Zl(tA(RS)) A+ agsiitagsyd =0

4 3 2
aRs,40 (tA(RS)) + aRS,30(tA(RS)) + aRS,ZO(tA(RS)) + ags,10tars) T Ars,00

Eq 269

_ ¢T — 9T o nT T
agsa0 = frsfrs Ags30 = 2€ps frs Ags20 = 2Cgs frs + €Rs €Rs
— 9 aT _ T _ T
Ars,10 = 2Crs €Rs Agrs,00 = CrsCrs Ags,02 = drsdgs
— 9aT — 9T — 9T
Arso1 = 2Cpsdps — 1 Ars21 = 2dgsfgs Ars11 = 2dggegs

The above steps transform a situation (Eq 267) involving four unknown variables and three

scalar equations into one involving: (a) one scalar polynomial equation (Eq 269) relating two
unknown variables (t4rsy and 1), and (b) a vector equation (Eq 268) for finding the unknown

aircraft coordinates from t4zs) and 4.

Analysis of Stations U and V — Analysis for stations U and V is identical (except for notation
designating stations) to that for stations R and S. Thus Eq 265 and Eq 266 can be written as

2
2Byy Ar, = byy + 15 + 2c2tyy tawyy — €215 (tawry)

Eq 270

AxU AYU AZU
Axy Ay, Azy
Axy Ayy Azy
(Axy)? + (Ayy)* + (Azy)? — (cty)?
by, = (Axy)? + (Ayy)? + (Azy)* — (cty)?
(Axp)? + (Ayp)* + (Azy)* — (Re + hy)?
A= (Ax4)? + (Aya)?* + (Azy)?
1, =[1 1 1] 1,=[1 1 o] tyy =[ty ty 0]F

Byy =

Inverting matrix By, yields

2
Ary = cyy +dyy 1 + eyy tawry + fuv (tA(UV))

Eq 271

= 1lp-1 —1lp-1
cyv = ;Byrbyy dyy = ;Byy1;

— 2p-1 —_1 2p-1
€eyy = C BUVtUV fUV - _EC BUV12

Taking the Euclidian norm of Ary, in Eq 271 and collecting terms yields

2
+ agy024® + apgy o1 + aUV,Zl(tA(UV)) A+ agsiitawyd =0

4 3 2
aUVAO(tA(UV)) + aUV,30(tA(UV)) + aUV,ZO(tA(UV)) + ayy,10tawv) T Auv,oo

Eq 272

_ ¢T — 94T — 9 nT T
ayy.a0 = fyy fyy ayy 3o = 2eyy fyy ayy 20 = 2¢yy fyy + eyyeyy
— 9 aT _ T T
Ayy,10 = 2Cyy €yy QAyy,00 = Cyy Cyv ayy,0z = dyy dyy

— 9 aT — 9T — 2T
ayyo1 = 2¢yydyy — 1 ayy 21 = 2dyy fyy aygya1 = 2dyy eyy

The result is a scalar polynomial equation relating the unknown variables ¢4,y and 4.
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Combined Analysis of Both Station Pairs — Both Eq 269 and Eq 272 are relationships
between an aircraft time-of-transmission, t4gs) O t4(uyy, and the square of the distance between

the analysis origin and the aircraft 1. Thus a third relationship between these three quantities is
needed. To that end, observe that the right-hand sides of Eq 268 and Eq 271 must be equal.
Consequently, the norm of Ar,, A, is also given by the inner product of the two right-hand sides,

which results in the following equation

aZZO(tA(RS))Z(tA(UV))Z + a210(tA(RS))2(tA(UV)) + alZO(tA(RS))(tA(UV))Z
2 2
+ allO(tA(RS))(tA(UV)) + aZOO(tA(RS)) + aOZO(tA(UV)) + alOO(tA(RS)) Eq 273

+ aOlO(tA(UV)) + 61201(724(1!25))2/1 + 51021(tA(UV))2/1 + alOl(tA(RS))/l
+ a011(tA(UV))/1 + ago2A* + ago1 A + agoo = 0

_ ¢T
Azz0 = frsfyy
_ T
Q110 = €gs€yy
T
Q100 = €rs Cyy

_ T
Ao21 = Crsfyy

_ ¢T
az10 = frseyy
_ T
az00 = frsCyy
_ T
QAp10 = Cgs €yv

T
a191 = €gsdyy

T
ay20 = €gsfyy
_ T
Ao20 = Cgsfyy
_ ¢T
azo1 = frsdyy

—aT
ap11 = drseyy

—aT _ T T _ T
Aoz = drsdyy Ago1 = Crsdyy + drscyy — 1 QAgoo = Crs Cyv

Solution from Three Analyses — The unknown variables A, t4gsy and t,yyy are the solutions
of the simultaneous equations Eq 269, Eq 272 and Eq 273. Then t,xs) and 4 are substituted into
Eq 268 or (t4(yyy and A are substituted into Eq 271) to find Ar,. Next, rf is found from rg =
Ar, + r5. Finally, the aircraft latitude and longitude are found from Eq 229.

7.6.4 Remarks

= Simultaneous solution of equations Eq 269, Eq 272 and Eq 273 requires use of a
numerical root-finding technique such Newton-Raphson. Since recourse must be made to
a numerical method, the Gauss-Newton method addressed in Chapter 8 is a viable
alternative to this approach.

= The problem addressed here illustrates the significantly greater degree of complexity
involved where there are two clock synchronization groups. Section 7.11, which involves
pseudo spherical-ranges, demonstrates the same behavior.
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7.7 Traditional Solution for Three Pseudo Slant-Ranges in Flatland

7.7.1 Introduction

Flatland, two-dimensional plane, is a useful construct for developing an understanding of a three-
dimensional situation. Moreover, Flatland can approximate three-dimensional situations
involving limited geographical areas and vertical extent — e.g., the surface of an airport.
Scenarios involving Flatland can be analyzed as special cases of the Bancroft/vector-norm
method addressed earlier in this chapter. However, approaches involving direct solution for
aircraft coordinates were developed prior Bancroft’s work and remain useful. Solutions for
traditional approaches are the same as those found using e

Bancroft’s algorithm, but generally provide better insights i
and may require fewer manipulations. .

A relatively simple scenario involving two true range
measurements in Flatland is addressed as Example 8 A

[ ]
(Subsection 7.12.1). This section considers three pseudo (S425€47)

slant-range measurements in Flatland, which requires more U

(0,0) (l;, 0) ]

complex analysis.

Assume that an aircraft in Flatland is within the coverage

region of a surveillance system that has three stations — M, U and V — with known coordinates
(see figure). For this analysis, station M is at the origin and station U is on an axis. Station V is
not necessarily on an axis. The Flatland plane is defined by the station locations.

The three stations have synchronized clocks (which are not synchronized with an aircraft clock),
and each station measures the time-of-arrival of the same aircraft transmission at its location —
tu, ty and ty, respectively. The primary unknown variables are the aircraft coordinates ¢, and
{,- The time of the aircraft’s transmission t, can also be found, but is often not needed.

The solution that follows utilizes the approach described in Ref. 44. The first step is to eliminate
the common offset in t,,, t;y and t,, by forming the slant-range differences Ad,,; and Ady,y,
taking M as the common station and ¢ as the propagation speed of electromagnetic waves

Adyy = c(ty — ty) Adyy = c(ty —ty) Eq 274

The measured range differences are equated to the modeled geometric range differences, treating
¢, and ¢, as unknown variables

by = &+~ (- 0) 4
Eq 275
My = (248~ (&~ V) + (G- v’
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In Eq 275: (a) each equation describes a hyperbola with the stations involved as foci, and (b) the
left-hand side of each of equation can be either positive or negative. The solution is the
intersection of specific branches of each hyperbola. Implicit in this formulation is that

|Adyyl < U |Adyy| <V Eq 276

After re-arranging, then squaring, each equation in Eq 275, the result is

U?—-2U¢, — Adjyy = —ZAdMU,/fi +&
Eq 277

V2= 2Ve&, = 2V, — Adiy = —20dyy [& + 5

3

In Eq 277, V2 = VZ 4 VZ. This pair of equations form the basis of the solution.

7.7.2 Solution General Case

This solution follows Ref. 44 by Fang. Dividing one line of Eq 277 by the other yields

€A=CI§A+CO Eq278

o Ubduy Ve
YU VeAdyy

V%0 Adyy # 0

1

Co=5—
0721,

U 2
AdMU

Condition V- # 0 requires that the three stations not form a straight line; its violation is addressed
in Subsection 7.7.5. Condition Ad,,; # 0 requires that the aircraft not be on the perpendicular
bisector of the baseline MU; its violation is addressed in Subsection 7.7.3.

Using Eq 278 to substitute for , in the first equation in Eq 277, then squaring and collecting like

terms, yields:
E,éa +Eé, +Ey=0 V;#0 Adyy # 0 Eq 279
U 2
U 2
E1=261C0+U ( ) _1 AdMuiO
Ad? U\
_ r2 _ MU _
Ey = (2 1 <(AdMU> 1) Adyy # 0

Thus, the general solution of the “three station pseudo slant-range system in Flatland” problem
can be summarized as:
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= Solve the quadratic equation that is first line of Eq 279 to obtain (generally) two
candidate values for &,

= Substitute the two candidate values for ¢, into the first line of Eq 278 to find the
corresponding values for ¢,

= Attempt to determine which candidate solution pair (¢, {,) is correct by substituting
each into Eq 275.

If needed, the aircraft time of transmission t, can be found from

1
tAth—szjwj Eq 280

The solution process (particularly dividing one line of Eq 277 by the other) can generate a
second candidate solution that corresponds to pseudo slant-range differences of —Ad,,; and
—Adyy. (i.e., the negation of both measured slant-range differences). When this occurs, an
extraneous solution is created, and can be detected by substituting both candidate solutions into
the original equations to be solved (Eq 275). However, in other situations, two sets of aircraft
locations can result in the same values for Ad,,; and Ad,,, — i.e., an ambiguous solution exists.

7.7.3 Solution Special Cases

Special case situations are addressed in this subsection. These are necessary for a complete
analysis of the problem.

Aircraft Equidistant from Stations M and U — The general solution of Eq 278 and Eq 279
fails when Ad,,; = 0. When this occurs, Eq 277 reduces to

U Hyl +H , +Hy =0 Eq 281

<a

H, = 4Adjyy, — 4V7
Hy =4V, (V? = V.U — Adyy)
Hy = U2Ad%y, — (V2 — V.U — Ad%y)”

This is the most significant special case. It requires that measurements t,, and t;; be tested for
equality, and when that condition is true, that Eq 281 be used rather than Eq 279 and Eq 278. An
alternative method of addressing is Ad,,y; = 0 is to redefine the coordinate axes so that the
solution involves division by Ad,,, rather than Ad,,;.

Aircraft Equidistant from Station M and Stations U and V — When an aircraft is equidistant
from both station pairs, MU and MV, the discriminant for the quadratic equation in ¢, (Eq 281) is

zero. Then the quadratic equation has a double root at:
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v v
&y =3U (==t == (V= V) Eq 282

Aircraft at a Degenerate Point — When H, = 0 in Eq 281, the quadratic equation is degenerate;
then there is a single root at:

U2y, VU=V,
§A=%U ;o= ¢ _ g( 4‘)

= Eq 283
favu-v) 4K !

The possible existence of a single-root requires that the quadratic equation in Eq 281 be tested
for H, = 0 and that Eq 283 be utilized when the test is satisfied. The single-root case is dis-
cussed below (Eq 285), without requiring that Ad,,; = 0.

Aircraft on a Baseline Extension — When an aircraft is at a station or on a baseline extension,

the slant-range difference for the two stations on the associated baseline is the same for any

location and is equal in magnitude to the baseline length. For the station geometry shown above,

assume that the aircraft is on the £-axis at or to the left of M. Then Ad,,; = —U, so the discrim-

inant for Eq 279 is zero, indicating the occurrence of a double-root. Thus the aircraft position is
Co V?—Adi,

(=0 Eq 284
The expression for the location of the aircraft relative to the nearest station (i.e., £, in Eq 284)
does not depend upon the length of the baseline involved. This solution (Eq 284) is a simplificat-
ion of the general solution; it need not be treated as a special case.

The solution in Eq 284 depends on both conditions |Adyy| = U and |Ad,,| < V being valid. If
either is violated, the solution will change in character — either it may not exist (the discriminant
IS negative) or the double root may divide into two single roots (the discriminant is positive). For
this reason, locations on the baseline extensions (including at a station) are unstable. Also, while
Eq 284 is derived for only one of six baseline extensions, by transforming the coordinate axes, it
can be applied to any baseline extension.

Single Root - Degenerate Quadratic — While Eq 279 is generally a quadratic function of &, it
reduces to a linear function of &, when E, = 0. The condition E, = 0 is equivalent to

VZAdyy + U?Adyy — 2UV: Adyy Adyy — U?VZ =0 Eq 285

The loci of locations having a single-root solution can be found by substituting Eq 275 into Eq
285. The result is analytically intractable, as it involves all possible products of the three radicals
in Eq 275; repeated isolating and squaring will yield in a 8" order polynomial. Alternatively, the
expression can be readily solved numerically — e.g., using the methods of Subsection 2.1.8. The
result of such a calculation, for stations that form an equilateral triangle with unit baselines, is
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shown as the green curves in Figure 31. Geometrically, the single-solution case occurs when the
hyperbolas corresponding to Ad,,; and Ad,,, have parallel asymptotes.

1.5 T |
Incorrect
solution is
ambiguous
(not
1+ detectable) i
Incorrect
solution is
extraneous _
0.5 (detectable)
0r i

Incorrect Incorrect
.05} solutionis solution is -
ambiguous ambiguous
(not (not
detectable) Legend detectable)

Ground Station
Service Area Boundary (approx,)
Station Perimeter Polygon
Ambiguity Resolution Boundary
Line of Unstable Solutions

-1.5 '
-1.5 -1 -0.5 0 0.5 1 1.5

Figure 31 Solution Regions for Three Pseudo Slant-Range Stations in Flatland

7.7.4 Characterization of General Case Solutions

The loci of single-root solutions to Eq 281 (three green curves in Figure 31) partition the -
plane into four regions. When there are two roots to Eq 279, both are located in the same region
(Ref. 48). When the aircraft is near the boundary separating two regions, the incorrect solution is
very distant from the correct solution.

Extraneous Solution: Roots from Different Branches — This situation occurs when the
aircraft is in the ‘extraneous (correct solution detectable)’ area of the & - { plane in Figure 31. An
algebraic indicator is that E in Eq 279 is negative. Geometrically, each solution is formed by the
intersection of hyperbola branches which are distinct from those which form the other solution
(Figure 32(a)). The filled circle corresponds to the correct slant-range differences, and the
unfilled circle to their sign-reversed versions.

Ambiguous Solution: Roots from Same Branches — This situation occurs when the aircraft is
in one of the three rounded-V-shaped ‘ambiguous solution’ areas in Figure 31. An algebraic
indicator is that E in Eq 279 is positive. Both solutions are formed by intersections of the
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branches of the hyperbolas which correspond to the correct slant-range differences (Figure

32(b)). The correct solution cannot be identified from the available information.

| 1
0.8 ;
- | v
: \ 0.6f ™.
- -
A 04f Y
_‘ﬁ‘d[‘w
0.2 0.2 v
0 | | |
0.2 1
- -04 M
- 0.6t
-0.8 -
-1 . | _1 I
-1 -0.5 0 0.5 / L _ |

(a) Different Branches (Extraneous Soln.) (b) Same Branches (Ambiguous Soln.)

Figure 32 Types of Solutions for Three Pseudo Slant-Range Stations

For the square area shown in Figure 31 (3x3 BLUs), the “extraneous (correct solution detect-
able)’ region is 62.5% of the total area, and each of the three “ambiguous (correct solution not
detectable)’ regions is 12.5%. If attention is limited to 1.5 x 1.5 BLUs (which better resembles a
region of operational interest), the “extraneous’ region is 79.8% of the total and each of the three
‘ambiguous’ regions is 6.7%.

7.7.5 Stations Form a Straight Line

General Case — Arranging three pseudo-range stations in a straight line is not common, but
may be an option in some situations — e.g., for a surveillance system monitoring off-shore
flights that are nominally parallel to a coastline. When the stations form a line, the *Flatland
plane’ can be defined by the stations and each aircraft, and need not be “horizontal’. For this
station arrangement (i.e., V- = 0 and V = V), the general case solution of Eq 278 - Eq 279 falils.
However, the same solution process can be followed, starting from Eq 277, yielding

_ (V2Adyy — UAdyy) + Adyy Adyy (Adyy — Adyy)

A 2(UAdyy — VAdyy)
o Eq 286
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V2 —2VE, — AdZ,)
(A:i\/( 4A22 i) —&  Adyy #0
MV

The two solutions in Eq 286 are symmetric with respect to the line on which the stations are
located, and the incorrect solution is ambiguous (rather than extraneous). Symmetric solutions
are not unexpected for stations in a line; the same symmetry occurs for two slant-range measure-
ments in Flatland (Subsection 7.12.1). This suggests that stations that ‘almost’ form a straight
line will have ambiguous solutions that are ‘almost” symmetric about that ‘line’.

Aircraft Equidistant from Station M and Stations U and V — For this station arrangement, it
is not possible for both Ad,,; and Ad,,y, to be zero.

Aircraft on Baseline Extension — When an aircraft is on an extension of both baselines con-
necting stations M, U and V, then Ad,,; = +U and Ad,,, = %V, with the same sign applying to
both measurements. Thus, the expression for &, in Eq 286 is singular and a solution does not
exist. Recourse to Eq 277 yields {, = 0 from both expressions; there is no solution for &,.

7.7.6 Remarks

Service Area — Navigation or surveillance systems are intended to provide service in a defined
geographic area or volume. In a system’s service area/volume, the measurement geometry (as
well as the signal-to-noise ratio) must be satisfactory. For a three-station pseudorange system
with equal baselines, the service area is approximately a circle with its center at the mid-point of
the station locations and radius equal to one-half the baseline length (Figure 31). This region
includes most of the area within triangle connecting the stations and part of the regions outside
(but adjacent to) the baselines. Subsection 8.5.2 addresses service areas.

Contribution of Derivation — Fang’s (Ref. 44) solution to the ‘three pseudo slant-ranges in
Flatland’ problem has several advantages: (1) The coordinate system is sensor based; (2) it only
requires finding the roots of a quadratic equation in one position coordinate; and (3) it provides
insight into the effects of geometry on the solution. In contrast, Bancroft’s algorithm employs
vectors and involves the solution of a quadratic equation for the Lorentzian norm of the aircraft
location, which itself is a quadratic quantity. Interestingly, the requirements for the coordinate
frames for the two methods conflict. A third derivation takes a coordinate-free approach utilizing
distances and angles (Ref. 52).

Key to Derivation — The key step in Fang’s derivation is dividing the two equations in Eq 277.
If, instead, one were to square the two equations separately to eliminate the radicals, the result
would be two fourth-order polynomial equations. Geometrically, two families of hyperbolas, one
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associated with each baseline, intersect at up to four points and thus can require a fourth-order
polynomial for computing all the intersections. Fang’s derivation takes advantage of the fact that
the two slant-range differences have one station in common.

Two Pairs of Stations — One could define a hyperbolic system involving four stations
comprised of two separately synchronized pairs of stations (similar to Loran-C cross-chaining).
A derivation similar to the above would require two squaring operations to remove all radicals,
which would result in a fourth-order polynomial.

Numerical Calculations — When numerical results are needed, Bancroft’s algorithm may be
preferable to implementing the method of this section. If vector-matrix software is available, the
coding task is simpler and does not require that Ad,,; = 0 be treated as a special case.

Aircraft Latitude/Longitude Coordinates — If the Cartesian £—{ frame origin and axes are
known relative to the ECEF e-frame (Section 5.1), or if the station latitudes/longitudes/(altitudes)
are known, then aircraft locations in the £~ frame can be converted to e-frame coordinates and
thence to latitude/ longitude/(altitude) — see Subsection 7.8.2. Omitting/ignoring altitude
implicitly assumes that the stations are on the surface of the earth.

Relationship to Classic Hyperbola Parameters — Figure 33 shows the classic form of a
hyperbola which satisfies the equation

xZ y2
prim i 1 Eq 287

Minor Axis

This classic hyperbola can be related to the hy-

perbola described by the first line of Eq 275. Vertex [ Vertex
Equating the distances between the vertices and Major Axis
the foci of the two hyperbolas, yields: Focus Focus
2a = |Adpyl S HF---1 ol
2\Ja?+b%2=U =428 ¢ gi gi
5 &

Thus the tangent of the acute angle that an
asymptote makes with the baseline is:

Figure 33 Classic Form for Hyperbola

b U \?
2 _ Eq 289
- ( n dMU) 1 Adyy # 0

The quantity under the radical in Eq 289 is fundamental to this formulation, and also appears in
the expressions for C, (Eq 278) and E,, E; and E, (Eq 279).
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Application to Ellipsoid LOPs — Reference 44 points out that — with some sign reversals —
the equations of this section would apply to measurements of the two sums of the slant-ranges
for three ground stations to an aircraft. While not commonly implemented (e.g., by a multi-static
radar involving one transmitter and two non-colocated receivers), it is a point worth noting.

Insight into More Complex Situations — The problem addressed in this section is a simpler
version of the problem addressed in Section 7.10, which involves a spherical earth. Qualitatively,
the solutions behave similarly.

7.8 Traditional Solution for Three Slant-Ranges

7.8.1 Cartesian Coordinate Solution

An aircraft’s position can be found from three slant-range ¢

using Bancroft’s vector norm (Section 7.3). However, a [ v,
simpler approach, whereby the aircraft coordinates are found (Vs V-,0)
directly and in sequence, is readily developed using the station
geometry employed in Section 7.7. Accordingly, consider the « A

station arriangement shown on the right, where the three (€425 €475 147)
stations all lie in the £~ plane which is embedded in the M u .

&

three-dimensional the ¢—{~7 space. (010,0) v,0,0) °

The three slant-range measurements — d;, (i = M, U, V) — satisfy the equations
()" +(E)" + @a)? = (dua)?
(&= V)" +(G)" + @) = (dya)? Eq 290
(EA - Vé)z + (CA - VC)Z + (Ma)? = (dya)?

Completing the squares and differencing first line with the second and third lines yields
—2U¢, + U? = (dya)* — (dya)?

Eq 291
—2V:&, =2V 8 + V2 = (dya)? — (dya)? a
It follows that the aircraft position components (¢,,{,,n4) can be found in sequence by
1 (dMA)2 - (dUA)2
=zl 2U
Vf VZ (dMA)2 - (dVA)2
gA__ngA+2_I/¢+ 2V Eq 292
2 2
tas = £~ ()"~ ()
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Remarks:

= The traditional solution approach discussed in this section involves significantly fewer
computations than Bancroft’s method (Section 7.3).

= The simplicity of this method is due to selection of the coordinate frame based on the
station locations. However, that station-based frame is often not operationally useful.
Calculation of aircraft latitude/longitude/altitude values is the subject of the following
subsection.

= For this approach, the correct and ambiguous solutions (Eq 292) are symmetric about the
plane containing the sensors. This behavior is also observed for the Bancroft approach in
Subsection 7.3.3. For most aircraft application, the ‘-’ solution can be rejected.

7.8.2 Aircraft Latitude/Longitude/Altitude

To convert the solution of Eq 292 to more useful geodetic quantities, assume that the latitudes L;,
longitudes A; and altitudes h; of the stations are known (i = M, U, V). Then, for a spherical
model of the earth, the ECEF e-frame station coordinates are (Section 5.1)

x4 cos(L;) cos(4;)
15 = |voi| = |cos(L) sin(A) [(R, + b))  i=M, UV Eq 293
Zg; sin(L;)

Subscript O, denoting the center of the earth, is added to rg; and its components for emphasis, as
two coordinate origins are involved. The e-frame unit vectors for the coordinate axis £—(~7 are

lg,x ré. —re
1¢ = |18, | = QU -OM
=] Tl
lg,z -ouv oM
Lo«

1e = 12, | = 18 x (x5, — rS5u) Eq 294
e e x (5 — x5
18, 1z x Yoy — Iom
17,

e

17 =1y |=17x 1¢
1e
Z

The vector from the earth’s center to the aircraft is the sum of the vectors rg,, and ry 4., the
latter being [£, {, Ma+]T after a coordinate transformation. Thus

e e
xSAi ng lf,x lé',x lre] x
Ioar = |Voas| = |vou | + |15y 18, _ny Eq 295
Zoa+ Zom l?,z 1e,z 15z

It follows that
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Zbat \
\/(xSAJ_r)Z + (ygAi)Z/

— e e
Aag = arctan(yOAJ_r ,xOAJ_r)

e = J(52)" + 00)” + (252" ~ Re

L4 = arctan

Eq 296

For an ellipsoidal model of the earth, Eq 293 and Eq 296 must be modified (see Section 9.3).

7.9 Traditional Solution for Four Pseudo Slant-Ranges

7.9.1 Problem Formulation

The solution for three pseudo slant-range stations in Flatland — addressed in Section 7.8 and
based on Ref. 44 — can be extended to four pseudo slant-range stations in a three-dimensional
‘world’. The resulting solution is an alternative to using Bancroft’s method (Section 7.2).
Accordingly, and extending the notation of Section 7.8, consider a Cartesian coordinate frame

with axes (& ¢ n). The four stations and their known coordinates are: M (0,0,0), U (U, 0,0), V
(Vi V; 0) and W (W, W, W;). The aircraft and its unknown coordinates are denoted by A

(&4, $4oma)- The stations have synchronized clocks. Each station measures the time of arrival —
denoted by in t,,, ty, ty and t,, respectively — of the same aircraft transmission. The time of
transmission is not known to the stations.

The first step is to eliminate the common clock offset included in t,,, ty, t, and ty,. The
resulting slant-range differences Ad,,y, Adyy and Ad,,y, are formed by taking M as the common
station and c as the propagation speed of electromagnetic waves

Adyy = c(ty — ty) Adyy = c(ty — ty) Adyw = c(ty — tw) Eq 297

The scaled measured time differences are equated to the modeled geometric range differences,
with the aircraft coordinates ¢,, {, and n4 as unknown variables

By = & 46+ - (G- 0) + &+
Adyy = & +C — J & =V + (& =)+ Eq 298
— 2 2 2 2 2
Adyw = [& + Gtng = (G = W)™ + (& = W)™ + (na — W)

In Eq 298, each equation describes a hyperbola of revolution (also called a hyperboloid). The
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two stations involved are the hyperpola foci and their connecting baseline forms the major axis,
as well as the axis of revolution. The solution (aircraft position) is the intersection of specific
branches of each hyperboloid. Implicit in this formulation is that

|Adyyl < U |Adyy| <V |Adyy| < W Eq 299

After re-arranging, then squaring, each equation in Eq 298, the results are

U? —2U¢, — Adyy = —2Adyy /fj +& +n?
V2 —2V:&, — 2V:{, — Addyy = —2Adyy /§j+(j + 12 Eq 300
W2 —2W:&, —2W:(, — 2Wona — AdZyy = —2Adyy |E + & + 12
=Y < nNa mMw MW [Sq T 6q Ty

InEq 300, V? = VZ 4+ VZ and W? = W2 + W7 + W,

7.9.2 Solution General Case

Referring to Eq 300, dividing the second line by the first and re-arranging yields

€A=CI§A+CO Eq301

o Ubduy Ve
YU VeAdyy

V%0 Adyy # 0

1

Co==—
0721,

U 2
AdMU

Eq 301 is identical to Eq 278. Condition V- # 0 requires that stations M, U and V not form a
straight line — see Subsections 7.9.5 and 7.9.6. Condition Ad,,; # 0 requires that the aircraft
not be on the perpendicular bisector of the baseline MU — see Subsection 7.9.3.

In Eq 300, dividing third line by the first, using Eq 301 to eliminate {, and re-arranging yields

Na =D, + Dy Eq 302
Uldyy —W: + W:C,
D; = —-— W, #0 Adyy #0
2

Conditions W, # 0 and Ad,; # 0 apply to both lines of Eq 302. Condition W, # 0 requires that
station W not be in the plane formed by stations M, U and V — see Subsection 7.9.4.

Using Eq 301 and Eq 302 to substitute for ¢, and n,, respectively, in the first line in Eq 300, then
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squaring and collecting like terms, yields:

E,& +E ¢, +E =0 Eq 303

U 2
E1 = 4‘Ad1%4U ZCOC1 + 2DOD1 + U (( ) - 1>
AdMU
Ey = 4Adfyy (C§ + D§) — (U? — Adjyy)®

The aircraft coordinates are found by substituting the two solutions to Eq 303 into Eq 301 and Eq
302, then determining which coordinate set is correct. The incorrect solution may be either
extraneous (and detectable by substituting into Eq 298) or ambiguous (and not detectable without
additional information). If needed, the aircraft time of transmission t, can be found from

1
tA=tM—E/éj+(j+ng Eq 304

7.9.3 Solution Special Cases

Aircraft Equidistant from Stations M and U — The general solution of Eq 301 - Eq 303 fails
when Ad,; = 0. In this case, the first line of Eq 300 yields &, = ZU. Then, dividing the third

line of Eq 300 by the second and re-arranging yields

nA=F1€A+F0 Eq305
V;Adyy — Wy Ad V;Ad W,
1=C Mw (A%mv _ VeB%uw W Adyy # 0
VVnAdMV VVnAdMV Wy
o (V2 = V:U— AdZyy ) Adpy N W2 — W:U— Adyy, Ader % 0
o 2W, Adyy 20, M

Using Eq 305 to substitute for n, in the second line in Eq 300, then squaring and collecting like
terms, yields:

G+ GG+ Gy =0 Eq 306

Gy = 8Adyy FoF + 4V, (V? = V:U— Ad3yy)
Go = 4Ad%y (SU? + F3) = (V? = V.U~ Addy)”

This case requires that measurements t,, and t;; be tested for equality. If that condition is true,
then &, = ZU and Eq 305 and Eq 306 are used rather than Eq 301 - Eq 303.
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Aircraft Equidistant from Stations M and Stations U and V — The solution of Eq 305 and Eq 306
fails when both Ad,,; = 0 and Ad,,y = 0. In this ‘double special case’, the first and second lines
of Eq 300 yield expressions identical to Eq 282

1 _ VZ - Vér U
iA_EU (A—Z—V( Eq 307
When this occurs, the third line of Eq 300 reduces to
Hynl + Hyn, + Hy =0 Eq 308

H, = 4(AdZy, — W2)
W,
Hy = 4W, <W2 — WfU—Vj (Vi-v:0)- Ad,%,w>

2
W,
Ho = AdZy, (U? +V?) — (WZ —W:U— 75 (Vvi-v:0) - Ad,%,w>
¢
This case requires that measurements t,, and t,, be tested for equality, after measurements t,,
and t; have been found to be equal. If t,; = t,, then Eq 307 and Eq 308 are used rather than Eq

305 and Eq 306.

Aircraft Equidistant from Station M and Stations U, V and W — When all three range differ-
ences are zero —i.e., Adyy = 0, Adyy = 0 and Adyy, = 0 — the values of &, and ¢, are

given by Eq 307 and Eq 308 reduces to

[2W,n, — (W2 =w.u-w:V)]" =0 Eq 309

Thus, there is a double root at

1 V2—V.U W2 =W U-W;V

_1ly _ _ Eq 310
=3 <4 2V; M 2w, q

Single Root - Degenerate Quadratic — While Eq 303 is nominally a quadratic function of &,
it reduces to a linear function when E, = 0. Similarly, Eq 306 is nominally a quadratic function
of ¢, but reduces to a linear function when G, = 0. Also, Eq 308 is nominally a quadratic
function of n, but reduces to a linear function when H, = 0. For the Flatland scenario addressed
in Section 7.7, the locus of points where a governing quadratic equation degenerates to a linear
function forms a boundary between an area where the incorrect solution is extraneous to an area
where it is ambiguous. It is expected that a similar situation pertains to spatial volumes as well.
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7.9.4 Stations in the Same Plane

General Case — Eq 300 is valid when the stations are in the same plane — i.e., W, = 0. Thus,
Eq 301, which is the result of dividing the first and second lines, remains correct. However, Eq
302, which is formed by dividing the second and third lines of Eq 300, is replaced by

{,=Dié, + Dy Eq 311
Uldyy W;
Dj=——"——= Ad 0
LT Woddyy W my #
o7 2w, 2W:Adyy Mu

Upon solving Eq 301 and Eq 311 simultaneously for &, and {,, then substituting the result into
the first line of Eq 300, the result is:

D(’) - CO ClD(’) - C()D{
- = AT0 T 0 Adyy % O
4= D] AT G-D "
(U2 —20¢&, — Ad%,)" ma5i2
Na == 5 —(EA‘*‘Cj) Adyy # 0

The two roots of Eq 312 are symmetric with respect to the plane containing the stations. The
same symmetry occurs for three true slant-range measurements (Section 7.8). This suggests that
stations which are ‘almost’ in the same plane will have correct and ambiguous solutions which
are ‘almost’ symmetric about that ‘plane’.

Aircraft Equidistant from Stations M and U — The solution of Eq 312 fails when Ady,; = 0
(in which case, ¢, = 2U). When this occurs, dividing third line of Eq 300 by the second and re-

arranging yields a closed-form solution for {,. When the solutions for &, and ¢, are substituted
into the second line of Eq 300, the result is

& =3U
C__mﬂ—VQU—mmWM¢W—(VL—%U—m@ﬂmmW
2
V2 - V.U-2V:{, — Ad?
na == ( - §A MV) —(fi"‘éi) Adyy # 0
4AdZ,

Aircraft Equidistant from Station M and Stations U and V — The solution of Eq 313 fails when
both Ady; = 0 and Ad,,y = 0. In this *double special case’, solving Eq 300 yields
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. VE-V.U
$a =5U GA_Z—V(

Eq 314
—(E+8)

2
=+ (Wz — 2Wee, _ZWCCA_AdIZVIW)
4 4AdZ,,

Aircraft Equidistant from Station M and Stations U, V and W — The case of all three range
differences being zero — i.e., Adyy = 0, Adyy = 0 and Ad,,,, = 0 — cannot occur unless the
perpendicular bisector of the line between stations M and W passes through the intersection of
the perpendicular bisectors between M and U and between M and V at &, and , given by Eq
314. This occurs when W and W, satisfy

V:— Ve 2 2 2
WU + We——— = W2 = W2 + W Eq 315
¢
One way that Eq 315 is satisfied is when the stations form a rectangle —i.e., V: = 0,V =
V,W: = U,W,=V.When all range differences are zero, a solution for , does not exist (all

values of n4 result in the same range differences).

7.9.5 Stations in the Same Plane, Three Form a Line

General Case — For this configuration, the stations are located in the same plane — i.e., W, =
0 — and stations M, U and V form a straight line —i.e., V- = 0, V = V.. In this situation, the
solution of Subsection 7.9.4 fails. However, Eq 300 can be solved for these conditions, yielding

(V2 = Addy)Adyy — (U2 — Ad3y)Adyy
= 2VAdyy — 2UAdyy
_ (Udyy = Webdyy) - (W2 = Adj)Adyy = (U2 = Adfy) Ay
A W A 2W;
_ (UZ B ZUQZA - Adz%/lu)z 2 Cz =4 316
nA_i 4Ad12v1U _(5A+ A) AdMU#:O
2
V2 —-2VE, — Ad?
na== ( Az MV) —(§i+éi) Adyy # 0

Aircraft Equidistant from Station M and Stations U and V — For this station configuration,
it is not possible for both Ad,,; and Ad,,, to be zero.

Aircraft on M-U-V Baseline Extension — When an aircraft is on an extension of the baseline
containing stations M, U and V, then Ad,,; = +U and Ad,,, = 1V, with the same sign applying
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to both measurements. Thus, the expression for &, in Eq 316 is singular and a solution does not
exist.

7.9.6 Four Stations Form a Straight Line

General Case — Arranging four pseudo-range stations in a straight line is not common, but may
be considered in some situations. For that geometry: V- =0,V = V;,and W, =W, =0, W =
W:. The general case solution (Eq 301 - Eq 303) then fails. However, the same solution process
can be followed, starting from Eq 300, yielding

_ (V2Adyy — U?Adyy) + Adyy Adyy (Adyy — Adyy)
A 2(UAdyy — VAdyy)
S e Eq 317
(2+772=(U _ZUfA_AdMU) _éz
a7 4Ad3, 4

Using cyclical substitutions — i.e., U - V - W — two other expressions for £, and éi + 1% can
be written, independently, for each line of Eq 317. These can be used as alternatives when

‘divide by zero’ situations occur, but otherwise result in the same values. However, on both ends
of the extension of the baselines connecting station M, U, V and W, all expressions for &, fail.

This equation (both lines) indicates that four stations located along a line can determine an
aircraft’s location parallel to that line and the distance to a circle centered on the line where the
aircraft is located. However, this station configuration cannot determine the lateral distance from
the line nor its vertical displacement from the line. Qualitatively, four pseudo slant-range stations
in a line provide no more information than three stations do (Subsection 7.7.5).

7.9.7 Remarks

= Upon comparing the traditional solution approach in this section to Bancroft’s method

(Section 7.2), it is evident that:

(a) The approaches are fundamentally consistent, in that each requires solution of a
quadratic equation;

(b) The traditional approach is algebraically tedious and requires handling some
measurements as special cases, but can be implemented using scalar equations.
Conversely, Bancroft’s method is elegant and does not involve special cases, but
requires use of vector/matrix calculations including inversion of a 4x4 matrix;

(c) The traditional approach explicitly reveals the geometric issues associated with the
station locations, while Bancroft’s method contains these geometric issues in the
requirement that a matrix be invertible.

= A method for determining the aircraft latitude, longitude and altitude from the Cartesian
coordinates (&,, {,,14) is given in Subsection 7.8.2.

= Height Monitoring Units (HMUs), deployed by the FAA and several other nations, using
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a set of multilateration stations to measure the altitude of overflying aircraft. HMU
ground stations are ‘almost’ in a plane. Typically, four stations form a square 30 NM on a
side, and a fifth station is located at the center of the square.

= With some sign reversals the equations of this section would apply to measurements of
slant-range sums for one transmitter and three receive stations (Ref. 44).

7.10 Traditional Solution for Three Pseudo Spherical-Ranges

7.10.1 Problem Formulation

Pseudo spherical-ranges are the basis for several
radionavigation systems, most prominently
Loran-C and Omega. Spherical ranging systems
are intended for use on or near the earth’s
surface; altitude has no role in their concepts or
solutions.

Figure 34 illustrates a basic scenario using
Loran-C station labels: M at latitude/longitude
(L, App) is the master station, and X (Ly, Ax)
and Y (Ly, Ay) are secondary stations whose
transmissions are synchronized with those from (Ly. y)
M. The coordinates of all stations are known.
The assumption is that aircraft A is employing

Figure 34 Scenario Involving Three Pseudo
Spherical-Range Stations and Aircraft

the system for navigation, and wishes to
determine its latitude and longitude (L4, A,).

Two time-difference-of-arrival (TDOA) measurements available from the station’s transmis-
sions; these are grouped as ‘M minus X’ and ‘M and Y’. The TDOAs are equivalent to two
spherical-range differences with constrained magnitudes:

AOyxa = Opa — Oxa |AByxal < Oux Eq 318
AOpyya = Oma — Oya |AByyal < Oy

7.10.2 Problem Solution

This solution follows Ref. 45 by Razin. Figure 34 depicts two mathematical spherical triangles
MXA and MYA with common side MA. The goal in analyzing these triangles is to find 6,,, and
either By or By; having these quantities reduces the task to solution of the Direct problem of
geodesy. As occurs for position determination based of three pseudo slant-range measurements
in Flatland (Section 7.7), two solutions can occur.
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Step 0: Solve the Indirect problem of geodesy (Section 4.2) for the paths MX and MY, yielding
the geocentric angles 8,5 and 6,y and the azimuth angles Yy, and Yy .

Step 1: Form the difference of the azimuth angles Y, and ¥y, yielding the angle 5 between
great circle arcs MX and MY satisfying0 < f <

B = min{lle/M - 1l’X/Ml’ |l/’Y/M —Yx/m + 2m|, |l/’Y/M —Yx/m — 2m|} Eq 319

To establish the sign conventions, assume that the vehicle is within the V-shaped region with
sides MX and MY. Then both By and By are positive as shown. The following is always true:

B = PBx + By Eq 320

Step 2: Solve Eq 318 for 8y, and 64, then take the cosine of both sides, yielding:
€0S(Byn )= €08 (G )COS(AByxa) + SIN(Gya)Sin (AByxa)

c0S(Ga) = €08 (G )cOS(AByya) + SiN (G )Sin (AGyya) ma 92

Step 3: Apply the spherical triangle law of cosines for sides (Eq 71) to MXA and MYA, yielding:

0S(Bya ) =€08(Bya ) COS(Oyx ) + SiN(Bya )SiN(Byy ) cos(By )

c0S(6yn ) = C08(Byyn ) COS(Bpy ) + SiN(Bya )Sin(Gyy ) cos(y ) Eq 322

Step 4: The first and second lines, respectively, of Eq 321 and Eq 322 are equated, eliminating
Ox4 and Oy 4. Then solving for 8,,, yields:
c0s (Bpx )—€0S (AByxa)

5in (AByxa )—sin (Bux ) cos(By )
cos (Byy )—cos(AGyya)

Sin (AGyya )—sin (Gyy ) cos (5, )

tan(Oua) =
Eq 323

tan(Gya ) =

Step 5: Equate the two expressions for 8,,, in Eq 323 and eliminate y using Eq 320, yielding:
coS (A ) - C0s(Abyya) cos (Gyy ) — oS (AByya)

: - =— : Eq 324
sin (AQMXA)_Sm (9Mx ) COS( X ) sin (AQMYA)_ sin (QMY ) COs (IB - By ) |
Step 6: Re-write Eq 324 as:
B. cos (B )+ Bgsin (B, ) = C
B, =sin (eMx )[COS (GMY )_ Cos (AHMYA)] — sin (QMY )[COS (eMX )_ COos (AGMXA )] Cos (ﬂ) Eq 325

B, =—sin (QMY )[COS (9Mx )_ Ccos (AHMXA )]Sin (,3)
C =sin (AGMXA)[COS (6yy )—cos (AHMYA)] — sin (A‘QMYA)[COS (6x )_ c0S (A s )]

Step 7: Re-write Eq 325 as:
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B,, cos (/i —7)=C

Eq 326
B,=+(B. ) +(B,> y=arctan (B,B,)
The four-quadrant arc tangent function is used in Eq 326.
Step 8: Find By using Eq 327.
Bx = arctan(Bq, B.) + Arccos (%) Eq 327

In Eq 327, Arccos denotes the principal value of the arccos function — i.e., the value in the
range [0, =]. Thus, in general, two solutions are possible.

Step 9: For both possible solutions, find 8,,4 using the first line of Eq 323.

Step 10: For both possible solutions, find the aircraft’s latitude and longitude (L4, 44) as a
solution to the Direct problem of geodesy, given the latitude/longitude (L, Ay), the geocentric
angle 6y, and the azimuth angle Y4,y = Yx/m + Px-

Step 11: For both possible solutions, the geocentric angles 6y, and 8y, are found from the
aircraft and station latitudes and longitudes as solutions to the Indirect problem of geodesy.

Step 12: For both possible solutions, substitute the angles 6,4, 8x4 and 8y, in the right-hand
side of Eq 318. Compare the resulting spherical-range difference to the measured values for
these quantities. Discard a possible solution when agreement does not occur.

7.10.3 Types of Solutions

No Solution — Measurement errors can cause one of the inequalities in Eq 318 to be violated.
That, in turn, can cause the argument of the arc cosine function in Eq 327 to be greater than one
in magnitude, in which case a solution does not exist.

Double-Root Solution — If the aircraft is on a baseline extension, including at a station, then Eq
324 becomes indeterminate and the equations immediately before it must be used. For example,
assume the aircraft is on the extension of MX, closer to X. Then 8,,, = ABx4, and equating the
first two lines of Eq 321 and Eq 322 yields Sy = 0, hence By = . Thus, since 0 < g < m, there
is a single solution for 6,,4 which is given by the second line of Eq 323.

Single Solution — In Eq 327, if B,,=C then the arccos term is zero and there is only one
solution for By. The locus of latitudes/longitudes for which B,,=C can be found numerically.

Two Solutions: Ambiguous vs. Extraneous — In most instances, two candidate solutions are
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found by the method described in Subsection 7.10.2. One is always correct. The other is either:
(a) extraneous, corresponding to the negation of the measured spherical-range differences (thus
will be detected in Step 12); or (b) ambiguous, also corresponding to the measured spherical-
range differences, and thus not resolvable without additional information.

The intended service area for a pseudorange system is, approximately, the region within the
perimeter of the polygon enclosing the stations (but not close to a station) and the border area
outside the perimeter but near the bisector of the baseline joining the closest two stations. In the
service area, one candidate solution is extraneous and corresponds to the ‘+’ sign in Eq 327,
while the correct solution corresponds to the ‘—” sign. Example 10 in Subsection 7.12.3 illustrates
where both ambiguous and extraneous solutions occur.

7.10.4 Remarks

System Applications — The primary U.S. examples of long-range (over 1,000 NM) pseudo
spherical-range systems are Loran-C and Omega. For their characteristics (ranges between
stations and aircraft, radio wave propagation paths), steps in addition to those described in
Subsection 7.10.2 were generally needed to achieve the systems’ potential accuracies.

Accuracy Enhancements — Two areas have been addressed to improve the accuracy of low-

frequency spherical-range difference systems:

= Earth Geometry — For distances of more than a few hundred miles, the ellipticity
error incurred by using a spherical-earth model is usually unacceptably large. One
approach is to employ approximations to an ellipsoid (Refs. 11-16 and 13-15) which
are not amenable to closed-form solution. These can be utilized in an iterative
solution technique that is initialized with the solution obtained from Razin’s
algorithm (see Chapter 8). A second approach is to tailor the spherical-earth model to
the service area involved (Refs. 45 and 53).

= Radiowave Propagation — Low-frequency electromagnetic ground waves cannot be
assumed to travel with constant speed, since their propagation depends upon the
conductivity of the ground over which they travel. Modeling and measurements have
both been used to address this issue. The resulting adjustments are easily incorporated
in the pseudo spherical-range difference measurements.

Validation — Reference 53 contains the findings of a comparison, using Loran-C measure-
ments, of Razin’s algorithm and the semi-official, iterative algorithm published by the Radio
Technical Commission for Maritime Services (RTCM) (Ref. 54). Differences between the
computed latitude/longitude coordinates for the two algorithms are between 3 ft and 5 ft.

Similarity to Flatland Solution — Although the analysis formulations are different (rectangular
versus spherical), the qualitative characteristics of the solutions for the Flatland/Fang and
spherical-earth/Razin algorithms are qualitatively similar. Both have two solutions, with the
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incorrect one being detectable in their useful service areas. Solutions for both are unstable along
the extended baselines, and degraded in the V-shaped regions between two baselines.

7.11 Traditional Solution for Two Pairs of Pseudo Spherical-Ranges

7.11.1 Problem Formulation

This section addresses a problem close to the topic of the previous section: determining an
aircraft’s position from two spherical-range difference measurements. However, in this section,
the measurements are obtained from four stations comprising two distinct pairs, rather than from
three stations comprising two pairs having a common station (Figure 35). It is also close to the
topic of Section [_] which addresses two pairs of stations that measure pseudo slant-ranges.

North X
l(LX: 1X)
|
M 1
O M
(Lygs Ay1) Xi’
North\ : Vs d
- /
N YA
MN -7 :(LA?s)“A?)
N HNA ? 1
1
(LNa )‘ I
10,2
!
1
]
]
]
I
Y
(LYa ]*Y)

Figure 35 Pseudo Spherical-Range Scenario: Two Station Pairs and an Aircraft

In Figure 35, Loran-C-like station labels are used. Station M at latitude/ longitude (L, Ay) is a
master station, and station X (Ly, Ay) is an associated secondary. Similarly, station N (Ly, A1y) is
the master for a second chain, and station Y (Ly, Ay) is an associated secondary. The transmis-
sions of each master-secondary pair are synchronized, but are asynchronous with those of the
other pair.

The assumption is that aircraft A is employing this set of stations for navigation. The aircraft’s
first priority is to determine its latitude/longitude (L4, 1,) coordinates. A second priority is to
determine the spherical-range to and azimuth angle toward each of the four stations.
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Two time-difference-of-arrival (TDOA) measurements are available from the stations’
transmissions; these follow the convention ‘M minus X” and ‘N minus Y’. These TDOAs are
equivalent to two spherical-range differences. These are, with limitations on their magnitudes:
AG,, ., =6, —0 AO,, | <0
MXA MA XA | MXA| MX Eq 328
A‘9NYA = ‘9NA - eYA |A9NYA| < eNY

7.11.2 Problem Solution

Figure 35 depicts three mathematical spherical triangles: MXA, NYA and MNA. The goal in
analyzing these triangles is to find values for the two spherical-range/bearing pairs 8,,, and By
and 6y, and By. Knowing these quantities reduces the task of finding (L4, A4,4) to a solution of the
Direct problem of geodesy. As in other multi-dimensional problems, multiple solutions for

(L4, A4) may occur; when they do, the validity of each must be checked.

The immediate goal is to find Sy, as the quantities 8,4, Oy4 and Sy follow readily.

Step 0: Solve the Indirect problem of geodesy for three paths between stations:
= MX (master and associated secondary): Provides 8yx and ¥,y

= NY (master and associated secondary): Provides 8y and 1y /y

= MN (two master stations): Provides Oy, Y nv and Yy /u

Define the positive angles between the path MN and, respectively, the paths MX and NY

Ywm :min“‘//N/M W W =¥ xm + 27 [ v xom —27] }

_ Eq 329
YN = m'n{|‘//Y/N v Wy =W + 2] [y iy — v =27 |

Formally define By as the angle XMA, measured clockwise from XM. Similarly, define gy as the
angle YNA, measured counter-clockwise from YN.

Step 1: Solve Eq 328 for 6y, and 6y 4, then take the cosine of both sides, yielding:
€0S(0y, ) = €0S(0yyx )COS(AB, 4 ) +SIN(G )SIN(A 1)

cos(6,, ) = cos(6y, )cOS(A By, )+ SIN(By, )SIN(A B,y ) Eq 330

Step 2: Apply the spherical law of cosines for sides to triangles MXA and NYA, yielding:
€08(8y, ) = COS(By )COS(Byy )+ 5iN(B,,,)sin(B, )cOS(By )

C08(8,) = COS(By,)OS(Byy )+ in(By )sin (B, )cOS(5, ) =43t

Step 3: The first lines of Eq 330 and Eq 331 are equated, eliminating 8x,4. Then solving for the
master station-aircraft distance yields 8,,, as a function of 8y and known quantities
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C0S(Gyx ) — COS(AB, s ) J
0,,, =arctan| — MX T MXA Eq 332
M (SIn(AeMXA)_SIn(eMX )COS(ﬂX ) q

In Eq 332, the single-argument arc tangent function should be used.

Step 4: Consider spherical triangle MNA. The four-part cotangent formula yields an expression
for By as an explicit function of Sy and quantities that are either known or are functions of Sy:

. . sin ('/’M _ﬂx)
B, = vy arctan[sin (Bun ) €Ot (Bya) — COS(By ) €08 (wyy — By )J Eq 333

In Eq 333, the two-argument arc tangent function should be used.

Step 5: The second lines of Eq 330 and Eq 331 are equated, eliminating 6y 4. Then solving for
the master station-aircraft distance yields 6,4 as a function of 8, and known quantities

cos(By, )—cos(ABy,,) J
0., = arctan| — NY . NYA Eq 334
" (Sln(AeNYA)_SIn(gNY )COS(IBY) a

In Eq 334, the single-argument arc tangent function should be used.

Step 6: The value of By sought is a root of the following equation (application of the Law of
Sines to spherical triangle MNA)

sin(yy —fx ) _ sin(yy — )
sin(@ys ) Sin(Oya )

By substituting and re-substituting Eq 332, Eq 333 and Eq 334 into Eq 335, the result would be
an explicit function of By and known quantities. There is no point in doing so, however, since the
expression would be too complex to be solved analytically for Sy. Instead, a root finding
technique (Subsection 2.1.8) can used to find one or more values for By.

Eq 335

Step 7: For each candidate solution for Sy, find the corresponding value for 6,,4 using Eq 332.

Step 8: For each candidate solution pair for bearing Sy and range 6,,,, find the aircraft’s latitude
and longitude (L4, A4) as a solution to the Direct problem of geodesy.

Step 9: If multiple solutions to Eq 335 occur, for each solution set, find the geocentric angles 6y 4
and 8y 4 from the aircraft and station coordinates as solutions to the Indirect problem of geodesy.

Step 10: For each solution set, substitute the angles 6,4, Ox4 and By 4, By 4 in the right-hand side
of Eq 328. Compare the resulting spherical-range difference to the measured values for these
quantities. Discard a candidate solution when agreement does not occur.
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7.11.3 Remarks

= An obvious application of this algorithm is to Loran-C *cross-chaining’ — finding pos-
ition solutions using TDOA measurements from two separate chains. Loran-C cross-
chaining can involve three stations, with one station being dual-rated. However, in terms
of the position-solution algorithm, three-station cross-chaining is no different than three
stations from a single chain. This section addresses the more-complex situation involving
two pairs of stations, one pair from each chain.

= Sequences of equations other than those developed herein can be used derive a function
of By (only) whose root is to be found. The solution sequence presented herein follows
Razin (Ref. 45) and appears to yield satisfactory results (Subsection 7.12.4).

7.12 Example Applications

7.12.1 Example 8: Slant-Range Measurement System in Flatland

Problem Statement — This example considers the simplest

y
application of Bancroft’s algorithm — finding the intersections 4
of two circles in a plane; it relates most closely to Section 7.3, ?
. ) _ ) S, (0} 4\2) . 20.2)
which addresses a three-dimensional version. Stated as a A Va

navigation problem, an aviator in Flatland measures his/her
slant-range to two stations — say, d; 4 to station Si1 and d,,4 to
station S2, where both stations have known coordinates. This is *—>x

e ) ) _ (0, 0) S, (4x\2,0)
a simplified version of computing a DME/DME fix.

The first step is selecting the coordinate frame. Because Bancroft’s algorithm involves calcu-
lating the inverse of a matrix based on station coordinates (e.g., B in Eq 232), the origin cannot
be in-line with the two stations. A convenient choice is to place each station on one axis, equi-
distant from the origin (illustrated). A normalized distance scale is chosen such that the separ-
ation between the stations is one unit — i.e., distances are quantified in Base Line Units (BLUS).

Solution — Making the assignments indicated in Section 7.3 yields
1
N2 0 0 ]
0 N2 V2
1
)P+ ()7 - (d1A>2] _ [z i 1= [}
()2 + 02 = (don)?] ~ |2 - a3, 1

[uy] =381 =32 ]

B =

Eq 336

u
v l_d%A
_ X| _1p-1 1 2
V_[Uy]_EB b_Eﬁ[l_d%A]
2
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Therefore
ar’+pA+y=0

a=(uu)=u:+u;

B =2(uv)—1=2uv, +2u,v, — 1 =—[d?, + d3,] Eq 337
2 2
= = 03 =13t 2 (-,
2 2
Disc = 7 — day = [d, + 3,1 2 (S - d%) —2(3 - d3)
= 2[df, +di,] — [dis —d3,]* -1
Thus
Ay = % <de +di, \/Z[de +d2,]—[d?, —d&,]% - 1)
X 1 1 d%A Eq 338
A+] 1 1 >
= rww =il 32
2

Types of and Conditions on Solutions — Insight into the solution can be obtained by exam-
ining the sum and difference of the slant-ranges. Thus let

Zd:d1A+d2A Ad:dlA_dZA
dlA = %(Zd + Ad) dZA = %(Zd - Ad) Eq 339
Upon substituting, the discriminant Disc can be written as
Disc = p% — 4ay = [(Zd)? — 1][1 — (Ad)?] Eq 340

Four possible solution cases for the norm A are enumerated in Subsection 7.2.4. It follows from
Eq 337 that, since @ = 1, a single real root cannot occur (Case (b)). Geometrically, this is
because two circles in a plane must cross at two points (Case (d)), be tangent at a point (double
root, Case (c)) or not cross (Case (a)).

Cases (a), (c) and (d) can all occur, depending upon the value of Disc. For a solution (i.e., real
roots) to occur, both of the following conditions on the measurements must be true:

Zd:d1A+d2A21 |Ad|: IdlA_dZAlsl Eq34l

Since the two stations are separated by one BLU, Eq 341 “says’ that in the absence of measure-
ment errors (a) the sum of the ranges to the stations must be at least equal to the separation
between the stations, and (b) the absolute value of the difference between the ranges to the
stations must be no more than the separation between the stations. Based on geometric reasoning,
when Zd is unity, the aircraft must be on the baseline separating the stations, and when |Ad]| is
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unity the aircraft must be on an extension of the baseline. Similar conditions are derived in
Subsection 6.4.3 for the analogous problem involving a spherical earth.

Aircraft locations along the baseline connecting the stations and its extensions are unstable
because small measurement errors can change the character of the solution — to a situation
where a solution does not exist or to one where there are two separate candidate solutions.

It follows from Eq 338 and Eq 340 that
Ay =2 [Cd)? + (Ad)?] +5/[Ed)2 - 1][1 - (Ad)?] Eq 342

Either solution to Eq 342 (and to Eq 338 as well) may be correct mathematically. Of course, only
one solution is actually equal to the vehicle’s true position — the other solution is ambiguous.
Two slant-ranges do not provide enough information to make a determination.

o

‘Natural’ Coordinate System — While the (x, y) frame is
compatible with Bancroft’s algorithm, it is not the natural
frame for this problem. Thus, consider the (&, ¢) frame (Figure
36) which is generated by rotating the (x, y) frame counter
clockwise by 45 deg, then offsetting it by one-half a BLU to
the right. The result is that (a) both stations lie on the {-axis,
and (b) the &-axis is the perpendicular bisector of the baseline
connecting the stations. The solutions for the aircraft location
can be expressed in the (&, {) frame as: (0, %)

Ly

[N
]
>

/ﬁne of Unstable solutic;ﬁ\

=

4-1 £ 213+ a3~ [ - 3~ 1| o
) 5 5 q Figure 36 Two Slant-Range
diy —djs Stations and Aircraft in Flatland
This solution can also be written as
+[(Zd)? — 1][1 — (Ad)?]
= Eq 344
[ A] 2 (Zd)(Ad) a

Let a breve diacritic mark above a normalized quantity denote its un-normalized version — e.g.,
£ = B¢&and { = B¢, where B is the baseline length. The un-normalized version Eq 344 then is

FA] _ 1 [¢[d) - 57 52 - (ad)] Eq 345
2B (xd)(ad)

Geometry-Based Derivation — There is an older, more direct, geometry-based derivation of Eq
343. Referring to Figure 36, the two slant-ranges satisfy Pythagoras’ theorem:

7-46




DOT Volpe Center

I (A

) Eq 346
1
di, =&+ (éA B 5)

Completing the squares and subtracting the second equation from the first in Eq 346 yields the
second line of Eq 343

= 5(d2s — d3y) Eq 347

Then, substituting for £, in the first equation in Eq 346 yields the first line of Eq 343:

& = £1 20, + 3] 102, — a3, - 1 Eq 348

Remarks

In the absence of slant-range measurement errors that cause one or both of the
inequalities of Eq 341 to be violated, there are no aircraft positions where either line in
Eq 343 fails — i.e., the solution equations do not have any singularities.

If the aircraft position is on the (-axis — either on the baseline connecting the stations or
on an extension — the discriminant (Eq 340) is zero and Eq 337 has an unstable double
root. This is slightly different than the situation for three pseudorange stations in a plane
(Section 7.10); there, only positions on the baseline extensions are unstable.

If the aircraft is not on the (-axis, then Eq 337 has two separate real roots that correspond
to the actual and ambiguous aircraft locations.

The correct and ambiguous solutions are symmetrically located with respect to the (-axis
but cannot be distinguished based on two slant-range measurements. However, other
information may be available (Subsection 6.1.3). Movement of the aircraft with a
component toward or away from the (-axis (determined by, e.g., an on-board compass) is
a method for determining the correct solution.

The effect of measurement errors on the solution depends strongly on the location of the
aircraft. This is the topic of Subsection 8.5.1.

The two-ranging-stations-in-Flatland problem is a simplified version of the DME/DME/
Altitude problem addressed in Section 6.4. Qualitatively, the solutions behave similarly.

7.12.2 Example 9: Three Pseudo Slant-Range Stations in Flatland

This subsection presents examples of results obtained using Fang’s algorithm described in Sec-
tion 7.7 for finding the two-dimensional position of an aircraft from three pseudo slant-range
measurements. Figure 37 depicts three such stations, labeled M, U and V. The three green curves
partition the space into four regions that contain both the correct and the incorrect (either ambig-
uous or extraneous) solutions — refer to Eq 285 and Figure 31.

The thicker, solid blue and red lines with filled symbols at their ends represent hypothetical
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aircraft flight tracks. The thinner, dashed blue and red lines with unfilled symbols at their ends
depict the incorrect solutions yielded by the algorithm for the hypothetical tracks of the same
color. An asterisk marks the center of each hypothetical flight track.

1.5

057}

15 1 I I k] | L
-1.5 -1 -0.5 0 05 1 1.5

Figure 37 Three Pseudo Slant-Range Stations in Flatland and Two Aircraft Tracks

The solid blue track corresponding to the correct solution is well within the service area, as is its
corresponding incorrect dashed blue track (which is in approximately the opposite direction, and
is slightly curved). In the *extraneous’ region, the correct solution can be identified by inspec-
tion. For example, the filled blue circle is equidistant from M and U and furthest from V. In
contrast, its counterpart, the unfilled blue circle, is equidistant from M and U and closest to V
(i.e., the order is reversed). Similar statements can be made about every point in this region. The
magnitudes of the slant-range differences are the same for the correct and incorrect solutions;
however, their signs are reversed.

In contrast to the blue tracks, the red tracks corresponding to the incorrect solution transition
from the “‘extraneous’ region to the ‘ambiguous’ region. Starting from the circle symbols the
correct solution moves directly ‘north’ in a straight line, while the incorrect solution moves
largely ‘south’ in a slightly curved path. As the aircraft approaches and crosses the transition
between the regions, the incorrect solution moves at a high rate to the ‘south’ then reappears at
the far ‘north” and again moves at a high rate to the *south’. As the aircraft moves away from the
transition curve, the incorrect solution moves close to the correct solution.
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7.12.3 Example 10: Three Pseudo Spherical-Range Stations

This subsection presents an example application of Razin’s algorithm (Section 7.10) utilizing
three pseudo spherical-range navigation stations in the U.S. Northeast Loran-C chain (Ref. 55).
In Figure 38: M represents the master station at Seneca, NY; W represents the secondary station
at Caribou, ME; and X represents the secondary station at Nantucket, MA. For a spherical-earth
formulation, the baselines and their extensions for these stations are great circles.

55 i '
+ DCA < PIT o
© LGA > CLE
& BOS = CMH N /
5of| © PWM O IND N T ,
O BGR ¢ MKE / -
¥ YHZ - BUF
© YYR
—_ “ BDA
o 45" 7
=
o © "
E >
= G
w407 O 5 1
-
357 iy
=
30 1 L L L L
-90 -85 -80 -75 -70 -65 -60

Longitude (deg)
Figure 38 Position Solutions for Triad of Stations from the Northeast U.S. Loran-C Chain

Fourteen airport locations were selected, and spherical-range differences for the station pairs M-
W and M-X were calculated using a spherical-earth model. The methodology of Section 7.10 was
used to find solutions for the airport locations from the range differences. Green (‘=" solution)
and red (“+’ solution) icons of the same shapes represent the algorithm’s solutions for the same
airport. Blue-colored symbols depict the actual airport locations, and overprint the correct
solution (in all cases, they agree to machine precision).

Six airports are in the service area for these stations: Reagan National, VA (DCA); LaGuardia,
NY (LGA); Boston, MA (BOS); Portland, ME (PWM); Bangor, ME (BGR); and Halifax, Nova
Scotia (YHZ). A blue line represents a hypothetical flight path connecting these airports. A
thinner red line connects the incorrect ‘+’solutions.

For airports in the service area, the incorrect solutions can be detected by inspection, as the range
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differences for an extraneous solution will be negative versions of the range differences for the
correct solution. For example, DCA is closest to station M and furthest from W; its extraneous
version is closest to W and furthest from M. Another method for detecting the correct solution is
to examine the flight path. In this case, the incorrect ‘flight path’ is, overall, in the opposite
direction of the correct track.

Eight other airports are also depicted by blue symbols: Pittsburgh, PA (PIT); Cleveland, OH
(CLE); Columbus, OH (CMH); Indianapolis, IN (IND); Milwaukee, WI (MKE); Buffalo, NY
(BUF); Goose Bay, Labrador (YYR); and Bermuda (BDA). These airports are all outside the
nominal service area for the stations, and are in or near the three regions bounded by baseline
extensions. The incorrect solutions, which may be either the ‘~" or “+” solution of Eq 327, are all
ambiguous — i.e., the range differences calculated from the correct and incorrect airport
locations are identical.

This example is revisited in Subsection 8.5.4, which addresses the effect of mis-modeling the
earth as a sphere (i.e., the ellipticity error), and presents a solution.

7.12.4 Example 11: Two Pairs of Pseudo Spherical-Range Stations

This subsection presents an example of the solution algorithm for two pairs of pseudo spherical-
range navigation stations described in Section 7.11. Figure 39 depicts the master station at
Seneca, NY for the U.S. Northeast Loran-C chain and a secondary station at Nantucket, MA. It
also depicts the master station for the U.S. Great Lakes Loran-C chain at Dana, IN, and a
secondary station at Malone, FL. (Loran station coordinates can be found in Ref. 53.)

Figure 39 also shows seven airports which represent possible locations of aircraft employing
these stations for navigation: LaGuardia, NY (LGA); Elizabeth City, NC (ECG); Charleston, SC
(CHS); Charleston, WV (CRW); Atlanta, GA (ATL); Nashville, TN (BNA); and St. Louis, MO
(STL). All of the airports are within the expected service area for such a navigation system.

The solution algorithm presented in Section 7.11 is straightforward except for the process of
finding values for By that are roots of Eq 335. Thus the primary issue explored is the behavior of
Eq 335 as a function of Sy — i.e., with 8,4, Oy4 and Sy determined from By. (Here, Sy is the
angle, measured clockwise, from (a) the baseline from Seneca to Nantucket to (b) a great circle
path from Seneca to the aircraft.)
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Figure 39 Two Pairs of Loran-C Stations and Seven Airport Locations

Figure 40 shows the difference between the left- and right-hand sides of Eq 335 as a function of
assumed values for By in the range (¥, — ™) < By < Y. Each of the seven possible aircraft
locations are considered for the half-sphere on the southeast side of the great circle path through
Dana and Seneca. The curves for six of the seven airports (all except STL) have the same basic
shape — a ‘sideways S’. Most important is that each curve in Figure 40, including that for STL,
has only one root, so ambiguous and extraneous solutions do not occur for locations in the area
of interest. If the roots for By shown in Figure 40 are substituted into Steps 7-10 of the algorithm
in Section 7.11, the original aircraft locations result.

A plot similar to Figure 40 was generated for the area on the northwest side of the great circle
path through Dana and Seneca. Four of the airports of interest (LGA, ECG, CRW and BNA) had
a single extraneous solution in this area. CHS and ATL did not have a second solution, and STL
has two additional solutions. This example is re-visited in Subsection 8.5.5.
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Figure 40 Example 11: Sensitivity of Law-of-Sines Difference to Trial Values of fx

7.12.5 Example 12: Wide Area Multilateration (WAM)

As an example of the solution technique presented in Section 7.5, a WAM system is postulated
which has ground stations at three airports: Boston, MA (BOS); Manchester, NH (MHT); and
Hartford, CT (BDL) — see Figure 41. To investigate its performance in its intended service
volume, an aircraft is assumed to over-fly five airports in the system’s service area at an altitude
of 25,000 ft: Westfield-Barnes Regional, MA (BAF); Dillant-Hopkins, Keene NH (EEN);
Fitchburg Municipal, MA (FIT); Lawrence Municipal, MA (LWM); and Hanscom Field,
Bedford MA (BED). To provide insight into the algorithm’s behavior for poor measurement
geometries, solutions are also computed for three locations outside the service volume and near
extended baselines: Barnstable Municipal, MA (HYA); Stewart International, NY (SWF); and
Portland International, ME (PWM).

Interest in the algorithm of Section 7.5 centers on the solution to Eq 251 for the aircraft time of
transmission t4. In this example, the times of reception at the ground stations t; were shifted by
the same amount, so that the earliest occurred at t; = 0. As a result, the correct value for t, must
be negative. The four roots of Eq 251 were found using the Matlab routine ‘roots’. These were
multiplied by the speed of light, c, converting their units to nautical miles. Thus, the correct
solution is the negative of the slant-range between the aircraft and the nearest ground station.
Since the reception range of a WAM ground station is limited by line-of-sight considerations
(Figure 8), ranges beyond a few hundred nautical miles are not feasible.

The calculated roots (potential values for t4) are displayed in Table 13. Positive roots cannot be
correct, nor can complex roots; only the two negative roots are possible solutions. For the five
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airports in the WAM system’s service area, the negative root nearer to zero is the obvious correct

choice. (The magnitude of other negative root is approximately an earth-radius.) In fact, the

absolute values of the calculated correct roots are the slant-ranges used to generate the simulated

measurements. For the three airports outside the service area, either negative root could be
correct. Similar situations involving and ambiguous solutions occur in Examples 9 and 10.

Table 13 Roots for Aircraft Transmission Time, in NM, for Example 12

Aircraft Root 1 Root 2 Root 3 Root 4
Location Real Imag Real Imag Real Imag Real Imag
BAF -4,002.6 0.0 -13.3 0.0 82.8 0.0 4,066.4 0.0
EEN -4,748.8 0.0 -36.9 0.0 78.9 0.0 4,795.0 0.0
FIT -6,361.5 0.0 -27.0 0.0 58.9 0.0 6,397.5 0.0
LWM -4,022.4 0.0 -19.0 0.0 74.1 0.0 4,094.9 0.0
BED -4,771.9 0.0 -15.1 0.0 86.0 0.0 4,812.5 0.0
HYA -52.1 0.0 -29.5 0.0 106.1  -3,508.9 106.1 3,508.9
SWF -68.7 0.0 -35.6 0.0 135.6 -1,072.8 135.6 1,072.8
PWM -177.1 0.0 -65.3 0.0 211.6  -1,053.7 211.6 1,053.7

This example is re-visited in Subsection 8.5.6, where an ellipsoidal earth model is considered.
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8. GAUSS-NEWTON NON-LINEAR LEAST-SQUARES (NLLS) METHOD

8.1 General NLLS Method

8.1.1 Background / Context

This final chapter is a fundamental departure from the previous chapters in several aspects.
Situations addressed in Chapters 3-7 explicitly or implicitly assume that

= There are exactly as many measurements as there are unknown variables. There is no
role for redundant measurements

= The measurements are described by equations that can be inverted to find the

aircraft’s coordinates (and/or other quantities of interest). There is no role for

uninvertible expressions (often complex, involving recursion and/or tabular data).
One implication of the second limitation is that the problem’s coordinate framework must be a
spherical earth or a rectangular Cartesian system. An ellipsoidal earth framework does not
provide for closed-form solutions. This chapter removes both of these restrictions, enabling more
general situations to be addressed. It can be said that Chapters 3-7 provide analytic solutions to
approximate problems, while this chapter provides numerical solutions to exact problems.

A drawback of the ability to address more general problems is that the techniques involved are
iterative/numerical rather than analytic/closed-form. An important consequence is a loss of
insight. For example, an iterative method does not reveal how many solutions may exist, or their
nature (unique, extraneous, ambiguous, etc.). Moreover, iterative techniques require that an
initial value be provided, which may be derived by an analytic method. Thus, there are useful
roles for both closed-form and iterative techniques.

There are two basic alternatives for the coordinate system (framework) employed for the
dependent navigation variables. When a spherical or ellipsoidal earth model is employed, the
aircraft position variables are generally its latitude L, and longitude 4,4, and possibly altitude h,.
When an earth-fixed rectangular coordinate system is used, the unknown aircraft position vari-
ables are usually its Cartesian components (x4, v, z4). Appendix Section 9.3 shows how to
convert between these formulations for an ellipsoidal earth. When pseudorange measurements
are involved, the time of transmission by the aircraft t, (surveillance) or a set of ground station
ts (navigation) is also an unknown variable.

The coordinate system selection may be influenced by the measurements available. Analysis of a
situation involving only slant-ranges (and/or slant-range differences) is often simpler using a
rectangular Cartesian frame. Conversely, analysis of a situation involving only spherical-ranges
(and/or their differences) and/or azimuth angles may be simpler using a spherical-earth frame.
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However, either framework can be employed to analyze any measurement type.

In terms of mathematical methodologies, the Non-Linear Least Squares (NLLS) technique
utilizes the linear algebra of vectors and matrices. The apparent contradiction in terminology
(linear algebra used to solve a non-linear problem) arises because — rather than attack the non-
linear problem directly — linear algebra is employed iteratively to solve a sequence of linear
problems. In contrast, Chapters 3-4 and 6-7 solve multiple, non-linear scalar equations.

The NLLS methodology of this chapter applies to problems where the number of measurements
n is equal to or exceeds the number of unknown variables p. The n=p situation is often termed
fully-determined; herein it is also referred to as the Newton situation. The n>p situation is often
termed over-determined; herein it is also referred to as the Gauss situation. The solution tech-
nique is independent of whether a Newton or Gauss situation is involved. However, the
properties of the resulting solutions are different enough that a distinction is useful.

8.1.2 Problem Formulation

For specificity, in this section a spherical coordinate system is used for the unknown navigation
variables. However, the basic technique also applies to a rectangular coordinate system. Thus the
navigation variables are taken to be those immediately below, but other sets are possible.

Example: x=1[Ly A hy tx]7 dim(x) =p Eq 349

It is assumed that a set of measurements Z; are available (combinations of slant-ranges,
spherical-ranges, pseudo slant- and spherical-ranges, azimuth angles, etc.) which are of the form

Z~i=Zi+l7i i=1,---,n

Eq 350
Zy = fi(LA'AAI hAl tX) = fl(x)

Here: (a) x denotes the vector of p unknown variables (p=2, 3 or4 in this document); (b) n is the
number of measurements (which must satisfy n>p); and (c) v; is the measurement error that is
usually present. When included, the time of transmission ty may refer to either the aircraft (¢4,
surveillance) or to a station (ts, navigation).

The measurement errors are characterized by as having a zero-mean vector v and known
covariance matrix R. Thus, all known biases have been removed from the measurements.

E(vW)=0 E(vvl)=R Eq 351

Eq 350 is termed the non-linear measurement model. Functions f; (L4, A4, hy, ty) are known in
the sense that they can be evaluated when the variables (L, A4, hy, ty) are known. These
functions need not be invertible; they can be combinations of analytic expressions, recursive
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algorithms and tables. However, reasonably accurate analytic, differentiable approximations to
fi(La, A4, hy, ty) must be known. For the range and angle measurements considered herein, plane
and spherical geometry and trigonometry provide the required approximations.

8.1.3 Solution Approach

To find a solution, each unknown variable is expressed as the sum of an initial estimate for the
iteration step involved, denoted here by an overbar, and a perturbation term, having 8 as a prefix.
For the first iteration step, the initial estimate must be provided (e.g., an approximate solution or
previous position solution); for subsequent steps, the initial estimate is the updated value for the
previous step. Thus,

X =X+ 8x Eq 352
— = —= _ qT
i: [LA AA h'A tx] 8X = [SLA 6/114 6hA 6tx]T
By linearizing the measurement functions f;(L,4, A4, hy, ty) — or analytic approximations thereto

— about the initial values X, the scalar measurement Z; can be replaced by the first-order
(linearized) measurement

6z, =Z; — fi(ZA; /TA' EA; tx)

| gy, O
o1, dh,

afi Eq 353

df;
_aLA L _5tX+vi

atsl.

SL, +

Sy +

X

Shy +

X

X

In Eq 353, all partial derivatives are evaluated at the current estimate x for the unknown
variables. The quantity §z; = Z; — f;(X) is the measurement residual. An abnormally large
residual can be the basis for rejecting a measurement as anomalous.

A quadratic scalar cost function C that quantifies the measurement residuals is chosen:
C = 82"Wdz= (W"62)T(W" 82) Eq 354
6Z =7Z— f(i) =7Z— f(ZA, /TA, ]'_lA, Ex)
8z = [62y 825+ 62,]" Z=1[2Z Z2p]" f=[fi o fil”
Here, W = W”W? is an analyst-defined positive semi-definite, symmetric matrix that weights
the measurement equations. Common choices are: (1) W =1, the measurements are equally
weighted; and (2) W =R™1, the measurments are weighted by the inverse of the measurement

error covariance matrix, to take account of unequal measurement accuracies and correlations
between measurement pairs (Subsection 8.1.5).

The full set of equations for the linearized measurement model (Eq 353) can be written as
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52, [afl fi 0f af1] 5L, v,
=1 5 5 s Eq 355
. A .

5z, Ofn Ofn Ofn Ofnfl ol v

oL, 91, 0Oh, 0ty

Denoting the matrix of partial derivatives as J (for Jacobian™), Eq 355 can be written as the
linearized matrix measurement model

8z=J8x+vVv
i 0fi 0fi 0fi v,
=\ : : : : V=]
0 0 O O "

oL, 01, 0h, 0ty

Informally, the estimation problem corresponding to Eq 356 is sometimes stated as: “find the
value for 8x that best satisfies”

Jéx =~ 6z Eq 357

In general, matrix J is non-square and cannot be inverted.

8.1.4 lterative Solution Process

Cost Function — The standard approach to addressing Eq 357 is to compute the value of 8x
that minimizes the weighted sum of the squared measurement residuals after being adjusted by
based on a the linear model of Eq 356. Thus, denoting C as the cost function after adjustment, 8x
is selected to minimize:

min C=(86z—-J8x)TW(8z — J8x)

r r Eq 358
=8zTW&z — 286xT)'Wéz + 8xTJ WJI8x

Normal Equations — Taking the derivative of the right-hand side of Eq 358 with respect to 8x
and setting the result equal to zero yields the well-known Normal Equation(s). Here, consistent
with convention, 8% denotes the solution to the Normal Equations

(J'WJ)8g = J"Wéz Eq 359

General Estimator — The value for 8x that minimizes C in Eq 358 is

* Carl Gustav Jacob Jacobi (Dec. 10, 1804 — Feb. 18, 1851) was a German mathematician.
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8% =(J'WJ) J"Wsz = Kbz

- - Eq 360
K=("'WJ) 0" w=[(w23) (W) " wra) w |

Matrix K = (J TWJ)_lJTW is called the estimator matrix. Existence of the matrix inverse
indicated in Eq 360 requires that W* J be of full rank, i.e., to have linearly independent columns.
Thus J must have linearly independent columns. (That is, every unknown variable must affect
the measurements, taken as a group, differently.)

Optimal Estimator — For the estimator in Eq 360, the variance of the estimation error, i.e., of
the difference 8% — 8x, is smallest when W =R~ (see Eq 365 and Eq 366). Thus, the optimal
estimator is

8% = (3'R™13) IR 6z = K&z

1 Eq 361
K=(J'RJ) JR"

Newton Estimator — For the situation where the number of measurements is the same as the
number of unknown variables, Eq 360 and Eq 361 reduce to Eq 362 below, which is the Newton
form of the estimator. In such situations, there is no role for a weighting matrix W.

82 =J18z=Kéz dim(x) = dim(z)

Eq 362
K=J" q

It is possible to implement Eq 360 or Eq 361 for all situations where n = dim(z) = p = dim(x).
Then when n = p, such an implementation will be algebraically equivalent to Eq 362. Thus, a
least-squares approximation will not actually be involved; however, that would not necessarily
be obvious to the analyst.

Update Estimate for VVariables — Given the estimate for the perturbation, 8%, the estimates of
the unknown variables are updated in accordance with

X = x4+ 6% Eq 363
iA:ZA‘}‘(SZA /‘/{A:A_A‘l‘é\i‘q EA:EA‘}‘(SEA fX:EX-I_é‘fX

Iteration Process Summary
0. The initial estimate for the independent variables, X,, must be provided.

After completing an iteration (say, k), the process is repeated for iteration k+1.:

1. Assign the updated values for the independent variables found in the previous step to X,
—i.e, setX = X = Ky

2. Evaluate the measurement residual 8z using X (Eq 354)
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Optional: Examine the components of 8z and determine/reject outliers, if present
Optional/recommended: Compute the cost function C using 8z (Eq 354)

Compute the Jacobian matrix J for X (Eq 356)

Compute the estimated perturbation vector 8% = 8%, (Eq 360, Eq 361 or Eq 362)
Update the estimate of the variables sought £ = X, ; (Eq 363)

O N o g b~ w

Examine 8%, = Ky+1 — Xy, and possibly other quantities, and decide among:

(1) Convergence to the correct solution is occurring and the iteration process should
continue;

(2) Convergence to the correct solution has occurred and the process should be stopped;

(3) Convergence to an incorrect solution is occurring and the process should be stopped

(4) Divergence is occurring and the process should be stopped.

Possibilities (3) and (4) are addressed in Subsection 8.1.7.

Computing Cost Function — While not required, it is recommended that the cost function
(item 4) be computed during each interation. Since the measurement residuals are available

(item 2) there is little added effort and the cost function provides information on the nature of the
solution being computed. For a Newton estimator, the cost function “should’ converge to zero. If
it does not, then there may be an inconsistency in the measurement equations (a solution may not
exist) or the initial estimate may be ‘too far’ from the solution. For a Gauss estimator, one
expects the statistics of the cost function to be related to the measurement errors.

Minimum Number of Iterations — If the measurement functions f(x) depend nonlinearly on
the unknown variables (virtually always the case for navigation and surveillance applications), at
least two iterations should be performed. The final iteration confirms that the changes in the
values of the variables sought are negligible.

8.1.5 Solution Properties

Overview — Linear Least Squares (LLS), also called linear regression, is perhaps the most
widely used statistical technique, and consequently has a rich literature. LLS characteristics/
properties, which apply to each iteration of the NLLS approach, are summarized first.
Characteristics of the NLLS solution (i.e., upon convergence) are then provided.

Numerical Solution of the Normal Equation — The Normal Equation (Eq 359) has been
called the defining equation of the Gauss-Newton technique (Ref. 56). One viewpoint is that the
cost function of Eq 354 is simply a rationale for generating the Normal Equation. The iteration
process described above can be performed without computing the value for a cost function.

Methods are available for solving the Normal Equation that are more numerically stable than
computing the inverse of the matrix on the left-hand side of Eq 359. Perhaps the best approach is
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to perform orthogonal decomposition on W*J (i.e., utilize the antecedent of Eq 359, similar to
Eq 357). Some software packages have this capability.

General Estimator Error Covariance — If the expression in Eq 356 is substituted into Eq 360,
the result is

8% = 8x + (ITWJ) I"Wv Eq 364
Thus, in the context of the linearized measurement model, 8% from Eq 360 is an unbiased

estimate of 8x and is corrupted only by measurement errors. The covariance matrix of the
estimation error for the general estimator is

E (8% — 8%)(8% — 8x)7 = (3'WJ) " I"WRWJ (37WJ) " Eq 365

Optimal Estimator Error Covariance — It can be shown (Ref. 57, Section 6.7) that, when the
measurement error covariance matrix R is invertible, the estimation error covariance for the
unknown variables (Eq 365) has a lower bound of (JTR‘lJ)_1 and this lower bound is achieved
when and only when W =R, Thus, when R~ exists, the optimal estimator’s error covariance
matrix is

E(8% — 8x)(8% — 8x)T = ('R™) ™ Eq 366

When R is not invertible, for some combinations of J, R, and W the right-hand side of Eq 365
reduces to an expression of the form (JTQJ )_1 where Q is positive semi-definite. Subsec-
tion 8.4.4 provides an example.

Newton Estimator Error Covariance — If the number of measurements and unknown
variables are equal, then J is square and must be invertible for a solution to exist. That being the
case, the error covariance for estimator of Eq 362 becomes

E(8% — 8x)(8%8— 8x)7 = J'RIT = ('R™J)  dim(x) = dim(z) Eq 367

Existence of the right-most expression in Eq 367, (JT R‘lJ)_l, requires that R be invertible. In
such situations, the Newton estimator’s error covariance has the same form as that for the
optimal estimator when redundant measurements are available. In contrast, the directly-derived
expression J 'R J~T does not require R to be invertible, and addresses situations involving both
error-corrupted and perfect measurements.

Uncorrelated Similar Measurements — For situations where the measurement errors can be
considered to be uncorrelated with a common variance 6,2, (typically a situation involving
similar stations for a single system such as GPS), both Eq 366 and Eq 367 reduce to (where I,, is
the nxn identity matrix)
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E (8% — 8x)(8% — 8x)7 = (3'J) ™ 0200 R = 02 L, Eq 368

Linearized Model Residuals — During each iteration, after 8% has been found from Eq 360
(the general estimator), the difference between Z its updated residual value is

Z—[f() +J8%] = [2— f®)] - I6% = [1, - I(ITWJI) " I W| 62 Eq 369

Eq 369 provides an estimate for (but is not equal to) the residual measurement error for the non-
linear model, Z — f(X).

It is often expected that the updated residual measurement vector of Eq 369 will have
components that are statistically similar, and tests have been developed for identifying ‘large’
residuals. Examination of residuals has been tailored for GPS, a system that usually provides
more than the minimum required number of measurements needed for a fix.

Projection Matrix — The matrix P defined in Eq 370 — or when W is proportional to L,,, by
P= J(JT J)_lJT — is termed the projection matrix for the Jacobian matrix J.

P=a(aTWa) o'W = 3 [(wra) (wEa)| T (wa) w Eq 370

In Statistics, P is sometimes called the influence (or, informally, the hat) matrix. Matrix P
projects the measurement residuals onto the column space of J. (This can be proved using
singular value decomposition.) Thus, I,, - P projects onto the space which is orthogonal to the
column space of J.

Formally, matrix P is idempotent, PP = P, and satisfies PJ=J. Both are necessary conditions
for P to be a projection matrix for J. Similarly, I, - P is idempotent and satisfies (I,,-P)J = 0.
Matrix WP =(WP)" =P"W is symmetric. It follows that WP=WPP=(WP)"P=P WP and
W [I-P]=[I-P]"W [I-P] P is symmetric when W is proportional to I. When J is square and
invertible, P becomes the identity matrix.

Estimator Matrix — The estimator matrix K (Eq 360, Eq 361 and Eq 362) always satisfies
KJ = I, (where I, is the pxp identity matrix). Thus K is one form of an inverse of J — the
unique, true inverse when J is square, or a non-unique left-inverse when J is not square. This
situation is consistent with 8% = K&z being a “best solution’ to Eq 357.

A physical interpretation of K is readily available for a system utilizing (a) a Cartesian
coordinate formulation and (b) uncorrelated slant-range measurements. In that case (Subsection
8.4.3), the rows of J are unit vectors u;, from each station Si to the assumed location of the
aircraft A (embedded in X). Thus K and 8% can be thought of as the products of two factors
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8% = (3'9) I8z =(319)" ) ozuy Eq 371
i

On the right-hand side of Eq 371, the summation involves the station-aircraft unit vectors scaled
by the associated measurement residuals §z; (the differences between the measured ranges to the
aircraft and the calculated ranges based on its assumed location X). The factor (37J )_1 converts
coordinatized range residuals into incremental position values. In effect, multiplication by
(\JTJ)_1 removes the correlations in the components of J” 8z.

Estimated Cost Function Reduction — Using P, Eq 369 can be written
Z-[fxX)+I8X]=[Z—f(X)] -6k =[I—P]éz Eq 372

Thus, invoking WP=P"WP, C in Eq 358 evaluates to
C=8z"[1-P]"WJ[I — P]8z

r Eq 373
=8z W&z — (P6z2)"W(P82)

The second line of Eq 373 shows that C is the difference between the weighted sum of the
squared residuals before updating and the estimated amount, (P 8z)"W (P 8z), that the residual
would be reduced based on a linear model estimate 8%. The first line shows that C must be non-
negative (Ref. 57).

When the number of equations is equal to the number of unknowns, since J must be invertible in
that situation, C is equal to zero for each iteration. This is the multi-dimensional version of the
characteristic behavior of the Newton-Raphson algorithm.

Equating the two lines of Eq 373 shows that pre-update and post-update residuals for the linear
model are related by a version of Pythagoras’s theorem. This relationship is well-known in
statistics.

82" W8z = (P8z)"W(P8z) + 8z' [1 — P]TW]I — P]6z Eq 374

Orthogonality of Estimate and Updated Residual — Using Eq 370 for P and Eq 360 for 8%
(and invoking WP=P"WP) yields
JOR =Péz 6z —J6X = [I — P]8z

Eq 375
(6z — J8R)TWJISR = 8z [ — P]TWP&8z = 0 a

The second line of Eq 375 is interpreted as stating that the vectors 8z — J8X and J8X are
orthogonal after each iteration. Thus, in the context of linear algebra, there no information
remaining in 8z that can be used to improve the estimate 8%. When/if convergence is achieved
and 8% = 0, the residual measurement error 8z = Z — f(X) is in the null space of P, or
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equivalently, orthogonal to the column space of J.

Using Eq 375, an alternate to Eq 373 for computing C is
C=(8z—-J8%)"W8z=282"Wsz — 8% Wz Eq 376
Equivalence of NLLS to Newton and Gauss Solutions — Combining Eq 354, Eq 362 and Eq
363 for the Newton estimator yields
£=x+J"Z-fX)] dim(z) = dim(x) Eq 377
Eq 377 is the multi-dimensional Newton-Raphson formula for solving Z = f(x) by iteration. It

applies when the number of measurements is equal to the number of unknown variables — a
common situation in navigation and surveillance applications.

Combining Eq 354, Eq 360 and Eq 363 for the general estimator yields

£ =% +0QWI) T IW[zZ - f®)] dim(z) > dim(x) Eq 378

Eq 378 is the Gauss-Newton formula for solving Z = f(x) by iteration, and applies when the
number of measurements n exceeds the number of unknown variables p.

In contrast to Eq 377 and Eq 378, the solutions of Chapters 3-7 can be written x = f~1(Z) in the
vector/matrix notation employed in this chapter. In Chapters 3-7, by taking advantage of the
structure of specific problems, the measurement equations can be inverted.

Measurement Residual at Convergence — Assuming that the iteration process described in
Subsection 8.1.4 converges, the solution 8% to the Normal Equation Eq 359 becomes a p-length
null vector. However, the associated conditions imposed on the measurement residual vector 8z
for the Newton and Gauss solutions are different.

Newton Solution — When the number of measurements n equals the number of unknown

variables p, if the iterative solution process converges the residual measurement 8z becomes a p-
length null vector. Equivalently, the equation Z = f(X) is satisfied. In this case, an approximation
employed for the Jacobian matrix J need not be very accurate. This situation is analogous to
employing the secant method for finding the root of a scalar equation using approximations to
the derivative of the equation (Subsection 2.1.8). In some situations, the equation Z = f(Xx)
cannot be satisfied and convergence does not occur.

Gauss Solution — When the number of measurements n exceeds the number of unknown
variables p, if the iterative solution process converges, the product J” W8z = (W*J)" (W*5z)
must be a p-length null vector (Eq 360). Equivalently, the inner (dot) product of every column of
W”J and the vector W8z is the scalar zero. Thus, unlike the Newton solution: (a) 8z is not
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driven to the null vector, and (b) the choices for W and J may affect the solution. After
convergence, the derivative of the cost function (Eq 354) satisfies

aC 1 T 1

o —2J"Wéz = —2(W"J) (W"8z) = 0 n > p,at convergence Eq 379
The fact that the Newton and Gauss solutions satisfy different conditions can lead to an apparent
contradiction. If one has error-free measurements and n=p, then the Newton solution will yield
the exact aircraft location although an approximate Jacobian matrix is used. However, if
additional error-free measurements are available, then the Gauss solution may be in error due to

the use of an approximate Jacobian matrix.

Utilizing Perfect Measurements — The Newton estimator (Eq 362) does not take account of
measurement errors, and can utilize measurements which are treated as perfect (i.e., have zero
error) without modification. However, when redundant measurements are available, the optimal
estimator (Eq 361) utilizes the inverse of measurement error covariance R™* as the weighting
matrix, and thus cannot utilize perfect measurements per se. There are several ways to address
situations involving assumed-perfect measurements and n>p:

= Use the general estimator with a weight matrix W that has a positive diagonal

element for the perfect measurement that is much larger than the other diagonal

elements. Although inelegant, this method is simple to implement and is always
available.

= Recast the minimization problem of Eq 358, treating the perfect measurement as a
constraint that’s handled using a Lagrange multiplier. This method requires slightly
more effort to implement, and is described in Appendix Section 9.5. It is not often
used in navigation or surveillance systems.

= Discard as many measurements as necessary to arrive at a situation where the number
of measurements is equal to the number of variables. Presumably, the discarded
measurements are less accurate and/or redundant relative to the measurements
retained. Then use the Newton estimator. While not desirable, this method is always
available.

= Choose a coordinate framework such that the perfectly measured quantity is one of
the variables sought. The problem can be then be recast with that variable as a known
parameter. This method is not always available, but is available for a common
aviation situation — the aircraft’s altimeter measurement is considered to be error-
free. In such situations, the spherical earth framework is used.

While a measurement may be treated as error-free when computing the unknown variables, it
need not be considered to be error-free when computing their estimation error covariance.

8.1.6 Advantages

Uses All Measurements — An important reason for employing the NLLS technique is to be

8-11



DOT Volpe Center

able to utilize all measurements — i.e., all types (see next two paragraphs) and a greater number
than there are unknown variables. Using redundant equations has several advantages: (1) enables
averaging of measurement errors, (2) usually eliminates ambiguous/extraneous solutions that can
occur with the minimum required number of measurements, and (3) generally reduces the

accuracy needed for the initial estimate in order to avoid divergence during the iteration process.

Utilizes Uninvertible Measurement Equations — While all of the measurement equations in
Chapters 3-7 are analytically invertible (i.e., expressions exist for the unknown variables as
functions of the known quantities), invertibility is not always possible. Thus, another important
reason for utilizing the NLLS approach is its capability to utilize measurement equations that
cannot be inverted. Such situations can arise because a set of analytic expression that accurately
characterize the measurements is too complex to be inverted. But there are other reasons as well.

Utilize Measurements Lacking an Analytic Expression — The measurement equations —
symbolized by f; (L4, A4, hy, tx) in Eq 350 — are the most accurate available representation of
the quantities that are measured. Since invertibility is not required, these ‘equations’ need not be
analytic expressions. What is required is the capability to compute numerical values, for a given
set of values for the independent variables, for each measured quantity (e.g., aircraft-station
range or signal time-of-arrival). Combinations of complex analytic expressions, numerical
algorithms (such as Vincenty’s) and lookup tables have been used in measurement ‘equations’.

Approximate Jacobians Are Useful — The elements of the Jacobian matrix (J in Eq 356) need
not be precisely equal to the partial derivatives of the measurement equations (which may not
even have analytic expressions for its derivatives). In navigation and surveillance applications,
the natural sources of such approximations are the plane and spherical geometry and trigonom-
etry that describes most measurements (Subsection 8.3.2). The analyst should be aware that, in
the over-determined / Gauss situation (n>p), the choices for both the weight matrix W and the
Jacobian matrix J may affect the solution — see Subsection 8.1.5 (Eq 379). However, use of the
spherical earth approximation for the elements of J, when an ellipsoid earth model is used for the
measurement equations, is common practice and appears to have a negligible effect on solution
accuracy (Subsection 8.5.7).

Provides Accuracy/Error Estimates — An important characteristic of the NLLS technique is
that it provides expressions for both (a) the unknown navigation variables and (b) the variance of
the estimation error of those variable. These quantities are computed separately — one is not
needed to find the other. The methods addressed in Chapters 3-7 do not provide characterizations
of the sensitivity of their solutions to various parameters.

Estimates of aircraft position error sensitivity to aircraft location, station types/locations and
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measurement error statistics are needed to understand a system’s capabilities. They are often
used in planning studies to assess the feasibility of a proposed new system or modification. Since
measurement error statistics are usually not regarded as having the same precision as position
solutions, characterizing the earth as an ellipsoid is usually not necessary in planning studies.

Useful/Proven Optimization Criterion — When there are more measurements than unknown
variables, there is no single best way to combine the equations. In addition to the above-cited
advantages, the case for the NLLS technique largely rests on four points: (1) it’s logical to
weight the equations in accordance with their expected accuracy; (2) the NLLS technique is
analytically tractable, involving recursive solution of linear equations based on (possibly
approximate) first derivatives of the measurement equations but not requiring their second
derivatives; (3) when the number measurements and unknowns are equal, the NLLS technique
reduces to Newton’s method for finding the roots of a set of equations, a technique which is over
350 years old and still in common use; and (4) the Gauss method for utilizing redundant meas-
urements has proven to be a useful in a wide variety of applications for over 200 years.

A case study of several optimization techniques (Ref. 50) concluded that — for a navigation
application — the NLLS technique always yields a ‘good’, and often the ‘best’ solution for the
techniques considered. Several important radio navigation systems have been deployed with the
presumption that users would employ the NLLS technique or an evolved form of it (e.g., Kalman
Filter) to convert a set of measurements to latitude/longitude coordinates. Examples include
Loran-C, Omega and GPS.

8.1.7 Disadvantages

Lack of Physical Insight — The primary disadvantage of the Gauss-Newton NLLS technique is
that it provides only limited insight into the properties/limitations of the problem involved,
especially those that are related to the geometry. With the NLLS technique, the measurement
equations are considered individually, while the solution methods addressed in previous chapters
consider the measurements as a group. By inverting the measurement equations simultaneously,
the properties of the solution can be ascertained. The most important of these are:

= Existence — Can a solution be found from the measurements available? For what parts of
the area near the sensors does a solution exist/not exist?

= Uniqueness — Given a set of measurements, is there more than one solution? What parts
of the area near the sensors has an ambiguous and/or extraneous solution?

These properties are illustrated in Figure 26 and Figure 31. Lack of problem insight does not
imply that such properties are not a concern. (The Jacobian matrix and DoP matrix, which is a
function of the Jacobian matrix, do provide some indication of the solution’s behavior.) One
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remedy to this disadvantage is to conduct a separate analysis using a method similar to those
described in earlier chapters, which may require approximating the problem at hand. Another
approach is to perform extensive simulations using the NLLS method, to understand its behavior.

Convergence Failure — For any iterative method, there are two concerns regarding conver-
gence of the process:

= Divergence — failure to converge to any solution

= False convergence — settling on a different minimum than the one corresponding to the
vehicle location.

Occurrence of these may be related to the lack of insight into the problem. For example: a
solution may not exist for some combinations of measurement values, causing the iteration
process to diverge. Alternatively, the iteration process may converge to an ambiguous solution of
the measurement equations, rather than to the actual vehicle location.

General remedies to convergence failure are (1) prevention during the system design and

(2) detection during real-time operation — either before or after the iteration process. By having
insight into a problem, conditions that are conducive to divergence and false convergence may
be prevented by the design. Example prevention measures include: (a) placement of sensors so
that ambiguous locations are not in the service area; (b) providing redundant measurements,
which generally reduce/eliminate problem areas; and (c) providing accurate values to initialize
the iteration process. Subsection 8.5.1 contains examples of (b) and (c).

Examples of real-time measures include, checking the measurements for infeasible values before
beginning the iteration process. This is particularly relevant when the minimum number of
sensors is being used. Examples of are found in Subsections 6.3.2, 6.4.3, 6.5.3, 7.2.4, 7.7.1,
7.9.1, 7.10.1 and 7.12.1. However, not all non-convergent situations can be identified from the
measurements. After the iteration process has converged, the solution can be compared with a
previous solution or information from another sensor. Usually, the speed and direction of the
correct and an ambiguous solution are quite different.

8.1.8 Remarks

Historical Credit — Ascribing the NLLS technique to Gauss and Newton is established practice
(Ref. 58), if perhaps not totally accurate. The least-squares technique is usually credited to Carl
Friedrich Gauss. However, a case has been made for Adrien-Marie Legendre (Ref. 56). Isaac
Newton is usually credited with the technique for iterative solution of an equation whereby the
independent variable is changed by the ratio of the dependent variable to its derivative.
Reporedly, however, “his method differs substantially from the modern method” (Ref. 59).
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Dilution of Precision (DoP) — When the measurement errors for individual stations are
uncorrelated and have a common variance, then the accuracy of the solution for the navigation
variables (Eq 368) is the product of: (a) a factor, (3J7J), that depends only on the geometry of
the aircraft and the stations; and (b) a factor, 2., that depends largely on the electronic systems
involved. Investigations centered on the geometry factor — termed the Dilution of Precision
(DoP) — are an important aspect of planning studies (Section 8.4).

Sensitivity to Weight Matrix — Another type of planning study examines the effect of using a
different error covariance matrix in measurement processing than is actually true. Eq 365, with
W used for processing and R representing the true error, can be used for such studies.

Jacobian Rank — The necessity that the Jacobian matrix J be of full rank is an observability
requirement. Essentially, in order for an unknown variable to be determined, a change from the
assumed initial value must cause a unique signature in the available measurements.

Initial Estimate — The first iteration step requires that initial estimates be provided for the
quantities sought. Potential sources for the initial estimates are: (1) a solution based on an
assumed spherical-earth; (2) a previous estimate, possibly updated by changes from the previous
solution (obtained from, e.g., a ‘tracker’ or dead-reckoning system); and (3) user-provided.

Qualitative Characteristics — While the ordinary least-squares and NLLS techniques have
been applied to many fields, qualitative conclusions drawn in one field may not be valid in
another. Although least-squares grew out of the fields of astronomy and geodesy, much of the
modern literature involves its application to model parameter identification. Often parameter
identification situations can be characterized as fitting an equation with a few unknown
parameters and heuristically chosen functions to many (hundreds or thousands of) measure-
ments” (e.g., Ref. 60). While this literature is mathematically relevant, care must be exercised
before adopting qualitative conclusions to navigation and surveillance applications.

In contrast to parameter identification, navigation/surveillance applications usually involve:

(a) at most, only a few more measurements than unknown variables; (b) a scientific basis for the
functions being fitted; and (c) good initial estimates for the unknown variables. These factors
mitigate most concerns in the parameter estimation field — e.qg., that a solution will diverge or
yield a local (rather than a global) minimum, and that generating a solution will require signif-
icant computational resources. Informally, one might characterize navigation and surveillance
applications as ‘“Newton-like’ (whereby the ratio of measurements to variables is close to one),

* Generally, providing real-time navigation or surveillance measurements requires costs for ground stations — real
estate, equipment, installation and maintenance. These are often several orders of magnitude more than that of
parameter identification measurements.

8-15



DOT Volpe Center

while parameter identification applications are ‘Gauss-like’ (whereby the ratio of measurements
to variables is much greater than one).

Probabilistic Interpretation — Although not done herein, probability distributions can be
assigned to the measurement errors. This enables generation of additional statistical metrics —
e.g., hypothesis tests and confidence bounds (e.g., Ref. 61). Such analyses are most useful when
there are many more measurements than there are unknown variables.

Jacobian Matrix Units — The unit of measure of element (i,j) of the Jacobian matrix is the ratio
of the unit for measurement Z; divided by the unit for variable x;. In situations where angles are
involved — as the measurement and/or the variable — it may be necessary to multiply or divide
an expression by the radius of the earth R, in order to achieve compatible units.

8.2 Equations for Systems Employing Cartesian Coordinates
8.2.1 Introduction

Application of the NLLS technique described in Section 8.1 only requires specification of the
measurement equations (Eq 350) and weight matrix (Eq 354). Moreover, the latter is not needed
in some situations. Among the most common least-squares applications are those involving
‘range-type’ measurements of the distance between an aircraft and a known location. These
include:

= Actual slant-range measurements of the distance between an aircraft and a station —
such as a radar or a DME transponder. Usually, these involve transmission and
reception of signals by both the station and the aircraft (two-way ranging).

= Pseudo slant-range measurements of the distance, plus a range offset common to all
stations, between an aircraft and one of set of stations with synchronized clocks —
such as a multilateration remote unit or GPS satellite. Usually, these involve trans-
mission of signals by one entity and reception by the other (one-way ranging).

= Altitude measurements of the distance between an aircraft and the center of the earth
— usually performed by a barometric altimeter (see Appendix Section 9.1).

Range-type measurements can be processed/analyzed using any rectangular coordinate frame,
since the form of Pythagoras’s equation is the same in all frames. Thus the choice generally
depends upon the application. (They can also be processed/analyzed in a spherical frame; this
topic is addressed in Section 8.3.) One option, suitable for small areas, is a local tangent plane
frame (Subsection 5.1.2). For larger areas, the earth-centered earth-fixed (ECEF) frame e
introduced in Section 5.1.1 is more suitable, and is used in this section. If station S is has latitude
L, longitude Ag and altitude hg, its ECEF coordinates are
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X cos(Lg) cos(Ag)
1§ = |¥s| = | cos(Lg) sin(Ag) | (R, + hg) Eq 380
Zg sin(Lg)

Assuming that the aircraft A is has unknown latitude L,, longitude A, and altitude hy4, then its
unknown ECEF coordinates are

Xy cos(Ly) cos(A,)
r§ = |Ya| = |cos(Ly) sin(A,) | (R + hy) Eq 381
Zy sin(Ly,)

A caveat concerning notation: In this section, the scalar z denotes an axis in a rectangular
coordinate frame, while in Section 8.1, the vector z denotes a generic measurement.

8.2.2 Measurement Equations

Range Measurement — The non-linear scalar measurement model, corresponding to Eq 350,
for the slant-range d ¢ between ranging station S and aircraft A is

das = das + Vas

Eq 382
dys = \/(xA —x5)2+ (Ya —ys)? + (24 — z5)?

Here, xs, ys, zg are the ECEF coordinates of S. The partial derivatives of d,s with respect to the
unknown aircraft position variables (corresponding to the partial derivatives in Eq 353) are

ddys _ Xa — Xs ddys _ Ya—Ys ddys _ Zp — Zs

0x4 dys 0Ya dys 0z, das

Eq 383

Pseudo Slant-Range Measurement — The non-linear scalar measurement model,
corresponding to Eq 350, for the pseudo slant-range p ¢ between station S and aircraft A is

Das = Pas T+ Vas

Eq 384
Pas = \/(xA —x5)2+ (Vg — Ys)? + (24 — 25)? + cty

Here, x, ys, zs are the Cartesian coordinates of S and c is the known speed of propagation.

The partial derivatives of p,¢ with respect to the unknown variables (corresponding to the partial
derivatives in Eq 353) are, using d,s defined in Eq 382

OPas _ X4 — Xs OPas _ Ya—Ys OPas _ Zp — Zs OPas _
0x4 das 0Ya dys 0z, das oty

Eq 385
Altitude Measurement — Let r, be the distance from the aircraft A to the earth’s center. Then

the non-linear scalar measurement model, corresponding to Eq 350, for an altimeter measure-
ment is
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fA=R6+EA=Re+hA+valt

Eq 386
Ta = Re + hy =/ (x2)2 + (ya)? + (24)?
The partial derivatives of r, with respect to the unknown variables are
d d d
OTa _%a Ora _Ya T _2a Eq 387
axA Ty ayA Ty aZA Ty

Two-Dimensional Azimuth Measurement — Consider a two-dimensional Cartesian problem
formulation where x denotes east and y denotes north. Then the azimuth angle ¥, ,s of the

aircraft A with respect to station S is

1/)~A/S = Yass + Vs
X4 — xs) Eq 388

Yass = arctan(
A Ya—JYs

The partial derivatives of 1,5 with respect to the unknown variables are

al/)A/S _ Ya—JYs al/)A/S _ —(xg — x5)
0x4 (x4 — x5)% + (Y4 — ¥5)? 0Ya (x4 — x5)% + (Y4 — ¥5)?

Eq 389

8.2.3 Remarks

Multilateration Application — An airport surface is a small enough region that the earth can be
treated as flat within its perimeter, and a tangent plane coordinate system can be used. Also,
aircraft on the surface can be assumed to be at the same altitude. Thus the multilateration pseudo
slant-range equations can be processed with two position variables. If low-altitude aircraft are
involved, altitude information provided by aircraft can be employed for the vertical dimension,
and combined with the multilateration horizontal solution.

GPS Application — GPS is at the opposite end of the size scale from airport multilateration.
The “ground stations’ are satellites in orbit approximately 10,900 NM above the surface — about
three times the earth’s radius. At this scale, the ECEF frame is the natural setting.

Solution Option — When processing a set of pseudo slant-range measurements (Eq 384), one
solution method is to subtract one pseudo slant-range from the others. Analytically, this reduces
the number of measurement equations by one, eliminates ty as an unknown variable and
increases the measurement error per equation. The hyperbolic geometry associated with range
differences can provide insights into regions where a set of stations provides (and does not
provide) effective measurements (e.g., Section 7.3). However, knowing the clock offset and
associated TDoP may be useful in some situations, and the additional computational cost is
insignificant.

8-18



DOT Volpe Center

8.3 Equations for Systems Employing Spherical Coordinates

8.3.1 Introduction / Rationale

As shown in Chapter 7, Cartesian coordinates and range-type measurements result in simple
measurement equations. However, in the context of much of aircraft navigation — involving
station-aircraft distances of hundreds of miles — ECEF coordinates have important limitations:

= ECEF coordinates do not handle azimuth measurements well — e.g., the aircraft azimuth
angle from a VOR or radar station

= Each of the unknown ECEF variables x,4,y,4, z4 is a function of the aircraft latitude,
longitude and altitude, complicating the placing of restrictions on the latter, more natural
set of unknown variables.

Another reason to utilize spherical coordinates in an NLLS solution is noted in Subsection 8.1.6,
under the title “Approximate Jacobians Useful”. Accurate solutions can be readily found when
the Jacobian matrix elements are approximations to derivatives of the measurement equation. A
spherical earth model often is often used to obtain sufficiently accurate representations of the
Jacobian elements.

In this section, it is assumed that station S is has known latitude Lg, longitude A5 and altitude h.
It is similarly assumed that the aircraft A is has unknown latitude L, and longitude 1, and
possibly unknown altitude hy,. It is further assumed that initial estimates for the unknown aircraft
coordinates L4, A4, h, and the time of transmission £, by A or S (if applicable) are available.

8.3.2 Measurement Equations

Slant-Range Measurement — The slant-range d4¢ between station S and aircraft A can be
expressed in terms of L,, A4 and h, by substituting Eq 81 into Eq 212. Thus the nonlinear slant-
range measurement model is:

das = das + Vas

dys = \/4(Re + ha) (R, + hg) sin? (%9,45) + (hy — hs)?

Eq 390
4(R, + hy)(R, + hy) [sin? (%(LA _ LS)> + cos(L,) cos(Lg) sin? (;(AA - ,15))]
+(hg — hs)?

The partial derivatives of d,¢ with respect to the unknown aircraft position variables (corres-
ponding to the partial derivatives in Eq 353) are
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ddys _ (Re + ha) (R, + hs)

[sin(LA — L) — 2sin(L,) cos(Lg) sin? (%(AA - /15))]

dL4 das
ad R, + hy)(R, + h
45 = (o + ha)(Re + hs) cos(L,) cos(Lg) sin(4, — Ag) Eq 391
0, dss
ddss  2(R. + hy)

[sin2 (%(LA — LS)> + cos(Ly) cos(Lg) sin? (%(AA — AS)>] + fa = hs

ahA dAS dAS

Pseudo Slant-Range Measurement — The pseudo slant-range p,¢ between station S and
aircraft A can be expressed in terms of Ly, 1, and h, by modifying Eq 390 to include the clock
synchronization offset At. Thus the nonlinear slant-range measurement model is:

Pas = Pas + Vas

Eq 392
Pas = dys + Cty

Here p 45 denotes the error-corrupted measurement, p4s denotes the error-free pseudo slant-range
and v,s denotes the measurement error.

The partial derivatives of p4¢ with respect to the unknown variables (corresponding to the partial
derivatives in Eq 353) are

Opas _ 0dys Opas _ O0dys Opas _ 0dys Opas _
= = = =c Eq 393
oL, 0L, oA, 0y ohy,  dhy Oty
The measurement residual, corresponding to the left-hand side of Eq 353, is
0Pas = Das — Das Eq 394

Altitude Measurement — The measurement model for the altitude of the aircraft A is simply:

ha = hy + vay Eq 395

Here h, denotes the error-corrupted measurement, h, denotes the error-free altitude and v,
denotes the measurement error.

The partial derivatives of h, with respect to the unknown variables (corresponding to the partial
derivatives in Eq 353) are
oh oh oh
—4_9 —4_0 A _

- - - Eq 396
oL, oA, oh, q

Geocentric Angle (Spherical-Range) Measurement — The geocentric angle 6,5 (equivalent to
spherical-range) between station S and aircraft A can be expressed in terms of L, and A, using
Eq 81. Thus the nonlinear slant-range measurement model is:
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O4s = Oas + Vgs

0,45 = 2arcsin (\/sin2 (%(LA - LS)> + cos(L,) cos(Lg) sin? (%(AA - AS))>

Eq 397

Here 8,5 denotes the error-corrupted measurement, 8,5 denotes the error-free geocentric angle
and vy denotes the measurement error.

The partial derivatives of 6,5 with respect to the unknown aircraft position variables (corres-
ponding to the partial derivatives in Eq 353) are

00,5 1 _ . o
L,  sin(Bys) [sin(Ls — Ls) — 2sin(La) cos(Ls) sin (E(AA - AS))]
00,5 1

) s — Eq 398
1, sin(O,) cos(Ly) cos(Lg) sin(A4 — As) ]
oh,

In Eq 398, the expression for sin(645) can be found using Eq 397 or Eq 142.

Azimuth Measurement, Station-to-Aircraft — The azimuth angle ¥, s of aircraft A with
respect to station S is expressed in terms of L, and 44 by Eq 87 (in a form compatible with the
two-argument arc tangent function). Thus the nonlinear measurement model is:

l/;A/s = Yass + Vys
. { cos(Ly)sin(A4 — 4s) } =4 9%
Yays = Arctan o sy — cos(La)sin(Ls)cos(4s = 4s)

Here v,,s denotes the angle measurement error.

The partial derivatives of 1,5 with respect to the unknown aircraft position variables L, and 1,
(corresponding to the partial derivatives in Eq 353) are

0P ays _ Den sin(L,) sin(4, — Ag)
oLy, Den? + Num? Eq 400
Num [cos(Ly) cos(Lg) + sin(Ly) sin(Lg) cos(A4 — A5) ]

Den? + Num?
0Y4,s Dencos(Ly)cos(d4 — As) — Numcos(L,)sin(Lg) sin(A4 — 4s)
0y - Den? + Num?
0Yass
Ohy
Num = cos(Ly) sin(A4 — As)
Den = sin(L,) cos(Lg) — cos(Ly) sin(Lg) cos(A4 — As)

0
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Azimuth Measurement, Aircraft-to-Station — The azimuth angle ¥, of station S with
respect to aircraft A is expressed in terms of L, and 44 by Eq 86 (in a form compatible with the
two-argument arc tangent function). Thus the nonlinear measurement model is:

1/;5/,4 = Ps/a T Vya
cos(Lg) sin(Ag — A4)

Eq 401
sin(Lg)cos(L,) — cos(Lg)sin(Ly)cos(Ag — AA)}

Ps/a = arctan {

Here v,,, denotes the angle measurement error.

The partial derivatives of ¥/, with respect to the unknown aircraft position variables L, and 14
(corresponding to the partial derivatives in Eq 353) are

0Ps/a _ Num [sin(L,) sin(Lg) + cos(Ly) cos(Lg) cos(As — A4)]

Eq 402
0L, Num? + Den? a
0Ys/a  —Den[cos(Lg) cos(As — A4)] + Num([cos(Ls) sin(Ly) sin(As — 1,)]
o, Num? + Den?
0Ys/a 0
ohy,

Num = cos(Lg) sin(Adg — A,)
Den = sin(Lg) cos(Ly) — cos(Lg) sin(Ly) cos(As — A,4)

8.4 Solutions for Homogeneous Range-Type Measurements

8.4.1 Introduction / Rationale

Systems that employ a single type of range measurements are common. Examples are:
= True slant-ranges: DME/DME
= True spherical-ranges: Loran-C (experimental), star elevation”
= Pseudo slant-ranges: GPS, Galileo, WAM
= Pseudo spherical-ranges: Loran-C, Omega, Decca.

Slant- and spherical-ranges can be interchanged, provided that the station and aircraft altitudes
are known (e.g., Eq 44 and Eq 54 and Subsection 3.2.2). Often the purpose of a slant-range
system is to obtain aircraft latitude/longitude, so that conversion of their measurements to
spherical-ranges can be useful.

“ When a spherical earth model is employed, spherical-ranges and geocentric angles are interchangeable (differing
only by the earth’s radius as a scale factor). Then, a user’s elevation angle of a star is equivalent to the spherical-
range to the star subpoint. Since star elevation measurements are often not highly accurate, the spherical-earth
approximation is sufficient for most applications. When high-accuracy measurements are available and an ellipsoi-
dal earth model is used, stellar elevations and spherical-ranges should be treated as separate measurements types.
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As noted in Section 7.1, systems that utilize pseudo ranges and those that utilize range
differences are virtually identical at the analysis level (Subsection 8.4.5 contains a proof). The
term pseudo range is used when receivers estimate the time of signal transmission. However,
once a range-difference system found the location of both a transmitter and receiver, the time of
transmission can be computed if it is needed.

8.4.2 Dilution of Precision (DoP)

When the measurements have common characteristics (e.g., involve different ground stations
performing the same function and of the same design), it’s frequently assumed that the
measurement errors are uncorrelated and have the same variance 6,2.,. This assumption is
buttressed when there are different propagation paths involved. In such situations, the estimation
error covariance for the unknown variables (Eq 368) can be expressed the product of the scalar
0262 and the matrix (J7 J)™L. The matrix (37 J) depends only on the measurement geometry, and
can provide insight into advantageous locations for ground stations and/or aircraft operations.

DoP analysis can be applied to problems formulated in both Cartesian (e.g., examples in Sub-
sections 8.5.1 and 8.5.2) and spherical (e.g., examples in Subsections 8.5.4 and 8.5.5)
frameworks. An ellipsoidal earth model is almost never used for DoP calculations, as that level
of precision is not needed for system characterization. DoP analysis is most often used in
conjunction with slant- and spherical-range measurements, and their differences. However, DoP
analysis can be used with angle-only systems.

The DoP matrix M is a dimensionless — and possibly scaled and/or rotated — version of (J7J)™.
The corresponding axes are orthogonal and ‘commensurate’ — i.e., one unit of change in each
‘DoP variable’ represents the same amount of physical distance. Although it’s not required, very
often the first three DoP axes correspond to the east, north and up directions. If it’s appropriate,
the fourth element corresponds the unknown time of transmission ty. Thus
mee men meu met
M= () ter = o T e e Eq 403
meu mnu muu mut
Mot Mpe My My
Various scalar DoP quantities are computed from M, including Horizontal Dilution of Precision

(HDoP), Vertical Dilution of Precision (VDoP), Time Dilution of Precision (TDoP) and
Geometric Dilution of Precision (GDoP):

HDoP = \/mg, + my, VDoP = ,/my,

TDOP S 1}mtt GDOP = \/mee + mnn + muu + mtt

Eq 404
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When the problem formulation utilizes the Cartesian ECEF frame, it’s conventional to rotate the
matrix (J7 J)? into the local-level frame at the estimated aircraft location using an expanded
version of the direction cosine matrix of Eq 131:

[ —sin(4y) cos(1,) 0 0]

_ sin(=L,)cos(1,) sin(=L,)sin(A4,) cos(=L,) 0 |

- lcos(—ZA) cos(1y) cos(—=L,)sin(1,) —sin(=Ly,) OJ
0 0 0 1

C Eq 405

When the problem formulation utilizes the spherical-earth framework, for DoP analysis the
horizontal perturbation variables §L, and 61,4 are adjusted so that equal geocentric angles
correspond to equal distances. Expressions are given later in this section.

8.4.3 Range Measurement Systems

Cartesian Coordinates / Slant-Range Measurements — For the case of problems formulated
in Cartesian coordinates, the quantities sought are the aircraft coordinates x, = (x4, ¥4,24).- A
nominal value for x., denoted by X, is known. The difference between x,. and X, denoted by
8x,, is to be found

8XC = [5xA (SyA (SZA]T Eq 406

For slant-range measurements, the partial derivatives of the measurements with respect to the
coordinates are given by Eq 383. This expression can be written as the unit vector pointing from
ranging station Si toward aircraft A. Thus each row of the Jacobian matrix is

Xa— Xsi  Ya—Ysi Zp— Zsi

U asi = [uc,ASi,x Uc, Asiy uc,ASi,z] = d d d Eq 407
ASi ASi ASi
dasi =~ (xa — x51)% + (Va — ys1)% + (24 — z5;)?
The Jacobian matrix for the aggregate of n measurements can be written
Uc as1
Uc 452
J=U,= . Eq 408
uc,ASn
The estimation problem to be solved is: find the value of 8x,. that best satisfies
U.8x, =~ 8z Eq 409

Here 8z is the difference between the measured ranges and the computed ranges based on X..
The errors in 8z are assumed to be independent and identically distributed.
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From Eq 360, the estimate of the deviation of x. from its nominal value X.. is

8%, = [UTU,]"1UT 8z Eq 410

The covariance of the error in the estimate of 8x,. is given by (see Eq 368)

E (8%, — 8x) (8%, — 8x)" = [U] Uc]_lo—lgngMeas Eq 411

Here, orngmeas IS the common standard deviation of the range measurements, expressed in linear
units. The choice of U, for the Jacobian matrix for a system utilizing only slant-range measure-
ments alludes to the fact that its rows are dimensionless unit vectors. However, the properties of
a unit vector are not used. It is also useful to have a separate symbol represent the Jacobian
matrix elements for position variables alone.

For this case, the DoP matrix M, is given by the three-variable version of Eq 403, where the
matrix C may be needed to transform the results into a local-level coordinate frame at the aircraft
location.
mee men meu
M, =CUIU)ICT = [Menn, My My Eq 412

meu mnu muu

Spherical Coordinates / Slant-Range Measurements — For a problem formulated in spherical
coordinates, the quantities sought are the aircraft coordinates x; = (L4, A4, hy). Thus the
perturbation quantities are

st S [(SLA 5/114 5hA ]T Eq 413

The elements of x; and 8x; are ‘mixed’ — there are two angular and one linear distance, and the
two angular variable correspond to different geocentric angles.

For slant-range measurements, the partial derivatives of the measurements with respect to the
coordinates are given by Eq 391. Thus the elements of the row ug 45; Of the Jacobian corres-

ponding to station Si are
(Re + hy) (R, + hs;)

[sin(LA — Lg;) — 2sin(L,) cos(Lg;) sin? (;(AA — Asi)>]

Us,asiL = dos;
l
(Re + hy)(R, + hg;) .
Uspsip = — o cos(Ly) cos(Ls;) sin(2s = As:)
ASi Eq 414
2(R, + hg;
Us,asih = M [sinz (E(LA - Lst)) + cos(L,) cos(Lg;) sin® <1(/1A - ASi))]
dasi 2 2
ha — hg;
dasi
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4(Re + ha)(R, + hg;)
dysi = [sin2 (%(LA — le-)> + cos(Ly) cos(Lg;) sin? (%(AA — A&'))]
+(hy — hg;)?

The components of ug 45; in Eq 414 are not dimensionless and do not constitute a unit vector.

If the subscript ¢ (Cartesian formulation) is replaced by s (spherical formulation), the expressions
for the Jacobian matrix (Eq 408), the perturbation vector (Eq 410) and its error covariance (Eq

411) also apply to those for a spherical problem formulation.

Us, 451
J=u, = | Eq 415
Us, asn
8%, = [UTu ] Ul 8z
E(8%; — 8x)(8%, — 8x)" = [U] Us] ™" 0fngmeas
Here the DoP variables are considered to be
8x. = [R,6L, R,cos(Ly)6A, Sh,]” Eq 416
The 3x3 DoP matrix for 8x; is given by
Mee Men Mey
Mg = C(UTU)™ICT = [Men My My Eq 417
Mey Mpy Myy
C = diag(R,, R, cos(Ly),1) Eq 418

Spherical Coordinates / Spherical-Range Measurements — Spherical ranges are inherently
two-dimensional (latitude and longitude); altitude does not play a role. Thus the quantities sought

are the aircraft coordinates x, = (L4, 14). Consequently the perturbation variables are:

8Xa = [(SLA 5/1A ]T

Eq 419

The partial derivatives of geocentric angle measurements with respect to the above coordinates
are given by Eq 398. Thus the elements of the row u, 4g; of the Jacobian matrix corresponding to

station Si are
Ug ASiL = Tirp [
sin(0,s;)

Ug asid = Sin(0s) cos(Ly) cos(Ls;) sin(A, — Ag;)
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. _ [cos(Lg;) sin(Ag; — Ay)]?
sin(Oasi) = \/+[cos(LU) sin(Lg;) —Ssin(LU)Scos(LZl-) cos(Ag; — Ay)]?

Provided the subscript c is replaced by a, the expressions for the Jacobian matrix (Eq 408), the
estimate of the perturbation vector (Eq 410) and its error covariance (Eq 411) for a slant-range
measurements and a Cartesian problem formulation also apply to those for spherical-range
measurements and spherical coordinates.

Ug 451
Ug as2
J=U, = . Eq 421
ua,ASn
8%, = [UTU, ] Ul 8z
E(8%, — 8x)(8%, — 8x)" = [U}, Ua]_lo'lgngMeas
Here the DoP variables are considered to be
sle = [6LA COS(LA)(SAA ]T Eq 422
The 2x2 DoP matrix corresponding to 8xy, is
mee men
M, =C(UTU,)"ICT = [ l Eq 423
men mTLTL

C = diag(1, cos(L,))

8.4.4 Pseudo Range Measurement Systems: Lee’s Method

Problem Formulation — Systems employing pseudo range measurements of either slant- or
spherical-ranges, measure a set of ‘ranges’ that include an additive, common unknown offset
(also called a bias). The common offset is an additional unknown variable, and the number of
measurements must be at least one more than the number of position variables to be found.

Pseudo range versions of all of the cases considered in Subsection 8.4.3 have been deployed. For
these systems, the perturbation vector™ is

X, = [8x{ 6b]" Eq 424
Here, as in Subsection 8.4.3, subscript k designates the system type — i.e., k can be ¢ (Cartesian

coordinates / slant-range measurements, Eq 406), s (spherical coordinates / slant-range measure-
ments, Eq 413) or a (spherical coordinates / spherical-range measurements, Eq 419). Also, b

* For homogeneous range-type measurement systems involving a common time/range bias, the vector of all
unknown variables is denoted using a capital X and the vector of unknown position variables by a lower case x.
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denotes the unknown range offset/bias in distance units. If there are n pseudo range measure-
ments, the Jacobian matrix is nx3 or nx4, depending upon the framework of the analysis. Thus,
Jipr = [Ux 1]

1=[11 - 17 Eq 425

Analysis of this situation is similar to analysis of the ‘with intercept’ problem in linear regression
theory. The estimation problem is: find the value of 8X;, that best satisfies

‘]k,PR 8Xk ~ 8z Eq 426

The errors in 8z are assumed to be independent and identically distributed, with zero mean and
variance ogngueas-

Estimation of the Common Bias — In analyzing pseudo range systems, it is possible to utilize
both a whole value bias b and a bias perturbation §b, and to update b from §b at each iteration
(as is done for position variables). Thus, during the estimation process, &b is driven to zero.
However, since the common bias appears linearly in the measurement equations — b (equivalent
to ty) would be an additive term in each f;(L4, A4, hy, tyx) of Eq 350 — it is not necessary to
utilize a whole value bias b. Instead, as is done herein, b can be ignored in finding a position
solution. Then the iteration process drives &b is to value that is generally not zero. When the
process has converged, the last estimate for the &b is taken to be the bias.

Lee’s (or First Form of) Partitioned Matrix Solution — From the partitioning of Jy pr in Eq
425, it follows that

T u? ufu, Ul1

(Jpr) Jipr = [ﬁ] [Ug 1] = [ koK l

1T Uk n Eq 427

In the proof of the Matrix Inversion Lemma (Ref. 62), one form of the inverse of a 2x2 parti-
tioned matrix has a simpler expression for the upper left-hand block. Applying that to the right-
hand side of Eq 427 results in
T Mipr b
J J = ‘
(( k,PR) k,PR) (bi)T mﬂ_’PR

Eq 428

-1
M pr = [UkT (1 -1 1T) Uk]
1
b1 = —EM&’pRUll
m&PR:_(l +—1TUkM%PRUE1>
) ’1 n n ’
-1
I 1T T(y_1q4qT T
_n(1+n1 U [Uf (1-2117) 1y Uk1>
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Here, M&’pR is the p x p DoP matrix for the position estimation errors and mﬁpr is the scalar DoP
for the range offset estimation error. (The superscript ‘1’ on the symbols in Eq 428 is a label
designating the first form of the inverse of (Jk’pR)T\]k,pR). The estimate for 8X, is

_ -1
8%, = ((Jker) Jpr) (i) 2 Eq 430

The solution for the components of X, 8%, and &b, are

8% = Mipr U] (1 -1 1T) 8z
= [uF (1-2117) Uk]_l uf (1-2117) 8z
5b = (mﬁ,PR 17— %1TUkI\/I&‘pR u? ) 8z

ur (1-11 1T)> 8z

Eq 431

_ %(ﬂ — 17y [uf (1-2117) y ]

The estimation error covariances/variances for the variables 8%, and §b are

E (8%, — 8x,) (8% — 8x)T = Mipr ORngMeas
-1
1
= [UIZw (I - ;1 1T) Uk] O—F%ngMeas
~ 2
E(5b - 5b) = m&,PR O-R%ngMeas

= %(1 + %1T Uy [Ulzw (l - %1 1T) Uk]_1 U£ 1) O'F%ngMeas

Eq 432

Second Form of Partitioned Matrix Solution — The proof of the Matrix Inversion Lemma
involves a second form of the inverse of a 2x2 partitioned matrix whereby the inverse has a
simpler expression for the lower right-hand block. Applying this form to Eq 427 yields:

-1 IME,PR b

((’Jk,PR)T‘Jk,PR) =

(bAT  mEpg Eq 433
Mipr = (UT U)™ + nfpg (UF U)1UT 117U, (U] U
v/ u) Ul 117U, (Ul Ut
_ vyt + (U U) U, a k( ka)
Eq 434

bZ =- mipr (UF UY1UM
5 1
mk PR — T _ T

The superscript ‘2’ on symbols in Eq 433 designates the second form of the inverse of
(\]k,pR)TJk’pR. MEPR is a second form of the DoP matrix for the position estimation errors and
mg pg is a second form for the scalar DoP for the range offset estimation error.
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The solution for the components of 8X,,, 8%, and &b, are

8% = (M{pr U] + b2 17)8z

[ uluy-tuf11”
= | (Uf U uf — 1-U (Ul u)~tuf]| 8z
) - Eq 435
6b = ((bi)TUE + mE’pRlT)SZ
1
= 17[1 - U (ufu)-tufl| s
The estimation error covariances/variances for the variables 8%, and &b are
E (8% — 8x)) (8% — 8x)" = M pr 0fnguteas
“|wruy+ (Ug U)'Ug 1170, (U U1
- k Yk n—1T Uk(UE Uk)_lUE 1 ORngMeas
Eq 436

~ 2
E(5b - 5b) = mE,PR O-R%ngMeas
1 2
= O
n—1TU, (UL U )~ U] 1 RioMeas

The first form of the solution yields a simpler expression for the position DoP matrix (I\/Iﬁ‘pR in
Eq 429) while the second form yields a simpler expression for the bias DoP (mE’pR in Eq 434).

Chain Solution for the Bias — When 8%, has been found, a solution for §b can be found from
the Normal Equations (Eq 359 with W the identity matrix) when J is given by Eq 425

17U, 8%, +n b =178z

~ 1 Eq 437
ob = ; 1T(8Z - Uk Sﬁk)
Alternative Derivation for the Estimator — From Eq 426 it follows that
(1= 2417) 3 o 8, ~ (1-1117) 52
1 1
(1 -1 1T) U, 8%, ~ (1 -1 1T) 8z
'J|’(,PR 8Xk = SZI
Eq 438

Jipr = (1-2117) U,
8z' = (I — %1 1T) 8z
R = [82'(82)7] = (1 - 2117) 0% gueas
Pre-multiplying the left-hand side of Eq 426 by (I — 2117) eliminates the common bias as an

unknown variable. Pre-multiplying the right-hand side by (I -1 1T) eliminates the common
bias from the measurements 8z’. From Ji pr 8%, =~ 8z', an estimate 8%, of the first line Eq 431
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can be found using Eq 360 with the weight matrix W set to the identity matrix I.

1
8%, = [(J;C,PR)T‘];C,PR] (J;c,PR)TSZ'
E(8% o r— ey v 1 (1 Y ry ' Ny 170 Eq 439
(8%y — 8x)) (8% — 8%, )" = [(’Jk,PR) ‘Jk,PR] (Jrpr) R Jipr [(‘Jk,PR) 'Jk,PR] q

N S
= [(Jk,PR) Jk,PR] ORngMeas

Since the errors for 8z’ are correlated, the estimator of first line in Eq 439 may appear to be
suboptimal. However, its error covariance, as found from Eq 365 and shown on the second line,
is identical to the first line of Eq 432.

Role of Matrix (I —211™) — The preceding equations demonstrate that the matrix (I —2117)
is central to Lee’s method. It is a factor in both the Jacobian matrix Ji pr and in the measurement
vector 8z'. Matrix (I -1 1T) is idempotent, and like all idempotent matrices (except for the

identity matrix), it cannot be inverted. It is, however, its own pseudoinverse.

Newton Estimator — For Lee’s Method, when the number of measurements n and unknown
variables p (including the time/range bias) are equal, there is no ‘pure Newton’ estimator for the

-1
position variables that does not involve the common bias.” That is, [(J}QPR)TJ;C,PR] (J;c,pR)T

does not reduce to a simpler form (as do Eq 360 and Eq 361), because Jj pr is not square. In
such situations, there are three options: (1) employ the general Newton estimator of Eq 362, with
Jacobian matrix given by Eq 425; (2) utilize the Gauss-Newton pseudo range system position-
only estimators of the first lines of Eq 431 and Eq 435 (which apply to any number of
measurements); and (3) use the station-difference position-only Newton estimator of Eq 451.

Condition for Singularities — Considering the second solution form, the denominators of both
lines in Eq 435 involve the same difference of two positive numbers — the number of measure-
ments n minus the sum of the elements of the projection matrix P, = U, (U] U,)~*U] for the
associated true range measurement system (Eq 369). Since Py is symmetric and a projection
(therefore idempotent), the following bound is true.

1" (U U0 1 = 1"P 1 = (RD" (BD) = [IPA]I* < 111> = n Eq 440
The equality in Eq 440 only holds when 1 is in the column space of U,. That is, for a specific

aircraft-station geometry, a solution only exists when 1 is not in the column space of Uy.

Considering the first solution form, 8%, and §b can only be found when UE(I -1 1T)Uk IS
invertible, which is equivalent to (I — 2117)Uy being full column rank. That is, when 1 is not in

*When n = p and pseudo slant-ranges are involved, Bancroft’s algorithm (Chapter 7) provides non-iterative
solutions for the unknown variables.
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the column space of U,. This is the same requirement as that for the second form.

When 1 is in the column space of Uy, then Jy pr (Eq 425) is not full column rank. When this
occurs, errors in a combination of pseudo range measurements are indistinguishable from the
common range bias. One familiar such situation is, for a three-station system in a plane, when
the aircraft is on a baseline extension (Figure 31). From the expression for M pr in Eq 434, a
pseudo range system will inherit the singularities for the associated true range measurement
system as well as have those caused by the use of pseudo range measurements.

DoP Matrix — DoPs for the position variables for a pseudo range system can be computed
using the first line of Eq 429. This calculation is almost the same as is done range measurement
systems — see Subsection 8.4.3 (Eq 412, Eq 418 and Eq 423) — except that U] U, replaced by
U{(I -1 1T)Uk. Upon comparing ME’pR of the first line of Eq 434 to (U} U,)~1, which applies
to true ranging systems, it is clear that — for an equal number of measurements and equal
measurement errors — a system that utilizes true ranges will have smaller position errors. Thus,
possibly after scaling U, by the inverse of C, the first line of Eq 434 is equivalent to

My rngC T Uf 117U, C™ My pog
- - T
n — 17U, C 1|\/|k'Rngc Tul1

My pr = Myrng + Eq 441

Here, My pr is the DoP matrix for pseudo range measurements and My g, is the DoP matrix for
the same set of ground stations when they provide true range measurements. The second term on
the right-hand side of Eq 441 can be considered to be the ‘penalty DoP’ incurred for using
pseudo ranges in lieu of true ranges. It is proportional to the range bias DoP.

Measurement Geometry Interpretation — It follows from Eq 438 that an n-station pseudo
range system is equivalent to a fictitious n-station system with the characteristic that each station
measures the difference between the aircraft range and the average of the ranges from all
stations. The Jacobian matrix for this fictitious system is given by Ji pr, which can be contrasted
that for J pg in Eq 425. Matrix -1 17 projects the rows of any matrix onto the vector 1; matrix
(I -1 1T) projects any matrix onto the space orthogonal to the vector 1. Therefore, Ji pr is the
projection of Uy onto the space which is orthogonal to vector 1. Computationally, each row of
Jipr is equal to the difference between the corresponding row of Uy and mean of all rows of Uy.

For a true slant-range system, each row of the Jacobian matrix can be thought of as a unit vector
along the line-of-sight between the aircraft and a station’s location that terminates on (and points
toward) the aircraft. For the equivalent fictitious system, the rows of Jy pr correspond to vectors

connecting (a) the tails of the unit vectors for the true range systems with (b) the mean of all unit
vector tail locations. This mean location has some characteristics of as a virtual aircraft location.
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However, the rows of Ji pr do not lie along the lines connecting the virtual aircraft location and
stations and are generally not unit vectors (they may have magnitudes greater or less than one).
An example is presented in Subsection 8.5.2.

Situations where the actual aircraft location and the virtual aircraft location are close (much less
than a unit vector) corresponds to favorable measurement geometry. If the aircraft is within the
polygonal surface formed by the perimeter stations, the mean of the tail locations will generally
be small, because the individual unit vectors point in many directions and tend to cancel.
However, if the aircraft is outside the polygonal surface, the unit vectors will all point in the
same general direction and tend to add, indicating unfavorable measurement geometry.

Projection Matrix — It follows from Eq 370 and Eq 438 that the projection matrix P[(PR for
'JII(,PR is given by

Pipr = (1 -1 1T) U, [UkT (1 -1 1T) Uk] ur (1 -1 1T) Eq 442
Matrix P;ﬁpR projects from R" into a subspace of R" orthogonal to 1 with dimension at most p—1
(the number of position variables). When n>p, it is not possible that P;ﬁpR =1--1 17, because
1-21 17 projects into a subspace of R" that is orthogonal to 1 with dimension n—1. However,
when n=p and Jy pg is invertible, it follows that P[QPR:I -1 17, because P[QPR then also
projects onto the subspace orthogonal to 1 of dimension n—1. Also, [l — PL,pR]6z=%1 178z =
(2178z)1. An example is provided in Subsection 8.5.2 (Eq 467).

Condition at Convergence — When n >p, at convergence (Eq 379),

(Jpr) 8z=0U7 (1-2117)6z=0 = Ul6z=1U]1(11752) Eq 443

The right-hand side of Eq 443 relates the measurements and the aircraft-station geometry. The
inner product of each column of U, with 8z is equal to the inner product of the same column of
U, with 1 when scaled by the average of the measurements.

8.4.5 Pseudo Range Measurement Systems: Station Difference Method

Introduction — The traditional/common method of analyzing pseudo range systems (systems
whereby all range measurements have a common bias/offset) is to group and subtract the pseudo
range measurements for the n stations in pairs. The unknown offset then cancels, and true range
differences are formed. The number of differences must be at least equal to the number of
position variables to be found; thus the number of pseudo ranges must be at least one more than
the number of unknown position variables. Material in this subsection is based on Ref. 46.

Difference Matrix — Following Lee, define the (n—1) xn matrix of station measurement
differences D is taken to be
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[1 -1 0 o - 0 0'|
|0 1 -1 0 - O O |
0 O 0 o - 1 -1

An alternative form for D, commonly used in terrestrial radio navigation systems (e.g., Loran-C
and Decca) is

1 -1 O o - 0 0
[1 0 -1 0 - 0 o]
1 0 0 o - 0 -1

The expressions developed below apply to both forms of D. Matrix D plays the same role for
Station Difference Method that matrix (I — 2117) plays for Lee’s Method.

Optimal Estimator — The estimation problem to be solved follows from Eq 409: find the value
of 8x, that best satisfies
DUk 8Xk ~ Doz Eq 446

The right-hand side of Eq 446 constitutes the measurements for this estimation problem. The
vector D 8z has covariance matrix (DD”)og,gveas- Thus the optimal estimator (Eq 361) of &x,

utilizes the weight matrix (DD”)~* and is

8%, = [U/D"(DD")'DU, ] *UIDT(DD”) D 6z Eq 447

Straightforward manipulation shows that
D(DD)7'D =1, — ;11" Eq 448
Consequently, the optimal estimator (Eq 447) can be written
8%, = |Uf (1-2117) Uk]_l U7 (1-2117) 82 Eq 449
The optimal position estimators for the Station Difference Method (Eq 449) and for Lee’s

Method (first line of Eq 431) are identical, as they must be. If follows that the estimation error
for a range-difference system is given by the first line of Eq 432, and can also be written

E (8% — 8x,) (8% — 8x,)" = [(DU)"(DD") " (DU)] ™" 0&ngmeas Eq 450

After the position estimate 8%, is found, the common measurement bias can be computed from
Eq 437.
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Newton Estimator — For the special (but commonly occurring) case where the minimum
number of measurement differences are available, DU, is a square, invertible matrix. For this
situation Eq 447 becomes

8%, = [DU, ] 1 (D&z) dim(xy) = dim(z) — 1 Eq 451

The associated estimation error covariance is given by Eq 450. Eq 451 has the form of a Newton
estimator (Eq 362), with Jacobian matrix DU, and measurement vector D 8z.

General Estimator — A less accurate estimate for 8x, can be generated by using a general
weight W matrix in Eq 447, in lieu of (DD7)~?!

8%, = [(DUYTW((DUY] 1 (DUY"W(D 8z) Eq 452

The associated estimation error is (from Eq 365)

E(Sﬁk - 6Xk) (Sﬁk - SXK)T

= [(DUY"W(DUYI (D U)"W(DDHIWD U (DU WDUI] Lo e

For the case where the minimum number of measurement differences are available (n=p) DUy is
a square, invertible matrix (n—1 xn-1) and Eq 452 reduces to the Newton estimator. A special
case of the general estimator is W = 1.

8.5 Example Applications and Interpretations

8.5.1 Example 8 Continued: Slant-Range Measurement Systems in Flatland

Introduction — This subsection continues the analysis, begun in Subsection 7.12.1, of surveil-
lance or navigation systems in two dimensions (‘Flatland’). The systems employ ground stations
that are used to measure slant-ranges to an “aircraft’. This subsection considers true slant-range
measurements for two- and three-station configurations, with the stations being separated by one
BLU.

The first topic addressed is a numerical Horizontal Dilution of Precision (HDoP) analysis using
the methodology described in Subsections 8.4.2 and 8.4.3. Upon carrying out straightforward
calculations (particularly involving Eq 412 with C equal to the identity matrix), HDoP contours
are shown in Figure 42. The left-hand panel pertains to a two-station configuration and the right-
hand panel to three stations. The calculations assume that each station’s signal can be received
up to 3.5 BLUs in range. For these figures, HDoPs for both configurations are symmetrical about
a ‘vertical’ axis, and thus are truncated ‘to the left’.
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Figure 42 HDoP Contours for True Slant-Range Measurement Systems in Flatland

Two Ground Stations

DoP Equations — In Figure 42(a), the HDoP pattern exhibits strong directionality. Coverage is
best perpendicular to the baseline and is poor to non-existent along the station baseline and its
extensions. A two-station configuration can be readily analyzed along the station bisector — see
Figure 43, which has the station baseline turned 90 degrees from that in Figure 42(a).
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Figure 43 Aircraft on the Perpendicular Bisector of Two Stations in Flatland

From Figure 43, it is straightforward to calculate DoP values along the perpendicular bisector of
the station baseline. For any point, the Jacobian matrix U¢ gyg-» (EQ 407 and Eq 408) is

cos () —sin(;w)]

COS(%I/)) sin(%t/)) =0 454

Uc,Rng-Z = [

In Eq 454, the first coordinate is down range (DR), the second is cross range (CR), and v is the
angle at the aircraft subtended by vectors pointing toward the stations. Thus the DoP matrix is

[;1 0 |
-1 |2cos?(zyY) |
M — UT ) U ) — | 2
c.Rng2 ( c,Rng-2 Ye,Rng 2) [ 0 1 J Eq 455
2 sin? (%1/))
= diag( DRDOPZz.q.5, CRDOPZzy42 )
From Eq 455, the aircraft location estimation errors for the two axes are uncorrelated (for
locations on the bisector). HDoP along the perpendicular bisector is
V2
HDOP,gg2 = |DRDOPZqyq.p + CRDOPZ3 0 = —— Eq 456
0P rRng-2 \/ O%c.Rng-2 OFcRng-2 [sin(y)] |

The minimum value of HDoP; gqg.» is v/2=1.414. This occurs when the aircraft is one-half a
baseline length from the baseline along the perpendicular bisector, where ¥ = /2. From that
point, HDoP, ryg-, increases in both directions. Due to the down range component’s behavior,
HDOP; gyg-2 is infinite at the baseline (where i = m). However, it has usable values close to the
baseline — e.g., along the baseline perpendicular bisector, HDoP; g5 is less than 5 within one-
tenth of the baseline length. Due to the cross range component’s behavior, HDoP; gng.2 also
grows with distance (as 1 approaches zero and 2m). However, along a baseline bisector,
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HDOP; gyg-2 is less than 5 within 3.46 times the baseline length.

It’s instructive to consider HDoP components separately. Both are symmetric about the baseline,
(¥ = m). From Eq 455, it’s evident that DRDoP improves with distance from the stations and
approaches 1/4/2~0.707, because the two range measurements are effectively averaged.

ﬁBDR = 1.4%R where B is the length of the baseline. Thus CRDoP

degrades linearly with range, the same behavior as an angle measurement system.

Asymptotically, CRDoP~

Using HDoP equal to five as a criterion, the two-station service area may be approximated by a
7 BLU x 1 BLU rectangle which includes the baseline as a bisector, bordered by four right
triangles with sides of 3 BLU and 1 BLU. Thus, except for a small set of locations adjacent to
the baseline, the service area is roughly: (7 x 1) + 4 x (+2x 3 x 1) = 13 BLU?

Iteration Process Convergence — When a closed-form solution is available, there is no need to
use an iterative method such as NLLS. However, a system involving two ranging ground stations
illustrates the NLLS convergence issues raised in Subsection 8.1.7. As shown in Subsec-

tion 7.12.1, this measurement system imposes constraints on the measurement values (e.g., Eq
341); thus, when measurement errors occur, a solution may not exist. Also shown in Subsection
7.12.1 is that for every potential aircraft location, there is a second location on the opposite side
of (and equal distance from) the station baseline that also satisfies the measurement equations.
Thus, solution uniqueness can be an issue as well.

To illustrate NLLS convergence behavior, a Monte Carlo experiment was conducted for the
station configuration shown in Figure 43. Using (DR, CR) coordinates and Base Line Units
(BLUs) for distances, the station locations are (0, +0.5) while the true aircraft locations form a
grid of all combinations of DR = 0,1,2,3,4 and CR = 0,1,2,3. The aircraft location estimates
used to initialize the NLLS iteration process are the true locations plus a Gaussian random
variable (in each axis) with zero-mean. The standard deviation of the initial estimate is either
0.2 BLU or 2 BLU. The former value characterizes continuous operation of a system (for a
surveillance system, aircraft is being tracked); the latter value, 2 BLUs, is representative of a
situation with poor initialization (for a surveillance system, aircraft is being acquired). The result
of the iterative process are grouped into three categories: (a) converged to the correct aircraft
location, (b) converged to the ambiguous aircraft location, or (c) failed to converge. The results
of the experiment, using 1,000 trials for each aircraft location and each initialization error
standard deviation are shown in Table 14 and Table 15.
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Table 14 Convergence ‘during Acquisition’ (2 Ranging Stations)

Result DR=0 DR=1 DR=2 DR=3 DR=4

Correct Converge 59.8% 68.4% 83.3% 92.3% 96.3%

CR=3 | False Converge 0.0% 30.2% 13.6% 4.8% 2.3%
Diverge 40.2% 1.4% 3.1% 2.9% 1.4%

Correct Converge 66.4% 67.8% 83.4% 91.1% 97.3%

CR=2 | False Converge 0.0% 26.7% 12.4% 5.8% 1.7%
Diverge 33.6% 5.5% 4.2% 3.1% 1.0%

Correct Converge 75.6% 59.7% 81.6% 92.8% 96.3%

CR=1 | False Converge 0.0% 26.4% 11.5% 5.4% 3.1%
Diverge 24.4% 13.9% 6.9% 1.8% 0.6%

Correct Converge 2.5% 67.6% 84.9% 93.8% 98.2%

CR=0 | False Converge 0.0% 27.3% 15.1% 6.2% 1.8%
Diverge 97.5% 5.1% 0.0% 0.0% 0.0%

Table 15 Convergence ‘while Tracking’ (2 Ranging Stations)

Result DR=0 DR=1 DR=2 DR=3 DR=4
Correct Converge 100.0% 100.0% 100.0% 100.0% 100.0%
CR=3 | False Converge 0.0% 0.0% 0.0% 0.0% 0.0%
Diverge 0.0% 0.0% 0.0% 0.0% 0.0%
Correct Converge 99.9% 100.0% 100.0% 100.0% 100.0%
CR=2 | False Converge 0.0% 0.0% 0.0% 0.0% 0.0%
Diverge 0.1% 0% 0% 0% 0%
Correct Converge 96.7% 100.0% 100.0% 100.0% 100.0%
CR=1 | False Converge 0.0% 0.0% 0.0% 0.0% 0.0%
Diverge 3.3% 0.0% 0.0% 0.0% 0.0%
Correct Converge 92.1% 100.0% 100.0% 100.0% 100.0%
CR=0 | False Converge 0.0% 0.0% 0.0% 0.0% 0.0%
Diverge 7.9% 0.0% 0.0% 0.0% 0.0%

Table 14 and Table 15 demonstrate that initialization accuracy can strongly influence the iter-
ation process’s performance. For the ‘acquisition’ initialization, overall performance is: correct
convergence, 78.0%; false convergence, 9.7%; divergence, 12.3%. Moreover, performance is
poorer for locations closer to the baseline. For example, for aircraft 1 BLU from the baseline in
the DR direction, the convergence rate for the true aircraft location averaged 65.9% and the false
convergence rate is over 26% for all four locations. For many applications, this performance
would be unacceptable. In contrast, for the ‘tracking’ initialization, overall performance is:
correct convergence, 99.4%; false convergence, 0.0%; divergence, 0.6%. Only along the baseline
connecting the stations, or its extensions, is the iteration process success rate less than 100%.

Three Ground Stations

DoP Equations — A similar DoP analysis can be performed for a three-station configuration. For
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an arbitrary point along a baseline bisector
COS(%I/)) —sin(%z/))
Ucrng-3 = COS(%I/)) sin(%z/)) Eq 457
+1 0

In Eq 457, in the (3,2)-element, the upper sign pertains when the aircraft is ‘to the right” of
Station 3 in Figure 43, and the lower sign pertains when the aircraft is ‘to the left’ of Station 3.
For either case, the DoP matrix is

1
1 [1 + 2 cos?(3y) 0 ]
Mc,Rng-3 = (Uang-3 Uc,Rng-3) = 2 1
0 —_ Eq 458
2sin?(3)

= diag( DRDOPZrpg.3 , CRDOP Rng.3 )

Again, the aircraft location estimation errors for the two axes are uncorrelated, and are
symmetric about the baseline. Another point of interest is that DRDoP; gng.3 is continuous when

an aircraft passes over Station 3. From Eq 458, it follows that HDoP for points on the bisector is

B V3
Rng-3 =
\/sin%t/;) + 2sin(3)

c,

HDOP, gng.3 = \/DRDoPC%Rng_3+CRDoP2 Eq 459

The minimum value for HDoP; gng-3 is 2/4/3~1.155, which occurs at the center of the triangle
formed by the stations () = 4m/3), where DRDoP; ghg.3 = CRDOP; gng.3. At the midpoint of the
baseline between Stations 1 and 2 (1 = 1), HDOP, gy 3 is 4/3/2 = 1.225. At Station 3 (1 =
51/3), HDoP; gng-3 is 24/3/5 =1.549. Along a baseline bisector, there is no advantage to being
within the perimeter of the triangle joining the stations.

The DoP matrices in Eq 458 and Eq 455 are quite similar; the primary difference is that the
(1,2)-term for the three-station configuration does not have unbounded solutions along the
baseline which occur in the two-station case. For three stations, DoP along the bisector down-
range axis approaches 1/4/3~0.577 with distance in either direction, because three range
measurements are effectively being averaged. CRDoP is identical to that for two stations.

The estimator matrix for this system is shown in Eq 460. It reflects the geometry and statistics of

the measurement scenario. The cross range estimate is not affected by the Station 3 measurement
— which is expected, since CRDOP; ghg.3 = CRDOP; gpng. 2. The associated projection matrix is

shown in Eq 461.
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[ cos(%z/)) COS(%I/)) +1 1
I 21 21 2015 |
-1 1+2cos?(zy) 1+ 2cos?(zy) 1+ 2cos?(5y)
(Uang-3 Uc,Rng-S) U(Y:W,Rng-3 = -1 2 1 2 2 Eq 460
0

2sin(zy) 2sin(z)

-1
— T T
l"’C,Rng-?» - Uc,Rng-3 (Uc,Rng-S Uc,Rng-3) Uc,Rng-S

cos® (1) 1 cos®(3) 1 tcos(zy)
1+2cos2() 2 1+2cos?(yp) 2 1+ 2cos’(3Y)
| _cos’GY) 1 cos’GGY) L1 tcos(3) Eq 461
1+2cos?(%)) 2 1+2c0s’GY) 2 1+ 2cos(zy)
tcos(zy) tcos(zy) 1
142 COSZ(%IP) 142 COSZ(%l/)) 1+ 2cosz(%1,b)_

For three stations there are six bisector radials extending outward from the station cluster (rather
than two radials for the two-station case). As a result, the service area is roughly circular. The
service area (for maximum HDoP equal to five) is approximately 7 3.5 BLU x 3.5 BLU =

36 BLU?, or 12 BLU? per station (roughly twice the value for a two-station configuration).

Iteration Process Convergence — The Monte Carlo experiment performed for two ranging
stations was repeated for three stations, using an initialization error standard deviation of 2 BLU
that’s characteristic of an ‘acquisition’ situation. Comparing Table 16 with Table 14 shows the
dramatic improvement that a redundant station can provide. Here the overall performance is:
correct convergence, 99.0%; false convergence, 0.0%; divergence, 1.0%. This performance is
comparable to that of the two-station configuration with ‘tracking’ initialization. (Partly because
NLLS initialization accuracy is significantly poorer during acquisition than tracking, some
systems require use of a redundant sensor during acquisition.)

Table 16 Convergence ‘during Acquisition’ (3 Ranging Stations)

Result DR=0 DR=1 DR=2 DR=3 DR=4

Correct Converge 99.2% 99.9% 99.9% 100.0% 100.0%
CR=3 | False Converge 0.0% 0.0% 0.0% 0.0% 0.0%
Diverge 0.8% 0.1% 0.1% 0.0% 0.0%

Correct Converge 98.6% 100.0% 100.0% 100.0% 99.8%
CR=2 | False Converge 0.0% 0.0% 0.0% 0.0% 0.0%
Diverge 1.4% 0.0% 0.0% 0.0% 0.2%

Correct Converge 93.2% 99.9% 99.2% 99.5% 99.7%

CR=1 | False Converge 0.0% 0.0% 0.0% 0.0% 0.0%
Diverge 6.8% 0.1% 0.8% 0.5% 0.3%

Correct Converge 100.0% 99.9% 95.6% 97.4% 99.1%

CR=0 | False Converge 0.0% 0.0% 0.0% 0.0% 0.0%
Diverge 0.0% 0.1% 4.4% 2.6% 0.9%
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8.5.2 Example 9 Continued: Pseudo Slant-Range Measurement Systems in Flatland

Introduction — This subsection continues analysis, begun in Subsection 7.12.2, of surveil-
lance/navigation systems operating in Flatland. The systems employ ground stations that are
used to measure the pseudo slant-range to an aircraft, and the stations are separated by one BLU.
Similar to Subsection 8.5.1, this subsection emphasizes DoP behavior. The methodology
employed is described in Subsection 8.4.4, but without the vertical component.

Three Stations” HDoP on a Baseline Extension — Subsection 7.7.3 contains a taxonomy of the
solutions for a situation involving three pseudo range stations in Flatland. On a baseline exten-
sion, the governing equation (e.g., Eq 279) has a double root — i.e., an ambiguous or extraneous
solution does not exist. Referring to Figure 43, for an aircraft along the CR axis with CR > %B

0 1
Uc,Rng-3 = [ 0 1 ] Eq 462
cos(a) sin(a)

Here, « is the angle between the unit vector from Station 3 to the aircraft and the DR axis. Eq
462 does not contain any of the sides or angles of stations in Figure 43. Thus an equation similar
to Eq 462 applies to any three-station configuration when the stations are not collinear.

It follows from Eq 429 that the inverse of the HDoP matrix is
(Miprs) = Ulgngs (l -1 1T) Uc Rng-3
[ cos?(a) —cos(a)[1 — sin(a)]] Eq 463
~3 cos(a)[1 — sin(a)] [1 — sin(a)]?

The matrix on the second line of Eq 463 is singular; thus, its inverse, the HDoP matrix, does not
exist. It follows that, when an aircraft approaches any baseline extension (not including the
nearest station), HDoP grows unboundedly large.

Three Stations’ HDoP at a Station — When the aircraft location is the same as a station

location, the governing equation also has a double root. However the situation is qualitatively
different from that for a baseline extension, as the elements of U gyg-3 for the station involved

have the indeterminate form 0/0. Thus matrix U¢ gng-3 is not defined. As is seen below, when an
aircraft approaches a station (except along a baseline extension), HDoP approaches a finite limit;
the limit value varies with the aircraft’s direction.

Three Stations’ DoP Along the Axis of Symmetry — As is done in Subsection 8.5.1, HDoP
and its down-range and cross-range components are examined along the perpendicular bisector
of the baseline joining Stations 1 and 2 in Figure 43. Substituting U gng-3 from Eq 457 into
JkpR = (I -1 1T)Uk yields the Jacobian matrix J; pr.3 (Eq 464) for an equivalent system
having measurements involving the same stations. The DoP matrix M pr.3 and estimator matrix
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then follow using Eq 439. Concerning the ambiguous signs in Eq 464 and Eq 465, the upper sign
applies when the aircraft is ‘to the right’ of Station 3 in Figure 43, and the lower sign applies
when the aircraft is ‘to the left” of Station 3.

[?%[1 + cos(%t/;)] —sin(%tp)]

Jpra =|F5[1 F cosGY)]  sinGy) Eq 464
ié[l + cos(%z/))] 0
' T -1
M;pr3 = ((Jc,PR-s) ‘Jc,PR-3) = diag( DRDoPpg.3, CRDOPpg.3 ) Eq 465
A 3/2 A1/2
DRDOPCPR_3 = / CRDOPC‘pR_g = /

1 F cos(33) sin(3y)
Along the perpendicular bisector of the baseline joining Stations 1 and 2 in Figure 43,
CRDoP, pr.3 is identical to the cross-range DoPs for two and three true slant-range stations.

However, the behavior of DRDoP, pr.3 is different from that for true ranging systems in several
ways. Notably, DRDoP; pr_3 is discontinuous at Station 3 (where 1y = 5r/3). When Station 3 is
approached from inside the three station perimeter (*from the right’ in Figure 43), DRDoP, pg.3
approaches 0.656; when Station 3 is approached ‘from the left’, DRDoP; pr_3 approaches 9.142

— a discontinuity of 8.486. Outside the perimeter enclosing the stations, DRDoP, pr.3 increases
\/§
? 2

is asymptotically equal to 9.8 (%R) . Thus DRDoP; pg_3 increases quadraticly with range from the

Station 1-2 baseline, whereas cross-range DoP increases linearly as 1.4 (%R). Noting that

very rapidly. When |DR| > ( )B, where B is the baseline length, DRDoP, pg_3 is symmetric and

HDoP, pr.3 is infinite along any baseline extension, the HDoP, pg_3 value of 9.250 when Station 3
is approached ‘from the left’ is the minimum HDoP, pg.3 in the V-shaped region bounded by two
baseline extensions. This is part of the rationale for aircraft not operating in the regions bounded
by the baseline extensions.

The minimum HDoP; pg_3 occurs at the center of the triangle formed by the stations (v = 4m/3).
At that location, DRDoP, pr-3 and CRDoP, pg_3 have the same value, 1/4/3=0.577 (and thus
HDoP, pr.3 = 2/4/3 ~1.155). These are the same values that a three-station true range system
would have. At the midpoint of the baseline joining Stations 1 and 2 (3 = m), DRDoP, pg.3 =
/3/2~1.225 and CRDOP, pg.3 = 1/v2 =0.707 (and thus HDoP, pg.3 = V2 = 1.414). The faster
growth rate of DRDoP, pg_3 relative to CRDoP, pg.3 is evident. Continuing “to the right” beyond
the baseline joining Stations 1 and 2, HDoP, pr_3 is equal to 2 at approximately 18% of a baseline
length outside the perimeter, and is equal to 5 at approximately 56% of a baseline length. HDoP
is greater than 10 before the down-range distance equals 90% of a baseline.
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Figure 44 shows down range and cross range DoPs along a baseline bisector for systems
employing two and three-station true ranges and three-station pseudo ranges. DoP values are
shown as a function of distance along the DR axis from the Station 1-2 baseline.
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Figure 44 DoPs Along a Symmetry Axis for True and Pseudo Range Systems

Three Stations’ Measurement Geometry Along the Axis of Symmetry — The estimator
matrix for locations on the perpendicular bisector is shown in Eq 466. As expected, the estimator
implicitly forms two differences from the three pseudo range measurements. The associated
projection matrix (Eq 467) is equal to the idempotent matrix I — 1 17, which can occur when

n=p (Eq 442).

[ +1 +1 +1 1
, T, -1 T l2[1F cos( Y| 2[1FcosGy)] 1F cosEy)
((Jc,PR-s) 'JC,PR-3) (Jeprs) = [ 02 1 a2l 2771 Eq 466
—_— 0
l 2 sm(zlp) 2 sin(%lp) J
2 11
L I R R
' I / I ’ 1 2 1
Pepr3 = Jepr-3 (('JC,PR-3) Jc,PR-s) (Jepr3) = -3 3 ~3 Eq 467
_1r 1z
3 3 3
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Figure 45 provides a geometric interpretation of Lee’s Method for the three-station pseudo range
system shown in Figure 43. The solid blue lines are unit vectors along the lines-of-sight from the
three stations to the aircraft. These unit vectors form the rows of the Jacobian matrix for true
range system, and can be considered to terminate at the aircraft. The solid red lines are vectors
from the tails of the blue unit vectors to the mean of the three unit vector tail locations. (The red
lines for Station 3 vectors partially overlay the blue lines.) This mean location can be thought of
as the virtual aircraft location for the pseudo range system employing the same stations.
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04" Aircraft P ® Aircraft T
: Tr_'ue Ran_ge System Unit Vect(zr". i 041 True Range System Unit Véctor .
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(a) Favorable Measurement Geometry (b) Unfavorable Measurement Geometry

Figure 45 Geometric Interpretation of Lee’s Method for Three Stations

When the aircraft is within the perimeter formed by the stations, the locations of the tails of the
blue unit vectors tend to cancel when forming their mean. Thus, the virtual aircraft location is
close to the true aircraft location, and the pseudo range system vectors are similar in length and
orientation to the unit vectors for the true ranging system — i.e., the measurement geometry is
favorable.

In contrast, when the aircraft is outside the perimeter of the stations, the unit vectors point to
only half the plane or volume involved; thus the mean of the vector tails reflects reinforcement as
well as cancellation. Then the pseudo range system vectors are shorter (and have different orien-
tations) than the unit vectors for the true ranging system — i.e., the measurement geometry is
unfavorable. In particular, in Figure 45(b), the pseudo range system vector for Station 3 is much
shorter than the Station-3 vector in Figure 45(a) — graphically indicating the inability of a
pseudo range system to determine distance from the station cluster.

Three Stations” HDoP Along a Baseline — Consider a side of the triangle formed by the
stations in Figure 43 — specifically, the CR axis. DoPs do not exist at a station and are infinite
along a baseline extension, so attention is limited to |CR| < %B. Along this side, CRDoP, pr.3 =
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1/4/2 =0.707 at every point. (This can be shown using geometric analysis similar to that in
Figure 45.) Also, along this side, DRDoP; pr_3 has a minimum value of 1.225 at the center and
approaches a maximum value of 1.472 as a station is approached. Thus, within the perimeter of
the stations, including the baselines but not the stations themselves, the maximum value of
HDoP, pg.3 is 1.633.

Three Stations’ HDoP for Concentric Circles — For the three-station configuration in Figure
43, HDoP; pg_3 is computed for concentric circles centered on the stations’ centroid — see Figure
46. Here, the angle is measured clockwise from the negative DR axis. Thus 0 deg corresponds to
the direction of Station 3, 60 deg corresponds to the direction of the mid-point of the baseline
connection Stations 1 and 3, and 120 deg corresponds to the direction of Station 1.

12 w

101

HDOP

0 | | |
0 20 40 60 80 100 120 140 160 180

Angle from Symmetry Axis (deg)

Figure 46 HDoPs for Three-Station Pseudo Range System on Concentric Circles

The circles used for Figure 46 are described in Table 17, listed from the smallest to largest radii.
Radii and maximum perimeter penetrations are in BLUs.

Table 17 Concentric Circles Used to Characterize HDoP

Line Color IfaI::lciI:s Radius Description MPa:r.‘:te:l;tr?oe:*er MHa[))(?II:ear:.*
Blue 0.289 Inscribed circle radius 0 1.414
Magenta 0.389 | Inscribed circle radius + 10% of BLU 0.100 1.686
Cyan 0.505 | Extraneous solution detectable’ 0.217 2.174
Black 0.577 | Circumscribed circle radius 0.289 2.582
Green 0.635 110% of Circumscribed circle radius 0.346 2.972
Red 0.693 120% of Circumscribed circle radius 0.401 3.421
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. Circle . .. Max. Perimeter HDoP at
Line Color Radius Radius Description Penetration® Max. Pen.’
Blue 0.751 130% of Circumscribed circle radius 0.462 3.930

* Along a radial from the centroid that is perpendicular to a baseline at its midpoint
t See Figure 31

Three Stations” HDoP Contours — Figure 47 shows HDoP, pg_3 contours for the station

configuration shown in Figure 43. Because HDOP is infinite along the baseline extensions,
contours for HDoP, pr.3 > 1.633 (the maximum HDoP with the station perimeter) terminate at

stations.
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Figure 47 HDoP Contours for Three Pseudo Range Measurements in Flatland

Simple GPS Model — A three-station pseudo slant-range system provides a simple but useful
model for GPS behavior. Thus, consider the situation shown in Figure 48, which assumes a
spherical earth and circular satellite orbits. For these reasonable simplifications, the GPS
satellites orbital radius is slightly greater than four Earth Radius Units (ERUS); the user and three
satellites are in the same vertical plane; Satellites 1 and 2 have the same elevation angle «, while

Satellite 3 is directly above the user. The constellation cross-range axis is the user’s horizontal

axis, and the constellation down-range axis is the user’s vertical axis.

In Figure 48(a), the representative earth-based user is outside the perimeter of the satellite
locations. However, the user is close, horizontally and vertically, to the center of the baseline
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between Satellites 1 and 2. For a=5 deg (approximately the minimum usable value), the user’s
vertical distance to the baseline is 4.4% of the baseline. For =10 deg (as in Figure 48(a)), the
user-baseline distance is 8.9% of the baseline.

Satellite 3
. Pt
é‘* 3 35
g€ 3
& 2[Satelite 1 Satelite2| 25
.E / i o
w1 e
B = VDoP
= 1.5
S0 =
! HDoP
K 0.5
4 3 2 0 1 2 3 4 % 5 10 15 20 25 30 35 4o
Horizontal Distance (ERU) Satellite Elevation Angle (deg)
(a) Satellite-User Geometry (b) User HDoP and VDoP

Figure 48 Three-Satellite Vertical-Plane Model for GPS-User Geometry

The down-range distances involved can be related to Figure 44. Near a baseline, CRDoP (blue
curve) is relatively flat, while DRDoP; pg_3 (orange curve) is rapidly increasing. HDoP and VVDoP
curves for the GPS model of Figure 48(a), shown in Figure 48(b), are consistent with Figure 44.
They illustrate behavior that is contrary to that for true range systems — i.e., low-elevation GPS
satellites are more important to VDoP than to HDoP.

Four Stations — Figure 49 shows HDoP pg_, contours for two four station pseudo range
configurations. As is the case for true slant-range systems (Subsection 8.5.1), utilizing a
redundant station eliminates the occurrence of infinite solutions — e.g., the infinite HDoPs along
the baseline extensions of a three-station pseudo range configuration are eliminated. Evidence is
that the HDoP, pr.4 = 20 contour encircles the station cluster, whereas the HDoP; pr.3 = 20
contours are blocked by the baseline extensions and terminate on stations. A redundant station
also provides an increase in the service area. But the quadratic increase in HDoP, pg.4 With
distance from the station cluster still limits the coverage area.

A square or rectangular station arrangement provides effective coverage within the perimeter of
an area such as an airport (Figure 49(a)). However, other four-station configurations provide
larger service areas. An alternative that is better suited to maximizing coverage is the four-station
Wye configuration (Figure 49(b)). For this configuration, a BLU is defined as the distance from
the center station to each of the three outlying stations.
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Figure 49 HDoP Contours for Two Four-Station Configurations

8.5.3 Interpretation: Pseudo vs. True Slant-Range Systems

Service Area Comparison — Figure 50 is a comparison of the service areas in which a given
HDoP is achieved for the five system configurations addressed in Subsections 8.5.1 and 8.5.2,
assuming a common baseline length. Since HDoP is used as a surrogate for accuracy, common
range measurement error variances are implicitly assumed as well. Figure 50 indicates that, for
HDoP =5, a navigation or surveillance system utilizing true slant-range measurements can have
a service area that is 10 times that of a system utilizing pseudo slant-range measurements with
the same number of ground stations. For HDoP = 2, the coverage ratio is smaller, approxi-
mately 5. However, while convenient for analysis purposes, having equal or comparable
baselines for different types of systems is not necessarily required for actual systems.

Siting Flexibility — A more useful conclusion that can be drawn is that true slant-range systems
have greater station siting flexibility. Pseudo slant-range systems must have station locations that
almost surround the service area, while true slant-range systems do not. Stated informally, true
range systems can look outward from the station cluster, while pseudo range systems must look
inward from the stations’ perimeter or to locations a fraction of a baseline length outside the
perimeter and near the center of a baseline. To address this limitation, pseudo slant-range
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Figure 50 Coverage Area vs. HDoP for Five System Concepts

systems have been deployed with extremely long baselines. The ultimate in this regard are
satellite navigation systems, which employ satellites as stations and thus have baseline lengths
approaching eight earth radii.

LOPs for True and Pseudo Range Measurements — Figure 51 provides another explanation
of why HDoPs for pseudo slant-range systems degrade much more rapidly with distance from
the stations than do HDoPs for true slant-range systems.

Figure 51 LOPs for True Slant-Range and Pseudo Slant-Range Systems

The figure shows two stations and the circular LOPs they would generate if the stations were
used for true slant-range measurements. The circular LOP crossing angles starts at zero on the
baseline, where the solution is unstable. Moving ‘outward’ along the baseline perpendicular
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bisector, the crossing angle becomes useful within about one-tenth of the baseline length, and
remains useful to about 3.5 baseline lengths (outside of the limits of the figure) where the
crossing angle becomes too shallow. An important aspect in this system is that the separation
between circular LOPs for each station remains constant with distance from the station — only
the crossing angles cause degraded accuracy.

Figure 51 also shows a family of hyperbolic LOPs for the same pair of pseudo slant-range
stations. If there were two pairs of stations, degradation in their crossing angles with distance
from the stations would be evident (e.g., Figure 30). However, a second source of accuracy
degradation is involved: for pseudo slant-range systems, the LOPs become further apart with
distance from the stations (much as the LOPs for an angle measurement system do). The
combination of divergence of the LOPs and degraded LOP crossing angles limits the service area
of a pseudo slant-range system to, roughly, the region enclosed by the stations’ perimeter.

8.5.4 Example 10 Continued: Three Pseudo Spherical-Range Stations

Introduction — This subsection continues the example, begun in Subsection 7.12.3, of an
aircraft that utilizes three stations in the U.S. Northeast Loran-C chain (M Seneca, NY; W
Caribou, ME; and X Nantucket, MA). Two topics are addressed that are relevant to material in
this chapter: (1) Horizontal Dilution of Precision (HDoP), and (2) accounting for the earth’s
ellipticity.

HDoP Contours — While more frequently used in a rectangular framework, Horizontal Dilu-
tion of Precision (HDoP) is also applicable to spherical geometries — see Subsections 8.4.2 and
8.4.3. The approach here is based on the range-difference technique of Subsection 8.4.5 —
specifically Eq 421-Eq 423 and Eq 450. Assuming that the stations are ordered as M, W, X,
HDoP is given by

M, pr3 = C[(DU,)"(DD")~1(DU,)]*C” Eq 468
1 -1 0
D= [1 0 —1]

C = diag(1, cos(Ly))

The elements of the matrix U, (the Jacobian matrix for the position variables) are given in Eq
420. Then HDoP, pg_3 is found from the diagonal elements of M, pg 3

HDOP, pr3 = \/LatDoPepr_3 +LonDoPZpg 5 Eq 469

Eq 468 and Eq 469 are evaluated for a grid of points, and HDoP, pg_3 contours are draws — see
Figure 52. Also shown is a potential flight path involving airports in/near the coverage area.
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Figure 52 HDoP Contours for a Triad of Stations (Loran NE Chain)

Figure 52 is qualitatively similar to Figure 47(a), which applies to a two-dimensional Cartesian
setting and pseudo slant-range measurements. For example: (a) the HDoP values are similar at
comparable locations, both inside and outside the station perimeter; (b) HDoP is infinite along
the baseline extensions, causing exterior contours to terminate at stations; and (c) HDOP is
discontinuous when transitioning between the interior of the station perimeter and the interior of
the adjacent region between two baselines. Material in Subsection 7.7.3 concerning extraneous
and ambiguous solutions is relevant here as well. The area where HDoP, pg3 <5 is
approximately 233 thousand square nautical miles.

Accounting for Ellipsoidal Earth —If the earth were a sphere, Razin’s algorithm, as described
in Section 7.10, could be used without modification. However, the earth is better modeled as an
ellipsoid of revolution (Section 2.2). Since ellipticity errors resulting from modeling the earth as
a sphere tend to increase with distance, they can become important for accurate, long-range
systems. For example, consider four airport locations: LaGuardia, NY (LGA); Boston, MA
(BOS); Portland, ME (PWM); and Bangor, ME (BGR). The path lengths between the three
ground stations and these airports vary from 81.0 NM (X and BOS) to 444.3 NM (W and LGA);
the average is 233.5 NM. Based on (a) the distances involved, (b) the ‘rule of thumb’ for the
spherical earth approximation that the distance error is roughly 0.3% of the distance, and (c) the
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Coast Guard’s Loran-C accuracy goal of 0.25 NM, the effect of mis-modeling the earth’s shape
should be addressed for some applications.

Table 18 shows the position error resulting from applying Razin’s algorithm to range-differences
generated using Vincenty’s algorithm (Subsection 2.2.3), rather than those for a spherical earth
(as assumed by the algorithm). The ellipticity error values, between 0.38 NM and 1.13 NM, are
consistent with the 0.3% of distance ‘rule of thumb’; all are greater than the goal of 0.25 NM.

Table 18 Example Ellipticity Errors for Razin’s Algorithm

A True Lati- Lat Error* | True Longi- Lon Error* Distance
tude (deg) (deg) tude (deg) (deg) Error (NM)
LGA 40.7772500 -0.0062000 | -73.8726111 0.0011000 0.38
BOS 42.3629418 -0.0006300 | -71.0063931 -0.0102000 0.45
PWM 43.6456435 0.0036400 | -70.3086164 -0.0148100 0.68
BGR 44.8074444 0.0061100 | -68.8281389 -0.0250500 1.13

* True minus estimated coordinate value

NLLS Methodology — The NLLS technique is used to improve the solution accuracy of
Razin’s algorithm. Specifically, the Newton form of the estimator for range differences is
employed (Eq 451). Following Subsection 2.2.3, each true/measured spherical-range is computed
using Vincenty’s algorithm” for the distance s(S,A) along the surface of the ellipsoid between a
station S at (Lg, Ag) and aircraft A at (Lg4, A4). The simulated measurement (Eq 350) is
Z s(M,A)
Z= [22] = |s(W,A)
Z3 s(X,A)

Eq 470

The equation for each calculated spherical-range also employs Vincenty’s algorithm. Here, the
aircraft location replaced by its current estimate A. Thus, in Eq 350

fl(MrK) S(MIK)
f=|fL(WA)|=]s(WA) Eq471
f3(X,A) s(X,A)
The measurement difference residual vector therefore is
Z1— fi s(M,A) —s(M,A)
psz=[; ' Olla-£l=[] 5 OJlswa -swm £q 472
Z _f3 S(XIA)_S(XIK)

The Jacobian matrix is composed of partial derivatives of the measurements with respect to the
unknown position variables L, and 44. The elements of the Jacobian used in computations need

* Vincenty’s algorithm is seleced based on the availability of validated computer code. Other methods can be used.
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not be exact derivatives of the measurement equation (Subsection 8.1.6). This is fortuitous,
because Vincenty’s technigue is not an equation in the analytic sense, but a recursive procedure;
expressions for its derivatives cannot be computed easily.

In place of the derivatives with respect to L, and 44 of the distance along the surface of an
ellipse for Vincenty’s algorithm, scaled derivatives of the geocentric angle 654 are used. Thus,
the Jacobian is computed using Eq 420
ds(S,A) g 00, ds(S,A) _ g 00,
oL, oLyl ; oA, o, _;

Eq 473

In Eq 473, a reasonable value for R, should be used, as a 1,000 ft change in R, is equivalent to a

5x10° change in a:% or a;%. For calculations, the value for R, following Eq 30 is employed
A A

here. The NLLS process is initialized using values for L, and 1, found using Razin’s algorithm
for a spherical earth. The perturbation corrections 61, and 514 are found using Eq 451.

Jacobian Matrix Considerations — There are two differences in the Jacobian matrix used for
computing DoP values and the matrix used for computing unknown variables. First, the Jacobian
used for DoPs is taken from Eq 420 (for spherical-ranges), then scaled by the C matrix with the
result that the elements of the product U,C~* are dimensionless and the associated DoP variables
are commensurate. In contrast, the Jacobian matrix used for computing an updated estimate of
the unknown variables must be scaled so that Eq 357 is consistent. In this situation, where the
measurement residual 8z has units of linear distance, derivatives with respect to the geocentric
angle found from Eq 420 must be scaled by the radius of the earth (e.g., Eq 473). Second,
Jacobian matrices used for computing DoPs are evalued on a grid of assumed aircraft locations.
In contrast, Jacobian matrices used to compute an update to the perturbation variables are
evaluated at the current estimate of the aircraft location.

Calculation Results — Carrying out the NLLS process using Eq 451 yields a sequence of
increasingly accurate position estimates for four airport locations. The associated residual errors
are shown in Table 19. Convergence of the NLLS technique is rapid in this situation. Each of the
first four iterations reduces the error by a minimum factor of 76; the average latitude or longitude
error reduction by one iteration is a factor of 539. The fifth iteration appears to approach the
limits of machine precision (calculations were done in double precision).

Table 19 NLLS Residual Error for Spherical-Range Differences (Stations M,W,X)

Iter- LaGuardia (LGA) Boston (BOS)
ation Lat Error* (deg) Lon Error* (deg) Lat Error* (deg) Lon Error* (deg)
0 -0.006,204,297,044,61 | 0.001,098,559,038,59 | -0.000,627,450,377,91 | -0.010,195,811,988,10
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1 -0.000,020,505,170,77 | -0.000,001,816,926,14 | -0.000,008,177,955,56 | 0.000,045,180,746,10
2 -0.000,000,027,423,43 | 0.000,000,018,116,62 | -0.000,000,014,339,68 | -0.000,000,157,274,01
3 -0.000,000,000,083,93 | -0.000,000,000,062,20 | -0.000,000,000,032,53 | 0.000,000,000,565,15
4 0.000,000,000,000,01 | 0.000,000,000,000,29 | -0.000,000,000,000,04 | -0.000,000,000,002,02
5 0.000,000,000,000,01 | -0.000,000,000,000,01 | 0.000,000,000,000,01 | 0.000,000,000,000,03

Iter- Portland (PWM) Bangor (BGR)

ation Lat Error* (deg) Lon Error* (deg) Lat Error* (deg) Lon Error* (deg)
0 0.003,642,517,508,14 | -0.014,811,819,575,26 | 0.006,109,544,331,55 | -0.025,054,253,476,51
1 0.000,001,297,312,66 | 0.000,072,399,332,72 | 0.000,018,565,242,40 | 0.000,160,340,474,51
2 -0.000,000,016,162,69 | -0.000,000,244,802,54 | -0.000,000,084,834,17 | -0.000,000,437,980,97
3 0.000,000,000,041,82 | 0.000,000,000,817,39 | 0.000,000,000,213,29 | 0.000,000,001,148,99
4 -0.000,000,000,000,15 | -0.000,000,000,002,72 | -0.000,000,000,000,57 | -0.000,000,000,003,05
5 0.000,000,000,000,01 | 0.000,000,000,000,04 | -0.000,000,000,000,01 | 0.000,000,000,000,00

* True minus estimated coordinate value

Solution Precision — Aside from demonstrations such as this of the NLLS technique, in
practice, when applied to Loran-C measurements, one or two iterations would generally be
sufficient. Even with error-free measurements (as can be assumed during system analyses), there
usually is no point in computing an aircraft’s position to greater precision than that to which the
ground stations are known. Loran-C station locations are published to 0.001 arc second, or
approximately 0.1 ft, or 0.000,000,3 deg (Ref. 53), which is achieved with two iterations in the
calculations employed here. For real-time operational use, if one optimistically takes the Loran-C
measurement accuracy to be 10 ft (it has been quoted as “100 ft or better”), then computing the
aircraft location to a precision of 0.000,03 deg would be sufficient.

Related Work — Razin’s paper (Ref. 45) recognizes the need to modify the solution based on
its derivation for an assumed spherical earth, and contains a technique to do so. References 52
and 53 do as well. The solution herein is closest to that in Ref. 52.

8.5.5 Example 11 Continued: Two Pairs of Pseudo Spherical-Range Stations

This subsection continues the example, begun in Subsection 7.12.4, concerning two distinct pairs
of pseudo spherical-range navigation stations. For such a configuration, the solution algorithm
for a spherical earth is described in Section 7.11. HDoP is utilized to obtain insight into this
configuration’s performance, both a distinct station pairs, and with ‘cross chaining’ as an
additional capability. The methodology is similar to that employed in Subsection 8.5.4. The
ellipticity error inherent in a solution that assumes a spherical earth can be corrected by the
Gauss-Jordan NLLS technique. However, that topic is not pursued here.

For this situation, the Jacobian matrix and HDoP expressions follow directly from Subsection
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8.5.4 — specifically, Eq 468 and Eq 469. The elements of matrix U, (Jacobian matrix for
angular-formulation position variables) are given in Eq 420. Matrix U, has four rows, since there
are four stations. Assuming that the order of the rows corresponds to stations at Seneca,
Nantucket, Dana and Malone, the measurement difference matrix D is

-1 0 0]

Dz[(l) 0 1 -1

Eq 474
Figure 53 depicts HDoP contours for the four stations and seven airport shown in Figure 39. As
expected, the solution becomes unstable along the extensions for the baselines connecting a
same-chain station pair (Seneca-Nantucket and Dana-Malone). However, the solution is not
unstable along the extensions for the paths connecting stations from different chains. For this
example, there is a region where HDoP exceeds 50 close to the Dana-Seneca path, as the
hyperbolic LOPs for the two chains are nearly parallel in this area.
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Figure 53 HDoP Contours for Two Pairs of Pseudo Spherical-Range Stations

As noted earlier, navigation and surveillance systems are developed/deployed to provide service
in a defined area. In the case of the U.S. East Coast Loran-C Chain, the station at Carolina
Beach, NC, was intended to support service in much of the U.S.Southeast. However, stations are
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occasionally out-of-service. In such a circumstance, cross-chaining was an advanced capability
that enabled operations to continue during a station outage (for appropriately equipped users).

A second advanced capability (relative to traditional Loran-C) was utilization of redundant
stations to improve measurement geometry. The Dana station was in fact dual-rated: it was the
master for the Great Lakes Chain and a secondary for the East Coast Chain. To determine the
effect on HDoP of including the Seneca-Dana spherical-range difference, the analysis can be
repeated with the D matrix modified to account for the additional range-difference measurement.

1 -1 0 O]

D=|0 O 1 -1

1 0 -1 0

Eq 475

Figure 54 depicts HDoP contours when measurements by the Seneca-Dana pair are included.
HDoPs adjacent to the Seneca-Dana baseline are improved markedly (e.g., HDoPs less than 1.5
for six of the seven airports). HDoPs for the area further to the southeast are less improved.
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Figure 54 HDoP Contours for Three Pairs of Pseudo Spherical-Range Stations

The geographic size of service areas involved in Figure 53 and Figure 54 are large. For the two
figures, HDoP is 5 or less for approximately 590 (Figure 53) and 1,050 (Figure 54) thousand
square nautical miles, respectively. An important factor in achieving large coverage areas is use
of long baselines — e.g., for Dana-Malone, approximately 544 NM; and for Seneca-Dana,
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approximately 510 NM.

8.5.6 Example 12 Continued: Wide Area Multilateration (WAM)

Introduction — This subsection continues the example, begun in Subsection 7.12.5, of a WAM
system that utilizes aircraft altitude reports and pseudo slant-range measurements from stations at
three airports: Boston, MA (BOS); Manchester, NH (MHT); and Hartford, CT (BDL). The
analysis in Subsection 7.12.5 assumes a spherical earth. This subsection accounts for the earth’s
ellipticity using the Gauss-Newton NLLS technique specialized to range difference systems
(Subsection 8.4.5).

NLLS Methodology — Each slant-range difference measurement is computed using Appendix
Section 9.3 (particularly Eq 500) for the slant-range d (S, A) between a station S at coordinates

(Lg, Ag, hg) and aircraft A at coordinates (L4, A4, hy). The simulated measurement (Eq 350) thus
becomes

71 d(BOS,A)
Z= [22] = |d(MHT,A) Eq 476
Z3 d(BDL,A)
In the measurement equation for each slant-range difference the aircraft location replaced by its
current estimate A. Thus, in Eq 350
f1(BOS,A) d(BOS,A)

f3(BDL,A) d(BDL,A)

The measurement residual vector is 8z = Z — f and the measurement difference matrix is

1 -1 0]

Dz[o 1 -1

Eq 478
The Jacobian matrix is composed of the partial derivatives of the measurements with respect to
the unknown variables. In this case, only the position variables L, and 4, are relevant, since
forming range differences eliminates the time variable. Because the NLLS technique is recursive,
approximations of the derivatives of d (S, A) are sufficient. Thus, the derivatives of slant-range
with respect to L, and A, are computed using the corresponding expressions for a spherical earth
model (u 45; found from Eq 414) and the current estimate of the aircraft location
U 4-BoSL  Us 4-BOS,.
Ug = |Usd-MHTL  Us -MHT,A Eq 479

Us 4-BDLL U 4-BDL,A
The NLLS process is initialized using values for L, and 1, found using the spherical earth model

8-58



DOT Volpe Center

(Section 7.5 and Subsection 7.12.5). The perturbation corrections 5L, and 51, are found using
the Newton estimator of Eq 451.

Calculation Results — Carrying out the NLLS process for five iterations for four airport
locations yields a sequence of increasingly accurate position estimates. Their residual errors are
shown in Table 20. ‘Iteration 0’ corresponds to the solution based on a spherical-earth model,
which is used to initialize the iteration. For these four locations, the average ellipticity error is
1,204 ft; the maximum is 2,122 ft.

Table 20 NLLS Residual Error for WAM Slant-Range Difference Measurements

Iter- Westfield-Barnes Regional (BAF) Dillant-Hopkins, Keene (EEN)

ation Lat Error* (deg) Lon Error* (deg) Lat Error* (deg) Lon Error* (deg)
0 -0.001,301,968,265,58 | 0.007,647,699,521,99 | -0.001,104,331,349,71 | 0.003,587,102,019,89
1 -0.000,023,346,121,51 | -0.000,083,388,490,38 | 0.000,003,508,767,16 | -0.000,020,825,500,81
2 0.000,000,023,629,92 | 0.000,000,077,274,69 | -0.000,000,013,518,20 | 0.000,000,091,899,49
3 -0.000,000,000,019,79 | -0.000,000,000,082,41 | 0.000,000,000,068,21 | -0.000,000,000,412,05
4 0.000,000,000,000,03 | 0.000,000,000,000,08 | -0.000,000,000,000,27 | 0.000,000,000,001,82
5 0.000,000,000,000,01 | 0.000,000,000,000,00 | 0.000,000,000,000,00 | -0.000,000,000,000,01

Iter- Lawrence Municipal (LWM) Hanscom Field, Bedford (BED)

ation Lat Error* (deg) Lon Error* (deg) Lat Error* (deg) Lon Error* (deg)
0 -0.001,215,745,248,65 | -0.003,554,998,523,51 | -0.001,341,677,997,11 | -0.001,310,031,212,80
1 0.000,003,288,339,05 | 0.000,029,318,295,92 | -0.000,003,587,543,95 | 0.000,008,337,514,17
2 0.000,000,018,603,13 | -0.000,000,113,464,86 | -0.000,000,004,694,52 | -0.000,000,028,663,83
3 0.000,000,000,023,39 | 0.000,000,000,519,98 | -0.000,000,000,019,15 | 0.000,000,000,097,83
4 0.000,000,000,000,22 | -0.000,000,000,002,11 | -0.000,000,000,000,02 | -0.000,000,000,000,33
5 0.000,000,000,000,00 | 0.000,000,000,000,01 | -0.000,000,000,000,01 | 0.000,000,000,000,00

* True minus estimated coordinate value

In this example, convergence of the NLLS (actually, the Newton-Raphson) technique is rapid.
Each of the first four iteration steps reduces the error by a minimum factor of 50; the average

latitude or longitude error reduction by one iteration is a factor of 426. The fifth iteration appears
to approach the limits of machine precision. This performance is consistent with that for pseudo
spherical-range measurements addressed in Subsection 8.5.4.

Two iterations would be sufficient for virtually all real-world applications, as the survey error of
most locations, including those of airports, exceeds 10 deg.

8.5.7 Example 13: Five Pseudo Spherical-Range Stations

Introduction — This subsection addresses an over-determined (Gauss-type) situation involving
five stations in the U.S. Northeast Loran-C chain: M Seneca, NY; W Caribou, ME; X Nantucket,
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MA; Y Carolina Beach, NC; and Z Dana, IN. Station coordinates are given in Ref. 53. Stations
M, W and X are utilized in Example 10, which involves a fully-determined (Newton-type)
situation. As was done previously, perfect measurements are assumed.

It’s stated in Subsection 8.1.5 that, when a Gauss-type NLLS estimator converges, the derivative
of the cost function with respect to the unknown variables x is zero (Eq 379). Equivalently, the
the matrix product 7 W 8z = (W"J)" (W*8z) results in the zero vector. Consequently, if an
approximation is employed for the Jacobian matrix J, the accuracy of the estimator X may be
affected. This example quantifies the effect of using spherical-earth Jacobian elements with
ellipsoidal earth measurements.

NLLS Methodology — The methodology is similar to that used in Subsection 8.5.4. Each
true/measured spherical-range is calculated using Vincenty’s algorithm for the distance s(S,A)
along the surface of the ellipsoid between a station S at (Lg, Ag) and aircraft A at (L4, A4).

[z”l] [S(M,A)]

[Z2] [s(W,A)

Z=|%Z|=sxA) | Eq 480
Zy s(Y,A)
Zs s(Z,A)

Similarly, each estimated spherical-range is calculated using Vincenty’s algorithm; however, the
current estimated aircraft location A is employed.

[AMA)]  [s(MA)]

fZ (WIK) I S (WIK) |
f=]A) |=]s(XA) Eq 481
[ﬁ(v,/}) J s(Y.A)
fs(Z,A) s(Z,A)
The measurement difference residual vector is
_ 7= ]
1.0 0 0]z ¢

0 -1 0 0]
0o o -1 ol f3 Eq 482
0

1
D&z = 1
1 Z,—f
1 0o o -—1ff* “*
Zs — fs
In computing the Jacobian matrix, in place of the derivatives with respect to L, and 1, of the
distance along the surface of an ellipse, scaled derivatives of the geocentric angle 6, are used.
Thus, the Jacobian is computed using (Eq 420)
ds(S,A) 004 ds(S,A) 004
oLy, " 0Lyl,_; FE VTV

Eq 483
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The value of R, given in Eq 31 is employed here. The NLLS process is initialized using values
for L, and 1, found using Razin’s algorithm for a spherical earth and stations W, Y and Z. The
perturbation corrections 8L, and 51, are found using Eq 447.

Calculation Results — The NLLS process was carried out for ten airports within the perimeter
enclosing the five Loran stations. Table 21 displays the residual errors for four airport locations,
which are representative of those for all ten airports. Convergence of is rapid, and similar to that
in Table 19. Two iterations reduce the position solution error to less than the Loran measurement

error. Three iterations reduce the position solution error to less than the survey accuracy of the
Loran stations. The solution error for the fifth iteration approaches the limits of machine pre-
cision. It’s evident that use of a Jacobian matrix based on the spherical earth approximation does
not significantly degrade solution accuracy or convergence rate.

Table 21 NLLS Residual Error for Spherical-Range Differences (Stations M,W,X,Y,Z)

Iter- Washington Reagan (DCA) Boston (BOS)

ation Lat Error* (deg) Lon Error* (deg) Lat Error* (deg) Lon Error* (deg)
0 0.014,537,257,252,70 | -0.018,604,127,029,66 | 0.026,547,737,503,24 | -0.054,681,743,113,03
1 0.000,029,424,578,53 | 0.000,073,330,085,09 | 0.000,101,495,715,06 | 0.000,291,281,533,06
2 0.000,000,022,067,27 | -0.000,000,198,214,65 | 0.000,000,077,282,17 | -0.000,001,082,517,14
3 0.000,000,000,126,40 | 0.000,000,000,596,01 | 0.000,000,000,610,34 | 0.000,000,004,060,44
4 -0.000,000,000,000,03 | -0.000,000,000,001,68 | -0.000,000,000,000,46 | -0.000,000,000,015,23
5 0.000,000,000,000,01 | 0.000,000,000,000,01 | 0.000,000,000,000,01 | 0.000,000,000,000,05

Iter- Pittsburgh (PIT) Indianapolis (IND)

ation Lat Error* (deg) Lon Error* (deg) Lat Error* (deg) Lon Error* (deg)
0 0.018,908,798,526,81 | -0.007,753,505,965,38 | 0.020,256,990,728,48 | 0.013,247,536,503,45
1 0.000,064,254,937,99 | 0.000,020,482,996,50 | 0.000,078,069,938,33 | -0.000,204,926,202,17
2 0.000,000,145,432,17 | -0.000,000,019,728,66 | 0.000,000,226,449,34 | 0.000,000,575,804,13
3 0.000,000,000,326,01 | 0.000,000,000,148,19 | 0.000,000,001,186,27 | -0.000,000,001,696,70
4 0.000,000,000,000,74 | -0.000,000,000,000,23 | 0.000,000,000,004,08 | 0.000,000,000,004,67
5 -0.000,000,000,000,01 | -0.000,000,000,000,03 | 0.000,000,000,000,03 | -0.000,000,000,000,03

* True minus estimated coordinate value

8.5.8 Example 14: Direction Finding From Aircraft

Introduction — This is a completely contrived example, intended to show how direction finding
from an aircraft might be a useful emergency backup capability when other navigation systems
are not available. It does not reflect current aircraft direction-finding capabilities. Currently,
direction finding is done in conjunction with a single transmitter, in order to find the direction
toward a location of interest, typically an airport. Currently the aircraft does not compute its
latitude/longitude; for the application addressed herein, it would.
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Here it is assumed that aircraft A, at an unknown location, measures the azimuth angles relative
to geodetic north, ¥, ,, and ¥, ,,, of known transmitters 1 and 2. Typically, this requires that the
aircraft have: (1) an antenna array that can measure the angle of arrival of a signal relative to the
airframe; (2) a device, such as an Inertial Navigation System (INS), that measures the aircraft
centerline azimuth relative to geodetic (true) north; and (3) the capability to compute the
aircraft’s location from these measurements.

Purposes — The functional purpose of this hypothetical system is to exhibit the analysis process
for determining the latitude and longitude of aircraft A (L4, 44) from knowledge of the latitude/
longitude of transmitters 1 (L4, 4;) and 2 (L, 4;) and azimuth measurements ¥, /4, and ¥, /4.

A secondary purpose of this example is to illustrate the ability of the Gauss-Newton NLLS

technique to address situations where a closed-form solution does not exist for the spherical-
earth assumption. Azimuth measurements from an aircraft 1;,, appear to be equivalent to

azimuth measurements from ground sites 1, ;, which is addressed in Section 6.3; moreover their
measurement equation is well-known (e.g., Eq 86 or Eq 87).

However, there is an analytic difference between ground-based and aircraft-based measurements
of azimuth angles of two transmitters. For ground-based measurements, the aircraft location can
be found by applying spherical trigonometry to triangle A12 (as described in Section 6.3). For
aircraft-based measurements, only two parts of triangle A12 are known while three are needed.
One can consider additional spherical triangles involving the north pole and derive two equations
in two unknown variables. But closed-form solutions for those equations are not known.

NLLS Initialization — The initial estimate for the aircraft location is found using expressions
for rhnumb line navigation (Eq 505 and Eq 506), which are repeated here in current notation
A — A,
tan(p;,) = 4 =172 Eq 484
Ly =L,
Here, L' denotes the “stretched latitude’ corresponding to actual latitude L. The expressions for
converting between the two are:

L' =log (tan (%L + %n)) L=2 arctan(eL') — %n Eq 485

Upon simultaneously solving Eq 484 for i = 1,2, the initial estimated aircraft location is:

I = Az —A) + L] tan(l/)l/A) — L tan(lpz/A)
Y=
tan(l,bl/A) — tan(lpz/A)
i = (Ly — LY) tan(l/h/A) tan(lpzm) + 4 tan(¢2/A) -4 tan(l/h/A)
4 tan(t/JZ/A) — tan(tpl/A)

Eq 486
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In Eq 486, for either/both expressions, the dependency on tan();,,) can be converted to a
dependency on cot(1;,4) by multiplying the numerator and denominator by cot(1;/,). When
using Eq 486 in conjunction with Eq 485, no constraints are placed on the computed values of L,
or A4. It is possible for infeasible values to be found, particularly when the aircraft and stations
are separated by large distances (e.g., thousands of miles).

Measurement Equation — The error-free measured azimuth angles ¥, ,, and ¥, ,, along the
surface of the ellipsoid between stations 1 and 2 and aircraft A at its actual location are simu-
lated using Vincenty’s algorithm (Subsection 2.2.3). The measurement corresponding to Eq 350
is:

~ Z~1 _ lpl/A(llA)
Z= [ZZ] - LPZ/A(z,A) £q 487

The equation for each calculated azimuth angle also employs Vincenty’s algorithm. However,
the actual aircraft location replaced by the current estimated location A. Thus,

f1(1,A) l¢1/A (1L.A)
f= [ AN _ i Eq 488
£@B] T |142.8) |
The measurement residual vector corresponding to Eq 353 therefore is
7 — fl lpl/A(er) - lpl/A(ll K)
8z = [} ] = [ - Eq 489
2= fl T [$2/a@A) = 9242 ) |

Jacobian — The Jacobian matrix is composed of approximate partial derivatives of the
measurements with respect to the unknown position variables L, and 44. Here, the partial
derivatives for azimuth measurements on a spherical earth are used (Eq 402); these are repeated
here in current notation

04 Num [sin(Ly) sin(L;) + cos(Ly) cos(L;) cos(4; — A4)]

dL, (Num;)? + (Den;)? Eq 490
04 —Den; [cos(L;) cos(A; — A4)] + Num; [cos(L;) sin(Ly) sin(4; — 44)]
oA, (Num;)? + (Den;)?

Num; = cos(L;)sin(4; — A4)
Den; = sin(L;) cos(Ly) — cos(L;)sin(L,) cos(4; — A,)

Numerical Examples — Two numerical examples are provided (Table 22). The first involves
aircraft-transmitter ranges of dozens of miles, and demonstrates the capability to find an airport
that does not have a radio beacon. The second example involves aircraft-transmitter ranges of
hundreds of miles, showing that this method is not limited to short ranges. (In the second
example, Lorsta is a Coast Guard term used for Loran Station; the Seneca, NY, and Caribou,
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ME, stations were part of the U.S. East Coast Loran Chain.)

Table 22 Aircraft-Based Direction Finding Examples

Short Range

Medium Range

Aircraft Location

Norwood Airport (OWD)

Logan Airport (BOS)

Transmitter Station 1

Logan Aiport VOR (BOS)

Lorsta Seneca

Aircraft-Station 1 Range 12.9 NM 258.9 NM

Transmitter Station 2 Gardner VOR (GDM) Lorsta Caribou
Aircraft-Station 2 Range 44.8 NM 297.5 NM

Initial Position Error 1,025.160 ft 55,753.080 ft
Iteration 1 Position Error 1.450 ft 904.724 ft
Iteration 2 Position Error 0.002 ft 4.065 ft
Iteration 3 Position Error 0.000 ft 0.011 ft
Iteration 4 Position Error —_——— 0.000 ft

In Table 22, the initial position error is the error resulting from use of the rhumb line equations
(Eq 486 in conjunction with Eq 485). The subsequent errors are for the Gauss-Newton NLLS
algorithm. For these examples, convergence is rapid; sub-foot computational errors are achieved

in two or three iterations.

Remark — The ability to compute a position solution from aircraft-based azimuth measure-
ments is straightforward. However, the challenge of measuring the angle-of-arrival of a signal
from a moving platform using a size-restricted antenna limits the accuracy of the measurements,
and consequently the resulting position solution. Generally, the solution is is only useful as an

emergency backup.
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9. APPENDIX: RELATED SPECIALIZED TOPICS

9.1 Aircraft Altitude and Air Data Systems

9.1.1 Meanings of Altitude

This document is primarily mathematical, and — in Chapters 1-7 — the equations involve only
one notion of altitude: geometric height above an assumed perfectly spherical earth, measured
along a radial from the earth’s center. However, when interpreting the results of calculations for
applications, the analyst must be aware that there are multiple meanings of altitude. The differing
meanings are of concern, because aircraft (a) utilize barometric altimeters, but (b) must also main
a vertical geometric distance above terrain. Figure 55 illustrates several notions of vertical
distance above the earth, or “altitude’:

P W W YN
---------------”'."'-'F’LSO flight level 1013.25 hPa
lsobare .~
height transition level
altitude R _,1_0_1_3-_2[ hP
- |

aba _ R vl

T helght,." A 4 -
MSL b o 5 ¢ eIevatiI

Figure 55 Different Notions of Altitude

= Height — or, better, Height Above Terrain (HAT) — is the vertical distance between
an aircraft (or the top of a structure on the ground) and the terrain beneath it

= Altitude — or, better, Altitude MSL (above Mean Sea Level) — is the vertical
distance between an aircraft and mean sea level. Generally, aircraft use altitude MSL
in terminal areas/at low altitudes. To do so, the aircraft’s altimeter is adjusted for the
current local MSL pressure by applying the ‘QNH’ correction*, which is broadcast
by a local airport.

= Flight Level — Vertical distance between an aircraft and the point below where the
sea-level standard day pressure occurs (29.92 inches of mercury). In the U.S., flight

* QNH is not an acronym. It is one of a collection of standardized three-letter message encodings, all of which start
with the letter "Q". They were initially developed for commercial radiotelegraph communication, and were later
adopted by other radio services, especially amateur radio. Although created when radio used Morse code exclu-
sively, Q-codes continued to be employed after the introduction of voice transmissions.
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levels are used above the transition altitude of 18,000 ft."
= Elevation — Height of the terrain above MSL.

These definitions are reasonably standard, but are not universally used. Documents related to
aircraft procedures are particularly carefully to adhere to these definitions.

9.1.2 Aircraft Pitot-Static System

Aircraft certified under Federal Aviation Regulations™ Parts 91, 121 and 135 are required to be
equipped with a pitot-static system. A pitot-static system utilizes the static air pressure (collected
at the static port), and the dynamic pressure due to the motion of the aircraft through the air
(collected by the pitot tube) — illustrated in Figure 56, from Ref. 63. These combined pressures
are utilized to provide the pilot with three indicators critical to operation of the aircraft:

= Airspeed indicator (ASI)

= Altimeter

= Vertical speed indicator (VSI).

| Airspeed indicator (ASI) H Vertical speed indicator (VSI) | | Altimeter |

l Pressure chamber ‘

| Heater (35 watts) ‘

‘ Heater (100 watts} | | Pitot heater switch | | Alternate static source

Figure 56 Basic Aircraft Pitot-Static System

* The figure, from Wikipedia, was drawn from a European perspective. It has (a) a lower transition altitude, and
(b) the QNH quantified in hectopascals (hPa) rather than inches of mercury.

' The Federal Aviation Regulations, or FARSs, are rules governing all aviation activities in the United States. The
FARs are part of Title 14 of the Code of Federal Regulations (CFR).
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9.1.3 Barometric Altimeter Temperature Sensitivity

The basic design of aircraft barometric altimeters does not provide a means for compensating for
deviations from the assumed standard day sea level temperature of 15 °C (59 °F)". Such a
deviation results in an uncompensated altitude error that: (a) is the same for all aircraft at the
same altitude, and (b) does not fluctuate. Temperatures that are less than the standard 15 °C
cause the altimetry system to report a higher altitude than is true. Conversely, temperatures that
are greater than the standard cause the altimetry system to report a lower altitude than is true
(Figure 57).

WARM STANDARD COLD

Indicated

Indicated r N Indicated
Altitude Altitude b Altitude

Py 8nIL
apmiy endl

spmnyy eniy

v v

SEA LEVEL SEA LEVEL SEA LEVEL

Figure 57 Effect of Non-Standard MSL Temperature on Barometric Altimeter Indication

Altitude errors due to uncompensated temperature deviations from the standard value are a
particular concern for low-altitude operations. The amount is quantified by the ICAO Cold
Temperature Error Table, which is reproduced in Ref. 64.

9.1.4 Vertical Speed Indicator Temperature Sensitivity

The Vertical Speed Indicator is subject to the same temperature sensitivity as the barometric
altimeter. Most pertinent to VNAV approaches: Ref. 39 cautions: “Because of the pronounced
effect of nonstandard temperature on baro-VNAV operations, VNAV approaches will contain a
temperature restriction below which use of the approach is not authorized.” For example, the
RNAYV (GPS) approach plate for Logan International Airport (BOS) runway 04R that was valid
for 07 Feb 2013 to 07 March 2013 had this statement: “Uncompensated Baro-VNAV systems,
LNAV/VNAV NA [Not Available] below -13 °C (9 °F) or above 43 °C (109 °F)”."

*The correction applied by a pilot in a terminal area, utilizing Automatic Terminal Information Service (ATIS) or
Automated Weather Observation System (AWOS) information, only accounts for atmospheric deviations from the
standard day pressure at sea level.

' The low-temperature restriction ensures that the actual vertical path flown is obstacle-free. The high-temperature
restriction reduces the likelihood that at Decision Height, the aircraft will be above the minimum ceiling and/or have
to execute a significant vertical flight correction.
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The International Civil Aviation Organization (ICAO) has estimated the impact of temperature
on VNAYV approaches, and developed the following table (Ref. 65):

Table 23 Effect of Uncompensated Airport Temperature on VNAV Glide Path Angle

Airport Actual Glide

Temperature Path Angle
+30 °C (+86 °F) 3.2 deg
+15 °C (+59 °F) 3.0 deg
0 °C (+32 °F) 2.8 deg
-15 °C (+5 °F) 2.7 deg
-31 °C (-24 °F) 2.5 deg

For airport at MSL and a charted 3 deg glide path angle
Temperature compensation of the VNAYV system is offered on many full-sized transport aircraft
and some smaller aircraft, but is not often found in aircraft currently operating.
9.2 VNAV Constant Descent Angle Trajectory

9.2.1 Derivation of Equations

Barometric Vertical NAVigation (Baro VNAYV) creates a descent path that is, absent instru-
mentation errors and incorrect assumptions concerning the atmosphere, similar to, but slightly
different from, an ILS glide slope. Whereas ILS navigation involves flying a constant vertical
angle a with respect to the plane of the runway, VNAYV involves flying a constant vertical angle
a' with respect to the horizontal plane at the current aircraft location, and is defined by

vertical speed

tan(a’) = Eq 491

ground speed
Generally, vertical speed is derived from the aircraft’s pitot-static system, and ground speed is
found from one of (a) the combination of airspeed and headwind, (b) a GPS receiver, or (c) range
measurements to a DME ground station on the airport.

Employing the notation of Chapters 1-3, the differential equation governing a vertical trajectory
involving a constant vertical descent angle a’ with respect to the local horizontal plane is
dh =tan(a’) (R, + h) d6

dh_ _ Eq 492
R, +h - an@)

Integrating both sides of Eq 492 from altitude h; (the threshold crossing) to altitude hg (the
current aircraft location) yields the expression for the geocentric angle 8
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R, + hy
tan(a’)

log (Re T hs) Eq 493

The natural logarithm is employed in Eq 493. This equation can be manipulated to find the
altitude and descent angle as a function of the other two variables.

h= Re[eetan(zx’) _ 1]

1 Eq 494
= R, 0tan(a’) + ERe 6° tan®(a’) + -
log (ReR+ h)
’ e
tan(a') = — 5
Eq 495
h h? h3

- — + ...
OR.  20(R.)? 1 36(R.)3 T

The correspondence between the preceding three equations for VNAYV approaches and those for
an ILS glide slope approaches are: geocentric angle 6, Eq 493 < Eq 40; altitude h, Eq 494 «
Eq 66; and vertical angles a’ and «, Eq 495 < Eq 48.

9.2.2 Typical Vertical Profiles

Figure 58 is a plot of aircraft altitude above MSL versus distance along the curved earth’s
surface from the runway threshold for (a) baro-VNAYV guidance with a descent angle of

3.00 deg, (b) ILS guidance with a glide path angle of 3.00 deg, and (c) ILS guidance with a glide
path angle of 2.90 deg. At the threshold, the baro-VNAYV and ILS 3.00 deg curves coincide; at 5-
7 NM from the threshold, the baro-VNAYV curve is about halfway between the two curves for
ILS guidance; at 14 NM, the baro-VNAYV and ILS 2.90 deg curves essentially over lay each
other.

9.2.3 Remarks
= References 2 and 3 specify the use of Eq 493 to Eq 495 in the design of VNAV
approach procedures.
= Requirements for aircraft implementation of VNAV are found in FAA Advisory
Circulars AC 90-105 (Ref. 39) and AC 20-138C (Ref. 40). These documents require
the use of a flight director and vertical deviation indicator (VDI) and assume the use
of a flight management system.
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Figure 58 Aircraft Elevation vs. Distance along Ground, for Three Guidance Schemes

Aircraft Elevation (ft, MSL)

9.3 Ellipsoidal Earth Model and ECEF Coordinate Frame

This section presents coordinate frames and transformations associated with an ellipsoidal model
for the earth. It draws on Section 2.2 (concerning ellipsoidal earth parameters) and Section 5.1
(concerning coordinate frames and transformations associated with a spherical earth model). In
this document, the primary use of a model for an ellipsoidal relates to Chapter 8 — formulating
analytic models for slant-range and slant-range difference measurements.

As in Section 5.1, the ellipsoidal earth-centered earth-fixed (ECEF) frame e is defined by:
= x%axis: lies in the plane of the equator and points toward the Greenwich meridian
= y®axis: completes the right-hand orthogonal system
= z%axis: lies along the earth's spin axis.

For these axis, the ellipsoid model for the earth’s surface is

(x)?  (9)?*  (z°)?
T Eq 496

As in Section 2.2, in this section, a denotes the earth’s equatorial radius and b its polar radius.
The WGS-84 values for a and b are given in Section 2.2. Figure 25, depicting a spherical earth
— with slight flattening at the poles — is relevant here, as well.

Figure 59 is depicts an ellipsoidal model of the earth, employing a plane passing through the spin
axis. The coordinate quantities of greatest interest are:
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Figure 59 Ellipsoidal Earth Model for a Plane through the Spin Axis

= Geodetic latitude L (denoted by ¢ in Figure 59) — the angle that a normal to the
ellipsoid surface makes with the plane of the equator. Geodetic latitude is generally
used for navigation and surveying; other measures of latitude are used in
mathematical analyses.

= Ellipsoid longitude A — sometimes termed terrestrial longitude. Longitude for an
ellipsoid earth model is conceptually the same as longitude for a spherical model.

= Several definitions of altitude are used. Height above the geoid, an equipotential
gravitational surface that approximates mean sea level, is useful for some aspects of
navigation. Height above the reference ellipsoid is more convenient for analysis. The
two heights are related by the undulation of the geoid, which is published in the form
of tables and/or formulas.

A user’s height above the ellipsoid hy .y, height above the geoid hy 40:q and undulation of the
geoid at the user’s location 4h,_,(Ly, Ay) are related by

hU,ellip = hU,geoid + Ahe—g(LU'AU) Eq 497

Undulation of the geoid is usually computed as a harmonic expansion in latitude and longitude
that’s fit to measurements. Reference 66 is a source of data concerning undulation of the geoid
relative to the WGS-84 reference ellipsoid. The order of the expansion used in Ref. 66 exceeds
2,000, which results in a resolution of 1 arc min. For the CONUS, the geoid is generally below
the surface of the WGS-84 ellipsoid — more in the East and less in the West. For locations of
interest — e.g., navigation and surveillance ground stations, runways, monuments, etc. —
coordinates are generally provided in geodetic latitude and terrestrial longitude relative to the
WGS-84 ellipsoid; their elevation is usually stated in relative to mean sea level.

To approximate an ellipsoidal earth at a location on its surface by a sphere, two radii of curvature
(RoCs) are commonly defined —the RoC in the meridian (north-south orientation), R,,s, and the
RoC in the prime vertical (east-west orientation), R,,,. These are given in Subsection 2.2.2 (Eq
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27). The value for R,,, is repeated here, as it is needed below; again, e? denotes the earth’s

eccentricity.

a a?

= Eq 498
[1—e?sin?(L)]*/? [a?cos?(L) + b?sin?(L)]/? |

Rew =

Given a user’s geodetic latitude Ly, terrestrial longitude A, and height above the ellipsoid hy,
the location of the user U relative to the earth’s center O in the e-frame is
Toux (Rew + hy) cos(Ly) cos(Ay)
réy = |Suy | = [(Rew + hy) cos(Ly) sin(Ay) Eq 499
E(e)U,Z [Rew(]- - eZ) + hU] Sin(LU)

It is evident from Eq 499 that R,,, is the distance along the normal between the ellipsoid surface
and the earth’s spin axis, while R,,, (1- e?) is the distance between the ellipsoid surface and the
equatorial plane.

Given the components of rg, and those of ground station rgg, the slant-range between the user
and station is

2 2 2
dys = \/(ESU,x - Egs,x) + (ESU,y - Egs,y) + (ESU,Z - ESS,Z) Eq 500

Conversely, given the components of rgy, the user’s latitude, longitude and altitude can be
found. User longitude is given by

Ay = arctan(rgy,, , fu.x) Eq 501
The expressions for user latitude L, and elevation above the ellipsoid h; in Eq 499 are not

analytically invertible due to the dependence of R,,, on L;;. Thus a numerical solution is
required. The three components of Eq 499 can be combined to eliminate elevation hy, yielding

2 2
\/(ESU,x) +(£(e)U,y) _ ESU,Z

Eq 502
= 2R, (L
cos(Ly) sin(Ly) + € Rew (Ly)
The geodetic latitude L can be found from Eq 502 by an iterative root-finding technique
(Subsection 2.1.8), using the geocentric latitude as the initial value
_ ESU,Z
Ly init = arctan Eq 503

2 2
(ESU,x) + (ESU,y)

Then hy can be found from
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E(e)UZ 2
_ Youzs _ .. Eq 504
U Sin(LU) (1 e )ReW(LU) q

Note that Eq 501 - Eq 504 are not needed when an ellipsoid earth model is employed in
determining aircraft latitude, longitude and altitude by an iterative solution of the measurement
equations.

9.4 Rhumb Line Navigation

9.4.1 Background

The defining characteristic of rhumb™ line navigation is that the intended track over the ground
has the same azimuth angle with respect to North at each location along the track. That is,

cos(L) dA
dL

tan(y) f coiéL) = f da

) = constant

Y= arctan(
Eq 505

An example rhumb line course is shown to the right. Mathematically,
such courses are loxodromes; they spiral toward, but do not reach, a
pole. (The exception is a constant-latitude course; these are often
treated separately.)

Rhumb line navigation has been used by mariners for hundreds of
years.” The primary advantage of rhumb lines was that they simpli-
fied the helmsman’s task in an era when only rudimentary tools were
available. Even when a great circle route was being implemented, the path was approximated by
a series of waypoints and rhumb line navigation was employed between waypoints.

Another important advantage of rhumb line navigation is that, for a Mercator projection, a rhumb
line course is a straight line on a chart. This greatly simplifies the planning process, and likely
contributed to the popularity of the Mercator projection.

Today, great circle navigation has largely replace rhumb line navigation, particularly for
aviation, since it provides shorter paths and air routes are less restricted than marine routes.
Rhumb line navigation is still in use for applications lacking a navigation computer..

Three factors cause great circle and rhumb line routes to be dissimilar:

* The word ‘rhumb’ apparently comes from Spanish/Portuguese rumbo/rumo, meaning course or direction
(Wikipedia). An alternative term to rhumb line is ‘loxodrome’.

T Rhumb lines were first discussed by the Portuguese mathematician Pedro Nunes in 1537, in (translated) Treatise in
Defense of the Marine Chart (Wikipedia).
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= Path length: The origin and destination (or end points of a navigation leg) are far
apart (e.g., thousands of miles)

= Starting location: Route leg starts at mid- and/or high-latitude, and

= End location/route direction: The end point is at mid- and/or high-latitude on the
same side of the equator.

Numerical examples illustrating the importance of these points are presented in Subsection 4.8.4.

Consistent with the intent of this document, the equations presented below are for rhumb line
navigation with respect to a spherical earth (Refs. 28 and 67). More accurate equations applic-
able to an ellipsoidal earth may be found in Ref. 68.

9.4.2 Solution of the Indirect Problem

The Indirect problem of geodesy / navigation is defined in Section 1.2.2 and its solution for great
circle navigation is given in Section 4.2. The known quantities are the latitude/longitude of the
starting point U (L, Ay) and end point S (Lg, Ag). The quantities to be found are the distance D
between U and S; and the azimuth angles s, at U and 5 at S of the trajectory connecting U

and S.

After integrating the second line of Eq 505 from U to S, the result is

_ As — Ay A=Ay
tan(lps/u) - tan(zLS —T[) - L_,g _ L,U Eq 506
\tan(iLy + 1r)

The natural logarithm is used in Eq 506 and throughout this section. The quantity L', introduced
in Eq 506 and defined in Eq 507, is sometimes termed the ‘stretched latitude’. It’s central to
rhumb line navigation, and is plotted in Figure 60.

= log (tan (%L + %ﬂ))

, Eq 507
L = 2arctan(e’) — In
2
Since a constant azimuth angle is involved, it follows that
Yyis=Ysptm Eq 508

Once the azimuth angle v, is known, the rhumb line distance along the earth’s surface, D,
between U and S can be found using

Re(Ls — Ly)

po_ e -
C05(¢S/U) J;U cos(l/)s/U)

when LS * LU Eq 509
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Figure 60 Comparision of Stretched and True Latitudes

This equation is correct when Lg is either larger or smaller than L, but fails when the angles are
equal (i.e., for constant latitude paths). Then Eq 509 must be replaced by

D = R,cos(Lg) |As — Ay| = R.cos(Ly) |As — Ay when Ls =Ly Eq 510

An equation for the distance D between U and S that does not depend on the solution for iy
can be developed. For convenience, let
ALUS = LS - LU y ALIUS S L{g - L’U B A/lUS = AS - /1U Eq 511

From Eqg 509 and Eq 5086, it follows that

. A
DSln(lps/U) = DCOS(ws/U)tan(ws/U) = Re ALUS K,US Eq 512
Us
Then, from Eq 509 and Eq 512, the rhumb line distance D is given by
ALyg)?
D =R, [(ALys)? + %(MUS)Z when Lg% Ly Eq 513
(ALys)
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9.4.3 Solution of the Direct Problem

The Direct problem of geodesy is defined in Section 1.2.2 and its solution for great circle
navigation is given in Section 4.3. Here the known quantities are: the latitude/longitude, (L, 1),
of the starting point U; the distance, D, between U and S; and the azimuth angle at U, ¢, of

the trajectory connecting U and S. The quantities to be found are the latitude/longitude (Lg, As),
of the end point S.

From Eq 509 it follows that

D
LS = LU + _R COS(¢S/U) Eq 514
e

There does not appear to be a solution for A that does not, at least implicitly, utilize the solution
for Ls and then L. One option is to manipulate Eq 506 to obtain

As = Ay + (Ls — Ly tan(Ys;y)  when  [phsyy| #3570 Eq 515

Alternative expressions for Ag can be derived from Eq 512 and Eq 513

D(Ls — Ly)
As = Ay + ———=sin
o Eq 516
=1 +ﬂ 22—(L —Ly)?  when |p |¢17t
~ vt T, \R, s —Lu s/ul F 5
When |5y | = i, then
D 1
3.5 = AU + Sgn(lps/u)m when |7~/)S/U| = ET[ Eq 517

Finally, 1 s is found from Eq 508.

9.4.4 Remarks

There are many alternative expressions to Eq 507 for the stretched latitude, all of which can be
derived by elementary manipulations. Examples include (Ref. 69):

, 1 1+sin(L)\ 1+ sin(L)
L= 2 og(l — sin(L)) B ( cos(L)

= tanh™!(sin(L)) = sinh~(tan(L)) = cosh™(sec(L))

) = log(sec(L) + tan(L))
Eq 518

The Mercator map projection is essentially a plot using linear Cartesian coordinates with A as the
abscissa and L' as the ordinate.
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9.5 NLLS Solution with a Measurement Constraint

9.5.1 Problem Formulation

This section revisits the topic of Section 8.1 — finding a solution to a set of redundant measure-
ments. Here, an additional complication is introduced: there is a constraint on the unknown
variables, often because it reflects a measurement that’s considered to be error-free (or “perfect’).
It’s assumed that the unconstrained measurement equations of Eq 350 - Eq 354 are applicable.

Z=fx)+v dim(x) < dim(%) Eq 519

For concreteness, it can be assumed that the navigation variables are x = [L, A4 h, tx]7, but
other sets of unknowns are possible. Vector v represents errors in the unconstrained
measurements.

It’s assumed that the constraint (or additional, error-free measurement) is
y=gX) Eq 520

A set of nominal values for the unknown variables X are assumed to be known. Thus f(x) and
g(x) can be linearlized about X by setting x = X + 8x. Then, to first order

8z=7—fX)=J8x+vV Sy=y—gX) = (Vg)T 8x Eq 521
Here, the Jacobian matrix J is given by Eq 356 and the gradient vector Vg by

dg dg
T _ |2 ZId  eee
(V)T = 3x; g Eq 522

The cost function to be minimized is
rglin C=(8z—J8x)TW(8z — J8x) + 2u(dy — (Vg)T 8x) Eq 523
X,U

In Eq 523, u is a Largrange multiplier.

9.5.2 Problem Solution

General Solution — Taking the derivative of the right-hand side of Eq 523 with respect to 8x,
and setting the result equal to zero yields

8% = (ITWJ) JTWsz + uVg = 8% + uVg Eq 524
Here, 8% = (J'W J)_lJTWSZ is the unconstrained general estimator (Eq 360).

Multiplying both sides of Eq 524 by (Vg)T and utilizing §y = (Vg)T 8x yields
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Sy - (Vg)T(JTWJ)_lJTWSZ _ Sy —(Vg)'8%

= Eq 525
(Vg)Tvg (Vg)Tvg
Substituting Eq 525 into Eq 524 yields
Vg (Vg)Tl Sy
X= | —-——| 68+ ———V Eq 526
l W vg| X Wgyvg Y )

Clearly Eq 526 satisfies (Vg)T 8% = §y. The estimator of Eq 526 the sum of (a) the projection of
the unconstrained estimator 8% onto the subspace of the unknown variables x that’s orthogonal
to the gradient Vg, and (b) a Newton-Raphson-type of solution to the constraint equation.

Optimal Solution — The optimal solution is found by setting W=R ™" in Eq 524 and Eq 525, or
by using Eq 361 to compute the unconstrained estimator 8% in Eq 526.

Newton-Type Solution — When J is square, the expressions for u (right-hand side of Eq 525)
and 8X (Eq 526) in terms of 8% remain valid. The expression for 8% is given by Eq 362.

Iterative Process — Using Eq 524 and Eq 525 or Eq 526, the updated values for the unknown
variables are

X = X+ 6% Eq 527

After completing an iteration step (say, k), the process below is repeated for step k+1.:

1. Compute the nominal values for the unknown variables from the updated values in the
previous step k —i.e., set X = X1 = X;. For first step, the value for X, must be obtained
by other means.

Evaluate the measurement residuals 8z and &y using x (Eq 521)
Optional: Evaluate &y for satisfaction of the constraint

Optional: Examine the components of 8z for the presence of outliers
Optional: Compute the updated cost function C (Eq 523)

Compute the Jacobian matrix J (Eq 356) and gradient vector Vg (Eq 522)

N o oo~ LN

Compute the unconstrained perturbation vector estimate 8% = 8%, (Eq 360, Eq 361 or
Eq 362)

Compute the Lagrange multiplier u (right-most expression in Eq 525)

o

9. Compute the constrained perturbation estimate 8X (right-most expression in Eq 524)
10. Compute the updated estimate of the variables sought X = X, (Eq 527)

A convergence check is performed at the beginning or end of each iteration step. At a minimum,
this involves comparing the updated value of each element of X, with its previous estimate X,,
and comparing the value of g(X,.1) with the constraint y.

9-14



DOT Volpe Center

9.5.3 Solution Properties

Final Lagrange Multiplier — If/when convergence occurs, then the final Lagrange multiplier is
(for the general case)

V)TETWI) T ITWsz  (Vg)T8R

= — Eq 528
(Vg)"vg (Vg)TVg

Thus the final Lagrange multiplier is the negative of the ratio of (a) the projection of the
unconstrained estimator onto the gradient to the error-free measurement to (b) the square of the
magnitude of the gradient.

Estimation Error — If the left-hand side of Eq 521 is substituted into Eq 526, the result is

| vgT Vg (V)"
o% = [I B <Vg)TVgl : l' T (W9 Vg

8y

T “1l.r
l(J wWi) J Wv+—(vg)Tvg

Vg  Eq529

Thus, when convergence has occurred and 6y = 0, the residual error in 8X is the component of
8x that’s orthogonal to the constraint gradient due to the associated measurement error.

General Estimator Error Covariance — Assume that the first and second moments of the
measurement error v are given by

E(v)=0 E(vvT) =R Eq 530

Then, from Eq 529, the covariance of the error for the general estimator is

T =FE(8x—8x)(6x— 8x)7

_ l Vg (v
(Vg)" Vg

- - Vg (Vg)T
l(JTWJ) "ITWRWI(ITWY) 1[1— A) l Bq 531

(Vg)Tvg

Optimal Estimator Error Covariance — If W=R™* then Eq 531 reduces to a modified
version of the error covariance for the optimal estimator (Eq 366)

T T
¥ = E (8% — 8x) (8% — 8x)7 = [ (‘g ()Tgv) l ("R4) ll - Zgg()TgV) l Eq 532

For both expressions, the estimation error in the direction of the gradient is zero,

(Vg)TEVg =0 Eq 533

Newton Estimator Error Covariance — From Eq 529, the covariance of the error for the
Newton estimator is

Eq 534

T T
¥ = E (8% — 8%)(8% — 8%)7 = [I _ Ml 1 -Tll Vg (Vg) l

(Vg)'vg (Vg)TVg

9-15




DOT Volpe Center

Eq 533 also holds for this expression for X.

Imperfect Perfect Measurement — While the measurement processing may assume that y =
g(x) without error (Eq 520), this may in fact not be true. Thus, assume that what is actually true
is

J=y+v,=9gx +v,

Eq 535
Em)=0  E(w)'=cf  E(nv)=0 !
In this situation, the constraint measurement residual actually is
Sy=9—-g& =g 8x+v, Eq 536

Thus, when 8y = 0, 8x satisfies (Vg)T 8x = —v,,. Then, from Eq 525, the final value for p is

vy =~ (VT(ETWI) "Wy

Eq 537
(Vg)" Vg
If this expression is substituted into Eq 524, the result is
Vg (Vg)Tl I Vg (Vg)Tl Tews 13- T vy
X=|l—-————|x+ |l ——=—=—| (I WJ) JIWVv+ ——V Eq 538
l (V9 Vg worrvg| O W) Vgrvg 9

Then the foregoing expressions for X can be modified to account for the imperfect ‘perfect’
measurement as follows

vg(Vg)"

[(Vg)TVg]*

E(8X—8x)(8X—8x)T =X +

Here, X is given by Eq 531, Eq 532 or Eq 534.

Approximation Fidelity — In forming the residuals 8z and 8y in Eq 521, the most accurate
information available is used for functions f and g. However, approximations can be used in
forming their derivatives in Jacobian matrix J and gradient vector Vg.

Multiple Constraints — When there are multiple constraints — say y; = g;(x),i = 1,2, ... —
then the cost function of Eq 523 becomes

minC = (82 — J8x)" W (82 — J8x) + 2 Z 1 (8y; — (Vg,)T 8%) Eq 540
X, 1L ;

The solution then proceeds along the same lines as above.
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